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S I Sy 

[T was a laudable cuftom among the ancient 
Geometers, and very worthy to be imitated by 
their Succeffors, to addrefs their Mathematical 
labours, not fb much to Men of eminent rank 
and ftation in the world, as to Perfbns of diftinguifh’d 
merit and proficience in the fame Studies. For they knew 
very well, that fuch only could be competent Judges of 
their Works, and would receive them with the efteem 
they might deferve. So far at leaft I can copy after thofe 
great Originals, as to-chufe aPatron for thefe Speculations, 
whole known skill and abilities in Rich matters will enable 
him to judge, and .whole known candor will incline him 
to judge favourably, of the (hare I have had in the prelent 
performance. Few: aa to the fundamental part of the 
Work, of which L am- only the Interpreter, l know it 
cannot but pleafe you; it will need noprote&ion, nor 
can it receive a greater recommendation, than to bear the 
name of its illuftrious Author. However, it very naturally 
applies itfelf to you, who had the honour (for I am fure 
ypu think it fb) of the Author’s, friendship and familiarity 
fn his life-time; who had his own confent to publifh an 
elegant edition of fome of his pieces, of a nature not very 
different from this; and who have, fb juft an efteem for, 
as well as knowledge of, his other moft fublime, moll 
admirable, and jpftly celebrated Works.. 

A 2. But 
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DEDICATION. 

But belides thefe motives of a publick nature, I had 
‘Others that more nearly concern myfelf. The many per- 
fonal obligations I have received from you, and your ge¬ 
nerous manner of conferring them, require all the tefti- 
monies of gratitude in my power. ‘Among the refl!, give 
me leave to mention one, (tho* it be a privilege I have 
.enjoy’d in common with many others, who have the hap- 
pinefs of your acquaintance,) which is, the free atcefs you 
have always allow’d mfe, to your copious CoHe&ida df 
(whatever is choice and excellent in the Mathemnt£ck& 
Your judgment and indu&ry, in coUe&ing thole valuable 
ka/ntix j<x, are not more confpicuous, than the freedom 
and readiiiels with which you communicate them, to all 
foch who you know will apply them to their proper ufe, 
that is, to the general improvement of Science. 

Before l take my leave, permit me, good Sir, to join my 
wifhes to thole of the publick, that your own ufefrii Lu¬ 
cubrations may fee the light, with all convenient Ipeed; 
which, if I rightly conceive of them, will be an excellent 
methodical IntrodudHon, not only to the mathematical 
Sciences ih general, but alfo to thefe, as well as to the other 
•curious and ahftrufe Speculations of our great Author. You 
are very well apprized, as all other good Judges mull be, 
that to illuftrate him is to cultivate real Science, and to 
make his Difeoveries ealy and familiar, will be no fmall 
improvement in Mathematicks and Philofophy. 

That you will receive this addrels with your uliial can*- 
dor, and with that favour and friendfhip I have lb long 
.and often experienced, is the earneft requeft of, 

S I R, 

Your tnoft obedient humble Servant, 

J. COLSON. 
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D Cannot bat very much congratulate with my Mathe¬ 
matical Readers, and think it one of the moft for¬ 
tunate circumftances of my Life, that I have it in my> 
power to prelent the publick with a moft valuables 
Anecdote, of the greateft Mailer in Mathematical and 
Knowledge, that ever appear’d in the World. And 
fo muck the more, becaufe this Anecdote is of an elementary nature, 
preparatory and introductory to his other moft arduous and fiiblime 
Speculations, and intended by himlelf for the inftru&ion of Novices 
and Learners. I therefore gladly embraced the opportunity that 
was put into my hands, of publUhing this pofthumous Work,, bc- 
caule 1 found it had been compoled with that view and defign. 
And that my own Country-men might firft enjoy the benefit of 
this publication, I relblved upon giving it in an Engltjh Tranllation, 
with fome additional Remarks of my own. I thought it highly 
injurious to the memory and reputation of the great Author, as 
well as invidious to the glory of our own Nation, that fo curious 
and ufeful a piece Ihould be any longer fupprefs’d, and confined to 
a few private hands, which ought to be communicated to all the 
learned World for general InftruCtion. And more elpccially at a 
time when the Principles of the Method here taught have been 
lcrupuloully lifted and examin’d, have been vigoroully oppofed and 
(we may lay) ignominioully rejected as inliifficient, by fome Mathe- 
matical Gentlemen, who feem not to have derived their knowledge, 
of them from their only true Source, that is, from our Author'* 
own Treatife wrote exprefsly to explain them. And on the other- 
hand, the Principles or this Method have been zealoufly and com* 
mendably defended by other Mathematical Gentlemen, who yet) 

a leem 
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Teem to have been as little acquainted with this Work, (or at leaf! 
to have, overlook’d it,) the only genuine and original Fountain of 
this kind of knowledge. For what has been elfewhere deliver’d by 
our Atiihor, concerning this Method, was only accidental and oc- 
cafional, and far from that copioufnefs with which he treats of it 
here, and illuftrates it with a great variety of choice Examples. 

The learned and ingenious T^i.lPAnberton, as he acquaints us in 
his View of Sir Ifaac Newton's Philofophy, had once a defign of 
publishing this Work, yrith the content under the infpe&ion 
of the Author^MdJ^elf j /Which itjiife had th^ftccompRflfd, he Would 
ceriaik^ have tiei&vedaiicUpeceivedithe th&ik£of all fov&s of Science. 
The Work would have then appear’d with a double advantage, as 
receiving the la ft Emendations of its great Author, and likewife in, 
pacing'through the hands of lo able an Editor. And among the 
ethfcr' good efib&s Of this publication, .poffibly k might have prevent* 
ed ah iof ; agreaf part of thofe Deputes,• Whieh have fince been riiifed, 
ahd .Which have been fb iftretutoidly and: Warmly piirfi|ed cp both; 
fides, concerning ‘the validity of the Principles of this Method. They 
Wo Aid doubdefs have bfeeh placed in fo good a light, -as would havef 
ctauted them from any 1 imputation Of befng; ‘in any wife defective, of 
not fuffidently demOnlkated. But^ihCe tne Author's Death, as the 
Doctor ihformsu's, prevented thCttWctiticfn of that defign, and finoe 
he has toot’thoqght -fit ‘to reliltoeit hitherto, it became needful that 
this publication fhould be undertook by another, tho’ a mud) in¬ 
ferior hand. " 

For it wafe now bCoOmfc highly neceflafy, that at Tail the great 
Sir : Ifdac himfelf fhotild 'biterpofe, fhould produce his genuine -Me- 
thoaof Fluxions, ahd bring it 1 to ’the teft of all impartial ana con¬ 
fidence Mathematicians to fhew its evidence and fimplicity, to 
maintain and defend it in Ins-own way, to convince his Opponents, 
and'to teach his 'Difciples and Followers upon what grounds they 
fhould proceed in 'vindication of the Truth and Himfelf. And that 
this might be done the thOre Cafily and readily, I refolved to accom- 

H it with an ample Commentary, according to the bell of my 
, and (I believe) according to the mind and intention of the Au- 
thor, Wherevbr I thought it heedful j and particularly with an Eye 
to the foreimentioh’d Controverfy. In which I have endeavour’d to 
obviate 'the difficulties that have been railed, and to explain every 
tiling lit fo full a manner, as to remove all the objections of,any 
force,' that have beeh any where made, at leaft fiich as have occur’d 
to my bbfervation. If what is^ere advanced, as there is good rea- 
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ibn to hope thill prose ftd the ihtttta&toa of thofc Gedddmen, who 
firft ftacfodthefe objo&ians, find who (J am willing to fuppofe) had 
‘Only the mute of Troth at h«pt$ T flail be veryglad to pave con- 
‘fributedany thine, towards the removing of. theu Scruples. .fiat if 
-it thall hajjpen omerwife,' and what' is here ofer’d?flioijIct n6t appear 
to- be tuflieient •evidence, oomddtioifi and' deoaonflr^tiod to thi^ . 
*y«t I'aim peribaded.it -will he fnob to moft .other thihkihg Readerfe* 
who .thall apply themfdves to it -with, unprejudiced and «*r>pavtiai 
mihdsj apd then I flail not think, my labour ill beftow’d. it tfiould 
-however he wellxonfider’d bythofe, Gentlemen, .that the great; num¬ 
ber of Examples they will find here, to which the Method of Flexions 
is fuccefefhlly apply’d, are fo many vouchers forthe truth. oF the 
Principles, on which that Method is founded. . per the Dediiftions 
are always conformable to what-has keen derived. fi;dm other' uncon- 
•trOvated’Principles, and .therefore muftbe adtriowlcdg'd as Jtruc. 
This argument ftould' have its'; due weight, evenwfth fuch ks t ola-I - 
-fiotj - as WfH as with Tuch as wiU not, sitter ffitoi the prbof ! of > she 
Principles themielves. And bffotbefisitikaft has hjech advanced.to 
wade this conchifion, of one. Sir dr in ve^dbning being flail. done& od 
3 by another equal and gpntaury lb at, and that fo^egukrly, cpn^antly, 
‘and 'fceqoently, as it moft be fewosM! to do theses this hyfot&kJu t \l 
-fiiy , might-not to he -feriouflh (dmted/> becaufoij can hardly think'it 
(is ferioufly prtJpofed. . • • •■/’A n > 5 f ; . > j. . 

Thd chief Priricfole, upon;which the Mrthqd af Fiuxioris is,here 
<built, is thie very fimple ode, taken from, the Rational Meehanicks } 
-whiehus, That?Mathematical Quahtky, pdrticuferly;Eixte/ifion, may 
i be conceiied as generatfid byiebminued local,Mbtioo * and: th at all”Qpah- 
ititieswhatever, atleaftby^uiak^yandaccommodation,:ihay.becdji- 
-ceived .as generated aftera like manner.. *Oonfi^enaty'titei)e-muft be 
comparativeVelodties of increafeanddecreafe, during inch generations 
whole Relations are jfixt and . determinable, and may . therefore (pro- 
rblematically) be proposed to be found* ThiswPrdbletn our Author 
there folves by - the help of. another .Ptinciplei hot lefe evident; .which 
•foppeffes that Quantity is -infinitely .diivifible,. or. that it .may ’ (men- 
'tally at leaft) fo for- continually dirainith; as.atlaft, beforeifc is. totally 
•extinguilh'd, to arrive at Quantities.that./may feb ,called vanilhW 
‘Quantities, or which-are infinitely little,.add lefe than t any..afiign_ 
ableC^aptity. Or it fuppofes that We may/form ar.Notipn, .not 
\indeed of, ablolute, b\jt of relative, and comparative iinfiinty., ’Tis a 
-very juft exception lo-the Method of Iridivifihle^. .as alfo .to the 
•foreign infinitefim^l Method, that they have recaude at,once .to 
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infinitely litde Quantities, and infinite carders and gradations pf thefe, 
not relatively bnt abiblutety filch. They affstrae thefe Quantities 
JimuHS femely without any ceremony, as Quantities that actually and 
obviouflv exift, and make Computations with them accordingly.; 
the refcut of which’ mull needs be as precarious, as the absolute ex- 
'iftence of the Quantities they aflume. And fome late Geometricians 
have carry’d 1 thefe Speculations^ about real and ablblute Infinity, ftiti 
much farther, arid have railed imaginary Syllems of infinitely great 
and infinitely little Quantities, and their feveral orders and properties; 
which, to all. fober/Inquirers into mathematical Truths, mull cer¬ 
tainly appear very notional and. vilionary. 

Thefe will be the inconveniendes that will arile, If we do not 
rightly diflinguiih between ablblute and relative Infinity. Ablblute 
Infinity, as fuch, can hardly be the object either of our Conceptions 
.or Calculations, but relative.Infinity, may, under a proper regulat ion . 
-Oor Author obfcrvies this diitinCtibn very ilriCfcly, and introduces 
nqne'but infinitely 1 little Quantities that ale relatively lo; which he 
(arrives at by beginning with finite Quantities, and proceolir g hy a 
gradual and neceflafy progrefs of diminution. His Computations 
,always oommence by finite and intelligible Quantities; and then at 
Haft. He inquires what to *11 bet he relult in certain circumilances, when 
fufchidr ftich Quantities are'diminifh’d in infinitum. This is a cpn- 
llant practice even in common Algebra and Geometry, and. is no 
more than defending from a general Propofition, to a particular Cafe 
which is certainly included in it. And from thefe eafy Principles, 
managed with’a vail deal of Ikill and iagacity, he deduces his Me¬ 
thod of Fluxions ; which if we confidcr only fo. far as he.himfelf 
has carry’d it, together with die application he has made of it, either 
here or elfewhere; direCtly or indiredtly, exprefly or tacitely, to the 
moll curious Dilcoveries in Art and Nature, and to the fublimell 
Theories: We may defervedly elleem it as the greatell Work ©f 
Genius, and as the noble 11 Effort that ever was made by the Hpir.an 
Mind. Indeed it muff be own’d, that many ufeful Improvement?, 
and new-Applications, have been fihee made by others, and proba¬ 
bly will be ffill made every:day. For it is no mean excellence of 
this Method, that it is doubtlefs Hill capable of a greater degree of 
perfection; and will always afford an iriexhauftible fund of.curious 
matter, to reward the pains of the.ingenioui> and induitrious Analyft. 

As I am delirous to make this as latisfa&ory as poffible, efptcially 
to the very learned and ingenious Author of the Difcourfe call’d The 
Analyft , whole eminent Talents I acknowledge, myfelf to have , a 

I great 
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great veneration for j I (hall here endeavour to obviate Home of his 
principal Objections to the Method of Fluxions, particularly luch as 
1 have not touch'd upon in my Comment, which is loon to follow. 

He thinks our Author has not proceeded in a demonftrative and 
fcientilical matter, in his Princip. lib. z. lent. z. where he deduces 
the Moment of a Redtangle, whole Sides are fiippoled to be variable 
Lines. I lhall reprefent the matter Analytically thus, agreeably (I 
think) to the mind of the Author. 

Let X and Y be two variable Lines, or Quantities, which at dif¬ 
ferent periods of time acquire different values, by flowing or increa- 
fing continually, either equably or alike inequably. For inftance, let 
there be three periods of time, at which X becomes A— fa, A,, 
and A-f-ftf; and Y becomes B — fb, B, and B-f-fb lucceffively 
and refpedtivcly } where A, a, B, b, are any quantities that may be 
aflfumed at plealure. Then at the fame periods o f time t he variable 
Produft or Redtangle XY will become A — fa x B — fb, AB, and 
A -+- fa x B +~fb, that is, AB — faB — fbA -f- fab, AB, and* 
AB •+• faB -f- fbA •+■ fab. Now in the interval from the firfl period 
of time to the lecond, in which X from being A—fa is become A, 
and in which Y from being B — fb is become B, the Produdt XY 
from being AB — faB — fbA -f- fab becomes AB; that is, by Sub¬ 
traction, its whole Increment during that interval is f<?B •+• fbA -1- 
fab. And in the interval from the lecond period of time to the 
third, in which X from being A becomes A -{-fa, and in which Y 
from being B becomes B -+- fb, the Produdt XY from being AB 
becomes AB-t- t<*B -4- fbA -t- fab that is, by Subtraction, its whole 
Increment during that interval is faB -t- fbA -+• fab. Add thefe two 
Increments together, and we lhall have aB -4- bA for the compleat 
Increment of the Produdt XY, during the whole interval of time, 
while X flow’d from the value A — fa to A -hfa, or Y flow’d 
from the value B — fb to B fb. Or it might have been found 
by one Operation, thusr While X flows from A — fa to A, and 
thence to A -1- fa, or Y flows from B— fb to B, and thence to 
B -+- fb, the Produdt XY will flow from AB — faB — fbA -f- fab 
to AB, and thence to AB -f- faB fbA -f- fab ; therefore by Sub¬ 
traction the whole Increment daring that interval of time will be 
aB -f- bA. Q^E. D. 

'This may eafily be illuflrated by Numbers thus: Make A,a,B,b y 
equal to 9,4, 15, 6, relpedtively;. (or any other Numbers to be af¬ 
firmed at pleafure.) Then the three fueceffive values of X will be 
7, 9, 11, and the three fueceffive values of Y will be 12, 15; 18, 

relpedtively. 
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refpetflively. Alio the three fucceffive values of die Product XY 
will be 84, 135, 198. But <*B -f- bA = 4x15*4-6x9 = 114 == 
198—84. Q.E.O. 

Thus the Lemma will be true of any conceivable finite Incre¬ 
ments whatever; and therefore, by way of. Corollary, it will be true 
of infinitely litde Increments, which are call’d Moments, and which 
was the thing the Author principally intended here to demon ftrate. 
But in the cafe of Moments it is to be confider'd, that X, or defi¬ 
nitely A — fa, A, and A fa, are to be taken indifferently for 
the lame Quantity j as allb Y, and definitely B — fb, B, B -4- fb. 
And the want of this Confederation has occafion’d not a few per¬ 
plexities. 

Now from hence the reft of our Author's Condlufions, in the 
fame Lemma, may be thus derived iomething more explicitely. The 
Moment of the Rje&angle AB being found >to be Kb -4- B, when 
the contemporary Moments of A and B are reprefented by /z and J> 
refpfcdtively ; make B == A, and therefore b = a, and -theiv -the 
Moment ’Of 'A x A, or A*, will be Aa -4- aA, or 2aA. Again, 
make B == A*, and therefore bz= la A, and then the Moment of 
Ax A*, or A*, will be 2<zA‘-4-<zA*, or 3<zA*. Again, make *6 =2 
‘A*, and therefore 6 = 3<zA‘, and then the Moment of A xA», or 
A 4 , will be -j-<zA», or 4aA*. Again, make B = A+, and 
therefore £=±=4<zA*, and then the Moment of Ax A 4 , or A', will 
be 4<zA 4 -f- a A 4 , or $aA*. And lb on in infinitum. Therefore in 
general, a (Turning tn to reprefent any integer affirmative Number, the 
Moment of A* will be maA ■“*. _ ‘ , 

' Now becaufe A* x A'~ Jm = 1, (where m is any integer affirmative 
Number,) and becaufe the Moment of Unity, or any other conftant 
quantity, k = o; we fhall have A* x Mom. A~"x Mom. 

A"= o, or Mom. A - * =2 — A~ i * x Mom. A". But Mom. A * 
maA m ~* t as found before; therefore Mom.A“ 1 »= —-A”**x 
maA "- 1 =— maA -"- 1 . Therefore the Moment of A* will be 
maA"- 1 , when m is any integer Number, whether affirmative or 
negative. 

And univerfally, if we put-A* n=(B, or A" = B*, where m and 
n may be any integer Numbers, affirmative or negative; then we 

Ihall have maA *- 1 =3= nbB *- 1 , or bxss ?f. A ■— = -aA *— ?, whidh 

• *A " 

9 i 

m , . 

is the Moment of B, or of A*. So that the Moment of A* will 

be 
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be Still maA .*“% whether m be affirmative or negative,'integer or 
fra&ion. 

The Moment of AB being- IA -f- aB, and the Moment of CD 
being dC -4- cD y fuppofe D == AB, and therefore d==. 6 A -p- aB, 
and then by Substitution the Moment of ABC will be bA -4- ali$ * C 
+ <AB bA C -+■ «BC ■+■ fAB. And lihewife the Moment, of 

A*B* will be nhB*— l A m -+- wA*"B'. And fo of any others. 

Now there, is fo near a connexion between the Method of Mo¬ 
ments and the Method of Fluxions, that k will be very ealy to paft 
from the one to the other. For the Fluxions G(r Velocities of .in- 
create, are always proportional to the contemporary Moments. Thus 
if for A, B, C, &c. we write x, y, z, &c. for a, A, c t &c. we may 
write x ? y, z, &c. Then the Fluxion of xy will be xy -4- xy, the 
Fluxion of x* will be whether m be integer or fraction, 

affirmative or negative; the Fluxion of xyz will be xyz 4- xyz -4- 
xyz, and the Fluxion pf xTy n will be mxxr-'y -p- nxTyy —'. And 
So of the reSt. 

Or the former Inquiry may he placed in another view, thus; 
Let A and A-p- a be two fucceffive values of the variable Quantity 
X, as alSo B and B + A be two fucceffive and contemporary values 
of Y j then will AB and AB -+-aB-j- bA -\-abbt two lucceffive and 
contemporary values of the variable ProduCt XY. And while X, 
by increasing perpetually, flows from its value A to A -f- a, or Y 
flows from 1 to B ■+• b ; XY at the Same time will flow from AB 
to AB 4- aB 4- M. -f- ab, during which .time its whole Increment,' 
as appears by Subtraction, will become aB 4- bA -f- ab. Or in 
Numbers thus: Let A, a, B, b, be equal to 7,4, 12, 6, refpeCtively 5 
then will the two fucceffive values of X be 7, n, and the two Suc- 
ceflive values of Y will be 12,18. AlSo the two Succeffive values of 
the PcoduCt XY will be 84, 198. But the Increment 4- M. -p- 
abz=. 48-I-42-I- 24= 114= 198 — 84, as before. 

And thus it will be as to all finite Increments: But when the In* 
crements become Moments, that is, when a and b are So far dimi¬ 
nish’d, as to become infinitely leSs than A and B; at the Same time 
ab will .become infinitely lefs than either aB of bA, (for aB. ab :: 
B..A, and bA. ab :: A. a,) and therefore it will vanish in refpeCt of 
them. In which .cafe the Moment of the ProduCt or ReCtangle 
will be aB -p- bA, as before. This perhaps is the more obvious and 
direct- way of proceeding, in the prefent Inquiry j but, as there was 
tpom for choice, our Author thought fit to chuie the former way, 

as 
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as the more eluant, and inwhich he was under no necefiity of hav¬ 
ing recourfe to that Principle, that quantities arifing in an Equation, 
which are infinitely lefs than the others, may be neglected or ex¬ 
punged in companion of thofe others. Now to avoid the ufe of 
this Principle, too’ otherwife a true one, was all the Artifice ufed on 
this dccafion, which certainly was a very fair and juftifiable one. 

1 I {hall conclude my Obfervations with confidering and obviating 
the .Objections that have been made, to the ufual Method of finding 
the Increment, Moment, or Fluxion of any indefinite power x» of 
the variable quantity x, by giving that Investigation in mch a man- 
ner, as to leave (I think) no room for any juft exceptions to it. 
And the rather becaufe this is a leading point, and has been ftrangely 
perverted and mifreprefented. 

In order to find the Increment of the variable quantity or power 
x*, (or rather its relation to the Increment of x, confider’d as given; 
becaufe Increments and Moments can be known only by companion 
with other Increments and Moments, as alfo Fluxions by companion 
with other. Fluxions 5) let us make x*=y, and let X and Y be any 
iynchronous Augments of x and y. Then by the hypothefis we 
ihall have the Equation x 4- X |* =y4- Y j for in any Equation 
the variable Quantities may always be increafed by their iynchronous 
Augments, and yet the Equation will ftill hold good. Then by 
dur Author’s famous Binomial Theorem we ihall have y 4- Y =5= x* 

4- nx* - *X 4- n x -+-» x x n -~~x*~ i X 1 , &c. or re¬ 

moving the equal Quantities y and x*, it will be Y= nx"~*X 4- 
»x ~* H-xx x ^x*^X*, &c. So that when X de- 

* * 3 

notes the given Increment pf the variable quantity x, Y will here denote 
the fynchronous Increment of the indefinite power y or x m ■, whole 
value therefore, in all cafes, may be had from trns Series. Now 
that we may be lure we proceed regularly, we will verify this thus 
far, by a particular and familiar inftanpe ,or two. Suppofe n = 2, 
then Y = zxX +X‘. That is, while x Hows or increafes to x 4-X, 
x % in the lame time, by its Increment Y = 2xX 4- X *, will increafe 
to x* 4-axX 4- X% which we otherwife know to be tree. Again, 
fuppofe »==3, then Y = 3x*X 4- 3*X* -+- X*. Or while x in¬ 
creafes to x.4- X, x* by its Increment Y = 3x»X 4- £xX* 4. X J 
will increafe to x* -f* 3x*X 4- 3XX* 4- X*. And fo in all other 
particular cafes, whereby we may plainly perceive, that this general 
■Conclufion muft be certain and indubitable. 
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This Scries therefore will be always true, let the Augments X and 
Y be ever fo great, or ever fo little j for the truth does not at all de¬ 
pend on the circumftance of their magnitude. Nay, when they are 
infinitely little, or when they become Moments, it muft be true alfo, 
by virtue of the general Conclufion. But when X and Y are di- 
minilh’d in infinitum , fo as to become at laft infinitely little, the 
greater powers of X mull needs vanilh firft, as being relatively of an 
infinitely leis value than the fmaller powers. So that when they are 
all expunged, we lhall neceflarily obtain the Equation Y =znx"—' ‘X j 
where the remaining Terms are likewife infinitely little, and confe-. 
quently would vanilh, if there were other Terms in the Equation, 
which were (relatively) infinitely greater than themfelves. But as 
there are not, we may fecurely retain this Equation, as having an 
undoubted right fo to do; and elpecially as it gives us an ufeful piece 
of information, that X and Y, tho’ themfelves infinitely little, or 
vanilhing quantities, yet they vanilh in proportion to each other as 
i to nx*~ x . We have therefore learn’d at laft, that the Moment by 
which x increafes, or X, is to the contemporary Moment by which 
x» increafes, or Y, as i is to nxr~ l . And their Fluxions, or Velo¬ 
cities of increafe, being in the lame proportion as their lynchronous 
Moments, we lhall have nx*~ l x for the Fluxion of x m i when the 
Fluxion of x is denoted by x. 

I cannot conceive there can be any pretence to inlinuate here, 
that any unfair artifices, any leger-de-main tricks, or any Ihifting of 
the hypothefis, that have been lo feverely complain’d of, are at all 
made ufe of in this Inveftigation. We have legitimately derived 
this general Conclufion in finite Quantities, that in all cafes the re¬ 
lation of the Increments will be Y = nx m ~‘X +nx n ~-x*~'-X t , &c. 

of which one particular cafe is, when X and Y are fujppofed conti¬ 
nually to dccreafe, till they finally terminate in nothing. But by 
thus continually decreafing, they approach nearer and nearer to the 
Ratio of l to nx*- l > which they attain to at the very inftant of the'r 
vanilhing, and not before. This therefore is their ultimate Ratio, 
Ae Ratio of their Moments, Fluxions, or Velocities, by which x 
and X" continually increafe or decreafe. Now to argue from a 
general Theorem to a particular cafe contain’d under it, i6 certainly 
one of the moll legitimate and logical, as well as one of the moll ufual 
and ufeful ways of arguing, in the whole compafs of the Mathemr- 
ticks. To objed here, that after we have made X and Y to Hand 
for feme quantity, we are not at liberty to make them nothing, or no 
quantity, or vanilhing quantities, is not an Objection againft the 

b Method. 
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Method of Fluxions, but again ft the common Analyticks. This- 
Method only adopts this way of arguing, as a conftant practice in 
the vulgar Algebra, and refers us thither for the proof of it. If we 
have an Equation any how compos’d of the general Numbers a,b t c t 
&c. it has always been taught, that we may interpret thefe by any 
particular Numbers at pleafure, or even by o, provided that the 
Equation, or the Conditions of the Queftion, do not exprefsly re¬ 
quire the contrary. For general Numbers, as fuch, may ftand for 
any definite Numbers in the whole Numerical Scale; which Scale 
(I think) may be thus commodioufly reprefented, &c. — 3, — 2, 
— 1, o, 1,2, 3, 4, &c. where all poiuble national Numbers, inter¬ 
mediate to thefe here exprefs’d, are to be conceived as interpolated. 
But in this Scale the Term o is as much a Term or Number as any 
other, and has its analogous properties iii common with the reft. 
We are likewife told, that we may not give inch values to general' 
Symbols afterwards, as they could not receive at firft ; which if ad¬ 
mitted is, I think, nothing to die prefent purpofe. It is always 
moil ealy and natural, as well as molt regular, inftrudtive, and ele¬ 
gant, to make our Inquiries as much in general Terms as may be,, 
and to defcend to particular cafes by degrees, when the Problem is.. 
nearly brought to a conclufion. But this is a point of convenience 
only, and not a point of necefiity. Thus in the prefent cafe, in- 
ftead of defocnding from finite Increments t6 infinitely little Mo-- 
ments, or vanifhing Quantities, we might begin our Computation 
with thofe Moments themfelves, and yet we fliould arrive at the 
feme Conclufions. As a proof of which we may confiilt our Au¬ 
thor’s own Demonstration of his Method, in pag. 24. of this Treatife.. 
In ftiort, to require this is juft the feme thing as to infiift, that a. 
Problem, which naturally belongs to Algebra, ihould be fblved by 
common Arithmetick; which tho’ poffible to be done, by purfiling 
backwards all the fteps of the general procefi, yet would be very 
troublefome and operofe, and not fo inftrudtive, or according t© the 
true Rules of Art , 

But I am apt to fufpeift, that all our doubts and feruples about 
Mathematical Inferences and Argumentations, efpecially when we are. 
fetisfied that they have been juftly and legitimately conducted, may 
be ultimately refolved into a fpecies of infidelity and diftruft. Not 
in refpedl of any implicite faith we ought to repofe on meer human 
authority, tKo’ ever fo great, (for that, in Matnematicks,' we fhould 
utterly difclaim,) but in refpe<ft of the Science itfelf. We are hardly 
brought to believe, that, the Science is fo gerfedly regular and uni¬ 
form. 
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form, fo infinitely confident, conftant, and accurate, as we fhall really 
find it to be, when after long experience and reflexion we fhall have 
overcome this prejudice, and fhall learn to purfue it rightly. . We 
do not readily admit, or eafily comprehend, that Quantities have an 
infinite number of curious and fubtile properties, fome near and ob¬ 
vious, others remote and abftrufe, which are all link’d together by 
a necefiary connexion, or by a perpetual chain, and are then only 
diicoverable when regularly and clofely purfued j and require our 
. truft and confidence in the Science, as well as our induftry, appli¬ 
cation, and. obftinate perfeverance, our fagacity and penetration, in 
order to their being brought into full light. That Nature is ever 
confident with herfelf, and never proceeds in thefe Speculations per 
faltum , or at random, but is infinitely fcrupulous and folicitous, as 
we may fay, in adhering to Rule and Analogy. That whenever we 
make any regular Pofitions, and purfue them through ever fo great 
a variety of Operations, according to the ftrid: Rules of Art we 
fhall always proceed through a feries of regular and well-connected 
tranfmutations, (if we would but attend to ’em,) till at laft we arrive 
at regular and juft Conclufions. That no properties of Quantity 
are intirely deftruCtible, or are totally loft and abolifh’d, even tho’ 
profecuted to infinity itfelfj for if we fuppofe fome Quantities to be¬ 
come infinitely great, or infinitely little, or nothing, or lefs than 
nothing, yet other Quantities that have a certain relation to them 
will only undergo proportional, and often finite alterations, will fym- 
pathize with them, and conform to ’em in all their changes; and 
will always preferve their analogical nature, form, or magnitude, 
which wiU be faithfully exhibited and difcover’d by the refult; This 
we may colleCI from a great variety of Mathematical Speculations, 
and more particularly when we adapt Geometry to Analyticks, and 
Curve-lines to Algebraical Equations. That when we purfue gene-7 
ral Inquiries, Nature is infinitely prolifick in particulars that will 
refult from them, whether in a direct fubordination, or whether they 
branch out collaterally j or even in particular Problems, we may often 
perceive that thefe are only certain cafes of fbmething more general, 
and may afford good hints and afiiftances to a fagpcious Analyft, for 
afcending gradually to higher and higher Difquifitions, which may 
be profecuted more univerfally than was at firft expected or intended. 
Thefe are fome of thofe Mathematical Principles, of a higher order., 
which we find a difficulty to 'atfanit, and which we fhall never be 
fully convinced of, or know the whole ufe of, but fronvmuch prac¬ 
tice and attentive confederation ] but p\qre especially by a diligent 
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perufal, and clofe examination, of this and the other Works of our 
illuftrious Author. He abounded in thefe fublime views and in¬ 
quiries, had acquired an accurate and habitual knowledge of all thefe, 
and of many more general Laws, or Mathematical Principles of a 
fuperior kind, which may not improperly be call’d He Pbilo/bpBy of 
Quantity ; and which, a {lifted by his great Genius and Sagacity, to¬ 
gether with his great natural application, enabled him to become fb 
compleat a Mafter in the higher Geometry, and particularly in the 
Art of Invention. This Art, which he poffeft in the greateft per¬ 
fection imaginable, is indeed the fublimeft, as well as the moft diffi¬ 
cult of all Arts, if it properly may be call’d fuch ; as not being redu¬ 
cible to any certain Rules, nor can be deliver’d by any Precepts, but 
is wholly owing to a happy fagacity, or rather to a kind’ or divine 
Enthufiafm. To improve Inventions already made, to carry them 
©n, when begun, to farther perfection, is certainly a very ufeful and 
excellent Talent j but however is far inferior to the Art of Difcovery, 
as having a ttv or certain data to proceed upon, and where juft 
method, clofe reasoning, ftriCt attention, and the Rules of Analogy, 
may do very much. But to ftrike out new lights, to adventure where 
no footfteps had ever been fet before, rmlKus ante tritafoh j this is 
the nobleft Endowment that a human Mind is capable of, is referved 
for the chofen few quos "Jupiter eequus amavit , and was the peculiar 
and diftinguifhing Character of our great Mathematical Philofbpher. 
He had acquired a compleat knowledge of the Philofophy of Quan¬ 
tity, or of its moft eflential and moft general Laws; had confider’d it 
in all views, had purfued it through all its difguifes, and had traced it 
through all its Labyrinths and Recedes j in a word, it may be laid 
of him not improperly, that he tortured and tormented Quantities 
all poflible ways, to make them confefs their Secrets, and difcover 
their Properties. 

The Method of Fluxions, as it is here deliver’d in thisTfeatife, 
is a very pregnant and remarkable inftance of all thefe particulars; To 
take a curfory view of which, we may conveniently enough divide 
it into thefe three parts. The firft will be the Introduction, 
or the Method of infinite Series. The fecond is the Method of 
Fluxions, properly fo call’d. The third is the application of both 
thefe Methods to fome very general and curious Speculations, chiefly 
in the Geometry of Curve-lines. 

As to the firft, which is the Method of infinite Series, in this 
the Author opens a new kind of Arithmetick, (new at leaft at the 
time of his writing this,)- or rather he vaftly improves the old. For 
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lie extends the received Notation, making it compleatly univerfal, 
and (hews, that as our common Arithmetick of Integers received a 
great Improvement by the introduction of decimal Fractions; fo the 
common Algebra or Analyticks, as an univerfal Arithmetick, will 
receive a like Improvement by the admilfion of his DoCtrine of in¬ 
finite Series, by which the fame analogy will be ftill carry’d on, and 
farther advanced towards perfection. Then he fhews how all com¬ 
plicate Algebraical Exprefiions may be reduced to fuch Series, as will 
continually converge to the true values of thole complex quantities, 
or their Roots, and may therefore be ufed in their ftead: whether 
"thole quantities areFraCtions having multinomial Denominators, which 
are therefore to be relblved into fimple Terms by a perpetual Divi- 
fion j or whether they are R6ots of pure Powers, or of aneCted Equa¬ 
tions, which are therefore to be refolved by a perpetual Extraction. 
And by the way, he teaches us a very general and commodious Me? 
thod for extracting the Roots of affeCtcd Equations in Numbers* 
And this is chiefly the fubftance of his Method of infinite Series. 

The Method of Fluxions comes next to be deliver'd, which in¬ 
deed is principally intended, and to which the other is only preparatory 
and fubfervlent. Here the Author difplays his whole fkill, and fhews 
the great extent of his Genius. The chief difficulties of this he re¬ 
duces to the Solution of two Problems, belonging to the abftraCt or 
Rational Mechanicks. For the direCt Method of Fluxions, as it is 
now call’d, amounts to this Mechanical Problem, The length of the 
Space defcribed being continually given , to find the Velocity of the Mo¬ 
tion at any time propofed: Alfo the inverfe Method of Fluxions has, 
for a foundation, the Reverie of this Problem, which is. The Velocity 
cf the Motion being continually given, to find the Space defcribed at any 
time propofed. So that upon the compleat Analytical or Geometri¬ 
cal Solution of thefe two Problems, in all their varieties, he builds 
his whole Method. 

His firll Problem, which is, The relation of theflowing Quantities 
being given, to determine the relation of their Fluxions, he dilpatches 
very generally. He does not propole this, as is ufually done, A flow¬ 
ing Quantity being given , to find its Fluxion ; for this gives us too 
lax and vague an Idea of the thing,, and does not lufficiently Ihew 
that Comparifon, which is here always to be underitood. Fluents 
and Fluxions are things of a relative nature,, and liippole two at lealt, 
whole relation or relations Ihould always be exprefs’d by Equations. He 
requires therefore that all Ihould be reduced to Equations, by which 
the relation of the flowing Quantities will be exhibited, and their 
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comparative, magnitudes will be more ealily eftimated j as alfo the 
comparative magnitudes of their Fluxions. And befides, by this 
means he has an opportunity of refolving the Problem much more 
generally than is commonly done. For in the ufual way of taking 
Fluxions, we are confined to the Indices of the P.owers, which are 
to be made Coefficients; whereas the Problem in its full extent will 
allow us to take any Arithmetical Progreffions whatever. By this 
means we may have an infinite variety of Solutions, which tho’ dif¬ 
ferent in form, will yet all agree in the main j and we may always 
chufe the fimpleft, or that which will heft ferve the prefent purpofe. 
He fhews alfo how the given Equation may comprehend feveral va¬ 
riable Quantities, and by that means the Fluxional Equation may be 
found, notwithftanding any find quantities that may occur, or even 
any other quantities that are irreducible, or Geometrically irrational. 
And all this is derived and demon fixated from the properties of Mo¬ 
ments; He does not here proceed to fecond, or higher Orders of 
fluxions, for a reafon which will be affign’d in another place. 

His next Problem is. An Equation being propped exhibiting the re¬ 
lation of the Fluxions of Quantities, to find the relation of tbofe Quan¬ 
tities, or Fluents, to one another ; which is the direct Converfe of the 
foregoing Problem. This indeed is an operofe and difficult Problem, 
taking it in its full extent, and requires all our Author’s fkill and ad- 
drefs j which yet he folves very generally, chiefly by the affiftance of hi* 
Method of infinite Series. He firft teaches how we may return from 
the Fluxional Equation given, to its correfponding finite Fluential or 
Algebraical Equation, when that can be done. But when it cannot be 
done, or when there is no fuch finite Algebraical Equation, as is moft 
commonly the cafe, yet however he finds the Root of that Equation 
by an infinite converging Series, which anfwers the fame purpofe. 
And often he fhews how to find the Root, or Fluent required, by 
an infinite number of fuch Series. His procefles for extracting thefe 
Roots are peculiar to himfelf, and always contrived with much fiib- 
tilty and ingenuity. 

The reft of his Problems are an application or an exemplification 
of the foregoing. As when he determines the Maxima and Minima 
of quantities in all cafes. When he fhews the Method of drawing 
Tangents to Curves, whether Geometrical or Mechanical ■, or how¬ 
ever the nature of the Curve may be defined, or refer'd to right 
Lines or other Curves. Then he fhews how to find the Center or 
Radius of Curvature, of any Curve whatever, and that in a Ample 
but general manner ■, which he illuftrates by many curious Examples, 
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and' purfues many other ingenious Problems, that offer themfelves by 
the way. After which he difcufies another very lubtile and intirely 
new Problem about Curves, which is, to determine the quality of 
the Curvity of any Curve, or how its Curvature varies in its progrefs 
through the different parts, in refpedt of equability or inequability. 

|le then applies hjmfelf to confider the Areas cf Curved andihews 
us how we may find as many Quadrable Curves as we pleafe, or luch 
whole Areas may be compared with thole of right-lined Figures. 
Then he teaches us to find as many Curves as we pleafe, whole 
Areas, may be compared with that of the Circle, or of the. Hyper¬ 
bola,, or of any other Curve that lhall be aflign’d; which he extends 
Oo Mechanical as well as Geometrical Curves. He then determines 
the Area in general of any Curve that may be propoled, chiefly by 
the help of infinite Series ; and gives many ufeful Rules for afcer- 
tauung .the Limits of loch Areas. And by the way he fquates the 
Circle and Hyperbola, and applies the Quadrature cf this to the oon- 
ftniCting of a Canon of Logarithms. But chiefly he collets very 
general and ufeffcl Tables of Quadratures, for tftildily finding the 
Areas of Curves, or for comparing them with the Arcasof the Conic 
Seftibns; which Tables are the" feme as thofehe has publilhi’d him- 
felf, in his Treadle of Quadratures. The ufe and application .oftheft 
he Ihewsinan ample manner, and derives from thfm many curjou$ 
Geometrical ConferuCtions, with their Demortftrations. 

Laftly, he appliee himfelf to the Rectification of Curves, and Ihews 
us how we may find as many Curves as. we pleafe, whole CurytK 
fines are capable of Ratification ’; or whole Curve-lines, as tokngth^ 
may be compared with. the Curve*floes of anyCur&s thatfhafl be 
aflign’d. And concludes in general, with rectifying any Curye-lin$* 
that may be propo&d, either by the afflftance of his Tables of Quadra¬ 
tures, when that can be d o ne , or however by infinite Series. And 
this is chiefly the liibftanoe of the puefent Work.. As to thpaccoufif 
that perhaps* may be expe&ed, of what I have added in my Anno¬ 
tations ; I lhall refer the inquifitive Reader to the Preface, which 
will go before that part of the Work. 
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Introduction : Or , the Reflation ~ of Equations 

by Infinite Series, 

AVING obferved that moft of otir modern Geome¬ 
tricians, neglecting the Synthetical Method of the 
Ancients, have apply’d themfelves chiefly to the 
cultivating of the Analytical. Art j by the affiftance 
of which they have been able to overcome fo many 
and fo great difficulties, that they foem.to have exhausted all the 
Speculations of Geometry, excepting the Quadrature of Curves^ and 
jfcme other matters of a like nature, not yet intirely dilfcufs’d: 
I thought it not amils, for the lake of young Students in this Science; 
to compofe the following Treadle, in which I have endeavour’d 
to enlarge the Boundaries of AnaLy ticks, and to improve the Doctrine 
of Curve-lines. 

2. Since there is a great conformity between the Operations in 
Species, and the lame Operadons in common Numbers; nor do they 
feem to differ,, except in the Characters by which they are re- 

B prefented^. 
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prefented, the firft being general and indefinite, and the other defi¬ 
nite and particular: I cannot but wonder that no body has thought 
of accommodating the latcly-difcovcr'd Dodtiine of Decimal Frac¬ 
tions in like manner to Species, (unlefs you will except the Qua¬ 
drature of the Hyberbola by Mr. Nicolas Mercator \) cfpccially fince 
it might have open’d a way to more abftrufe Difcoveries. But 
fince this Dodtiine of Species, has the fame relation to Algebra,, 
as the Dodtiine of Decimal Numbers has to common Arithme- 
tick; the Operations of Addition, Subtradtion, Multiplication, Di- 
vifion, and Extradtion of Roots, may eafily be learned from thence, 
if the Learner be but fkill’d in Decimal Arithmetick, and the 
Vulgar Algebra, and obferves the correfpondence that obtains be¬ 
tween Decimal Fradtions and Algebraick Terms infinitely continued*. 
For as in Numbers, the Places towards the right-hand continually 
decreafe in a Decimal or Subdpcuple Proportion; fo it is in Species 
refpedtively, when the Terms are difpofea, (as is often enjoin’d in 
what follows,) in an. unifprm Pfogreffion infinitely continued, ac¬ 
cording to the Order of the Dimenfions of any Numerator or De¬ 
nominator. And as the convenience of Decimals is this, that all 
vulgar Fradtions and Radicals, being reduced.to.them, in ibme mea- 
fure acquire the nature of Integers, and may be managed as fuch; 
fo it is a convenience attending infinite Series in Species, that all 
kinds of complicate Terms, (fuch as Fradtions whofe Denomina¬ 
tors are compound Quantities, the Roots of compound Quantities,, 
or of afiedted Equations, and the like,) may be reduced to the Clafs 
of fimple Quantities ; that is, to an infinite Series of Fradtions, whofe 
Numerators and Denominators are fimple Terms; which will no 
longer labour under thofe difficulties, that in the other form feem’d 
almoft infuperable. Firft therefore I {hall {hew how thefe Re- 
dudtions are to be perform’d, or how any corhpound Quantities may 
be reduced to fiicn fimple Terms, efpeciaUy when the Methods o£ 
computing are not obvious. Then I fhaU apply this Analyfis to the 
Solution of Problems* ‘ ' 

3. Redudtioft by Divifion and Extradtion of Roots will be plains 
from the following Examples, when you compare like Methods, 
of Operation in Decimal and in Specious Arithmetick. 
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Examples of Reduction by Divijwn. 

4. The Fradion ~ being propofed, divide aa by b + x in the 
following manner ■: 

t>+x) aa+o ( T -yx+Tr- - jr+-fr> &c- 


aa- 


aax 

"~T" 


aax 

"~r+ o 

aax aax % 
b* 


b 


4 - 

-f- 


3 * 


£ i 


a * x * , 

0 — 17 “ + ° 

a*x* a*x+ 


b% 


b 4 


g »*4 
b 4 


&£ 


The Quotient therefore is &c. 

which Series, being infinitely continued, will be equivalent to 
b+Z’ making x the firft Term of the Divifor, in this manner, 
x+b) aa-i- o (the Qjiotient will be ~ tllla 

found as by the foregoing Ptocels. * * ' 

5. In like manner the Fradion T ~ wiU be reduced to 

1 “" x * + * 4 —'** + &c. or to x* —?x-* 4. x-* — at'8 } &c. 

6. And the Fradioh * will be reduced to zx* —• zx 

3. , >+* ■*‘• 3 * 

*+■ 7* — J 3 *‘ 4 r 34 **> &e. 

7* Here it will be proper to obferve, that I make ule of *■*, 
*», *-«, &c. for i, ^ 7,’ rv &c. of xi, xi, xi, xi, xi, &c. 
for ✓*, v/f, v/*S, lfX % , &c. and of x 4 „ * 4 , x 4 , &c. for 

v/ x y x t &e. And this by the Rule of Analogy* as may be 
apprehended from foeh Geometrical Progreffions as tbiiej x*, xi,- 
x > x t x T y x* (or 1,) r'l x* 1 , r’l, sr*, &c, . . 
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8. In the feme manner for a -~ — a -~~ + &c. may be wrote 

a*x * — a*bx m% a % b t x'* i &c._ 

9. And thus inftead oi^/aa—xx may be wrote a a wcl * » 

and aa—xx[* inftead of the Square of aa — xxi and 

inftead of : And the like of others. 

10. So that we may not improperly diftinguifti Pqwers into Affir¬ 
mative and Negative, Integral and Fractional. 


Examples of Reduction by Extraction of Roots. 

11. The Quantity aa -f- xx being propofed, you may thus ex¬ 
tract its Square-Root. 


( _ x % *4 X * (Jf® 

a Ta ~~ Sa* + lbM i — + 


7 *»* 

256 a* 


21 *“ . &c. 

10244** 


O-f- XX 
■+-XX -+- 


, .4 **” 8 * 4 ^ 64 


*x * jr® x *• x** 

®*’4 ^ 1 6«< ~ 64*® g$6 a** 

^ r JEl t EH **v. ^ 

644* "* 64 a 9 256 

£ AT® .5 **• 5 AT 

64 £ 6 128a® $12 fl** 

+ IdLll ’ 21^, &c. 

I28«® 512 ««• 

1 7 * f . 7 *** 

128*® 256tf 1 * 

* • &c. 

51a* 1 * 


So tliat the Ro6t is’ found to be a- f- ~ ~ + ^.Sce, Where 

it may'b^ obfervedj that towards the end. of the Operation I neg- 
leCt atfthdft Terrhs, whofe Dimenfions would exceed the Dimenfions 
of the Jaft Term, to which I intend only to continue the Root, 

typofe w jr“' ,2. 
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' \i. Alfo the Order of the Terms may be inverted in this man¬ 
ner xx 4- aa, in which cafe the Root will be fbund to be 


a a *4 , * * 

^ I 2X 16a* 




12 &X ? * 


•&C. 


f-L&cc. 

i toa* 


XX jif 4 

13. Thus the.Root of aa — xx is 1 a —<2- — 

14. The Root of x—xx is x* —t** —t x *—tV**> &c* 

Ij. Of aa +ix—xx a a+— — —-jj f , &c. 

■ + + morel. 

t 3 x*. bcc. 


r A J r 1 + *** 

r6. And v^rrr^ 


— £4 *» — ±b ** 4 — . 


over by actually dividing, it becomes 

1 ■+• t^‘ H- t ^‘* 4 -+- tV^* 8 > &c. 

4 - t* 4 -t»^ 4 - . 

— t «* — -rr*'b 

.. • 

17. But thefe Operations, by due preparation, may very often 
be abbreviated; as in the foregoing Example to find 
if the Form of the Numerator and Deno minator h ad not been the 
feme, I might have multiply’d each by y /1 — bxx, which would 

*/\ — &bx 4 * ' 

have produced —b and the reft of the work might 

I-T bx.x ? 

have been performed by extracting the Root of the Numerator only, 
jmd then dividing by the Denominator. 

I 18. From hence I imagine It- wilL-Efficiently appear, by what 
means any other Roots may be extracted, and how any compound 
Quantities, however entangled with Radicals or Denominators, (fitch 

Vx — W1— xx W x *_i_ 2x*-—x^ 

« X » + ■ ■ - — ,_■ "^ =_ J 

*/aXx < 4 * ** '*+**—’ w — / 

infinite Series confifting of fimple Terms. 


\ may be reduced to 


Of the Reduction of ajfeSled Equations. 

19. As to afifedted Equations, we mull be fomething more par-, 
ticukr in explaining how their Roots are to be reduced to fitch Se-I 
ries as thefe; becaufe their Dodtrine in Numbers, as hitherto de¬ 
liver’d by Mathematicians, is very perplexed, and incumber’d with’ 
fuperfluous Operations, fo as not to afford proper Specimens for per¬ 
forming the Work in Species. I (hall therefore firft fhew how the 

Relolu- 


I 
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Rcfoluti'nn of affcCked Equations may'be compendioufly perform’d 
in Number?, and then I; (hail apply the lathe.to Species. 

20. Let this Equation —- 2^ -—• £ === o be proptofed to be re- 
iolved, and let 2 be a Number (any how found) which differs from 
the true -Root left-than- by. a tenth -part of 'itfelf. Then I make 
2 -+/>=y, and fubftitute 2-+^ for y in the given Equation, by 
which is produced a new Equation p t -+ 6p % -+ i op — i z=s o, 
whole Root is to be fought for, that it tiiay be added to the Quote. 
Thus rejecting />» -+ 6p* becaule of its lmallnefs, the remaining 
Equation ‘ iop — i as oj or|>=o,t. will approach very near to 
the truth. Therefore I write this in the Quote, and fiippofe 
o,i ~h $ = p , and • fubftitute this fictitious Value of p as before, 
which produces y*-+6,3iy* -f. i 1,239- -f-0,061 =0. And fince 
1 1,23^ 4- 0,061 aio is near the truth, or y= — 0,0054 nearly, 
(that is, dividing 0^06,1 by 11,23, till fo many Figures arile as 
there are places between the firft Figures of this, and of the prin¬ 
cipal Quote eiclufively, as here there are two places between 2 and 
0,005) I write —0,0054 “t the lower part of the Quote, as being 
negative; and fuppofing-—* 0,6054+ rsa q, I fubmtute this as 
before. And thus I,continue the Operation as far as I. pleafe, in the 
riianner of tKe following Diagram : . . 


Ji — ZJ — 5=0 

4-2, <00«q6oo 
— 0,00544852 
+ 2,09455148, &C. sxjf 

+/*' 

■—2/ 

*-* 

+ 8+iap+6* *+j>* 

~4 V 
~5 

The Sum 

— 1 4 - io/4- 6 f * 4- ** 

0,1 +}=/>. +/>* 

+ 6?* 
+ 10 f 

-I 

+ 0,0014- 0,032+0,3 J*+?» 

+ 0,0« + 1,2 + 6, 

+ 1 , + IO, 

— I» 

The fcum 

o,odi+u, 232 +tf, 32 * + 2* 

—0,0054 + r*s j. 

-: f ; • :+ 6 > 

..;+. 

—.0,0000001*7464+ 0,0©e0»748r^-a,0*^»f*+r» 
+ 0,00018371*8 — 0,068*4 4-6,3- 

— 0,060642 ' + 11,23 

+ 0,061 

: - The Sum 

+0,0005416 +11,162** 

. — Pi 000048*2 4. ssxr . 

, 


21. 
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2 1, But the Work may be much abbreviated towafd^ the end by 
this Method, eipecially in Equations of iirany Dimenfions. Having 
firft determin’d ho\y far you intend to extrad the Root, count fo 
many places after the firft Figure of the Coefficient of the laft. Tenp 
but one, of the Equations that refulfc on the. right fide of. the Dia¬ 
gram, as there remain places to be fill’d.up in* the, Qgote, and rej&ft. 
the Decimals that follow. 1 But in the laft.Term the Decimals may 
be neglected, after fo many more places as are the decimal places 
that are fill’d up in the Quote. And in the antepenultimate Term 
rejedl all Jhat are, afterlb many feiyer places. Aid fo on, by pro¬ 
ceeding Aftfthietically^'accqrding^tQ. that j Interval of places; Of,, 
which is the fapie thing, you. may. .cut, off every whew lo many 
Figures as in the penultimate Term, lo that their lqweft places may 
be in Arithmetical Progrefiion,, according to the Series ofthe Terms* 
or are to befoppos’d to b^ fupply’d with Cypher^, w^eq it happens 
othffwift-r Thus in the prefent Example, if f deflrpd to confinue 
the Quote no farther than to the eighth place of Decimals, when* 
I fubftituted 0,0054 4- r foe q, where four decimal places arc 
compleated in the Quote, and as many remain to be compleated,. I? 
might have omitted the Figures, in the five inferior places, which 
therefore I have mark’d or cancelled by little hines drawn .thrpughf 
them > and indeed .1 ’ might, alfo have omitted the firft .Term t r} * 
although its Coefficient, be 0,99999. Thole' Figures therefore; 
being expunged, for the following Operation there ariles the Sum 
0,0005416 -+-11,162/*, which by Divifion, continued as far as 
the Term prefcribed, gives—o;ooo©4852 for. ^ whidreompfeatsf 
the Quote to the. Perfod required. Then fubtradfog the negative 
part of the Quote from the affirmative part* there arifes a, £>945514.8 
for the Rodt of the propofed Equation. 

22. It may likewile be obferved, that at the beginning of the 
Work,, if I had doubted whether 0,1 -\-p was a fufficient Ap¬ 
proximation to. the : Root, inftead of 1 op — 1 b== o,< Imight have 
kippcs*d that 6p* -f- \op~— 1 == o, and lo have : wrote the. firft 
Figure of its Root in the Quote, is being nearer to nothing. 1 And 
in this manner it may be convenient to find the fecond, or even 
foe third Figure of the Qupfe, when in the fecondary Equation,, 
about which you are converlant, the Square of the Coefficient - of 
the penultimate Tram, is not ten timfes greater than the Product of 
the laft Term multiply’d into .the Coefficient of-the antepenultii' 
mate Term. And indeed you will often fave .fome pains, eipecially 
in Equations of many Dimenfipns, if you;/eek.for all .the Figure* 

to. 

■ ’ \ 
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to be added to .the <^dpte in this inanner; that i $ y if'ydti extras the 
lelfer Root out of the three'laft Terms of its fecondary Equation : 
For thus you will obtain,' at.every time, as many Figures again 
in the Quote. . 1 . 

•'23. And now fronji the Resolution of numeral Equation's, I fha.ll 
proceed to explain the* lJJje f 'Qijferatioiis‘ihSpeefeSj concerning w$uch, 
it is necellary to ohferve whstt follows.' ' ' . 1 " 

• 24. Firft; that fome One of the lpecious or literal Coefficients, if 
there are more than one. fhould be diftinguilh’d from the'reft, which 
either is, < ot maf bfc fuppos’dto he, .much tfys leaft or. greateft of 
alldr neartft \d ‘i. f^caritlty, 4 ^Ther reafoii of Which is, that 
btfeaiifetaf it^DimfenfiohS’ cbhtinually'increafing in the Numerators, 
ot the Denominators of the Terms of the Quote, thofe Terms may 
grow lels and left, and therefore the Quote may conftantly approach 
to the Root required j as may appear from what is laid before of 
the Specie& iv; to the Examples or Reduction by Divifion and Ex- 
tradion of Roots. J A-ndlfbr this Spbcies/in what follows, I lhall: 
generally make ufe of x or z ; as alfo I lhall ule y, j>, y, r, j, &c. 
for the Radical Species to be extraded; 

25. Secondly, wfjeh tqipplex Fractions, or furd Quantities, 
happen to occur in { the. propdfed Equation, 01; ^o arife. afterwards 
ici the Procefi, .^Wey (fright to be rcinOyed by lUch Methods as 
are lufficiently kqoWn 1 to'Arialy fts.. ;‘As 'if 'w^ (hould have 

y* 4- Z~~ x y % == Q, multiply by b ! —x, and from the Pro- 
duQ by* -r-r'xy* 4-£ l y» —r fa* 4r # 4 's=-o extract fhei Root y. Or. 
we might fuppofe y * Xr== < y, ; and then' writing for y } 

we (hould have #*'4- ^*x 3 4 - —7 ^ 6 x l -f- x* = 0* 

whence extrading the Root 'v x we might divide the Quote by A —x, 
in order to obtain y. Alfo if the Equation y* — ay*-4- =■ o 

were propofqd,. we might pqt /s= v, and x T sssz y and fo wri- 
ting vpfor y, and jz* foi$ x, these will arife v 6 + ==0.5 

which Equation being refolved, y and x may be seftored. For the 
Root will be founds =24-214.62 ’,&c. and reftoring y and we have 
yf ==5 ^ + * + 6 x$, &c. then fquaring, y =x* 4 - 2X* 4- 13**, &e* 

.26. After the feme manner if there fhould be found negative Di- 
mentions of x and y, they may be removed by .multiplying by the lame 
#andy. Asif we had the Equation x , 4-3^y I 7— 2ar'—ri6y*=o, 
multiply by x andy*, and there would arile x 4 y* 4-3#*y*—2y* 

•—• i6v=o, And if the Equation were x = ^7 — ~^ + 

’ 1 .. " . J ~ 
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"by multiplying into y* there would arife xy*= d'y^—^zo'y-^^a*. 
And fo of others. 

^ 27. Thirdly, when the Equation is thus prepared, the work be¬ 
gins by^ finding the firft Term of the Quote; concerning which, as 
allb for finding the following Terms, we have this general Rule, 
when the indefinite Species (x or z) is iiippofed to be fmall; to 
which Cafe the other two Cafes are reducible. 

28. Of all the Terms, in which the Radical Species y, or 
r, &c.) is not found, chufe the loweft in relbedt of the Dimenfions 
of the indefinite Species (x or z. See.) then chufe another Term in 
which that Radical Species is found, luch as that the Progreffion of 

"the Dimenfions of each of the fore-mentioned Species, being con¬ 
tinued from the Term firft afliuned to this Term, may defeend as 
much as may be, or afeend as little as may be. And if there 
are any other Terms, whole Dimenfions may fall in with this 
Progrefiion continued at pleafure, they mult be taken in like- 
wife. Laftly, from thefe Terms thus feledted, and made equal to 
nothing, find the Value of the laid Radical Species, and write it in 
the Quote. 

29. IJut that this Rule may be more clearly apprehended, I lhall 
explain it farther by help of the following Diagram. Making a 
right Angle BAC, divide its fides AB,AC, into equal parts, and 
raifing Perpendiculars, diftribute the Angular Space into equal Squares 
or Parallelograms, which you may conceive to be denominated from 

the Dimenfions' of the Species x and y, n - 

as they are here inferibed. Then, when IL ILL ILL ILL I 4jl *. 
any Equation is propofed, mark luch of IL lLf I tjl . ILL ILL 
the Parallelograms as correlpond to all -L- fLi l l IL ILL 

its Terms, and let a Ruler be apply d -j-— ^—— 

to two, or perhaps more, of the ParaUe- A--- —12 -±_ 

lograms fo mark’d, of which let one C 

be the loweft in the left-hand Column at AB, the other touching 
the Ruler towards the right-hand; and let all the reft, not touching 
the Ruler, lie above it. Then feledt thofe Terms of the Equation 
which are reprefented by the Parallelograms that touch the Ruler, 
and from them find the Quantity to be put in the Quote. 

30. Thus to extraft the Root y out of the Equation y *—. 

—y*—;7<i*x*y*-i-6tf»x*-(-i*x‘*s=o, I mark the Parallelograms belong- 

C ing 


x4 

*4y 

X4y x 

X4yl 

x4y4 

X* 

xh 


x\% 

*5,4 

X * 

X *y 



X* 4 

X 1 

1 xy 

x>* 

*>* 

X]4 

1 1 

y 

:>* 

yi 

j* 


C 


I 
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ihg't6 tKfi Terms tliiffEqiMrtibrt ' y *B f‘ VJ ^ *' *| r V" i—j V "' 1 ^ r ‘* 

with the Mark #, as you fee here _-1-: v 

done. Then I apply the Ruler < . ^ i M 
DE tn the lower of the Parallel©- I) • ^‘ 1 ^ r 

grams mark’d in the' left-hand • , • _——r-** -* — 

Column; and I make it turn round "• v ) : : __i __ .__ 

towards the right-hand'from the* . ^ ^ 

lower to the upper*, till it begins A li ‘ • . 

in like manner to touch another, 

or perhaps more, of the Parallelograms that are mark’d j and I fee 
that the places fo touch’d belong- to **, xy*, andy 4 . Therefore 
from 'the Terms y e — •ya*x*y i -+-6ti'x *, as if equal to nothing' (and; 
moreover if you pleafe, deduced to hi* 6=s= o, by making 

y===v k/o&,] I feek'the Value of y, and find it to be four-fold, 
•+- i/ax,' — '\/ax t y-y/iaXy ahd•— iyzdx, of which .I may take 
any one for the initial Terfil of the Quote, according as I defign to 
extract this or that Root of the given Equation. 

31. Thus having the Equation y**— by t -$-gbX* — x i =^ib, T chufe 
the Terms—^*-+-9^*, and thence I obtain 4-3* for the initial 
Term of the Quote, 

32. ' And haying yi-^-axy-haay-^X*’ —2<j j =o, T make'choice pf 
y x -\-a l y —2rf 5 , and its Root -f-a T write in the Quote. ' 

33. Alfo having x*y r —%c*xy % ^—c T x % +c''=o, TfeleCt #*y*4_V 7 ;. 

which gives — for the firlt Term of the Quote. And the 

like of others. ; ; • . , 

34. But when this Term is found, .if its, Power fhould happen 
to be negative, I deplrefs the Equation by the feme Power of the 
'indefinite Species, that there may be no need of deprefling it in the 
*Refolution j and befideS, that the, Rule hereitfter deliver’d, for the 
liippreflion of fuperfluous Terms, may be conveniently apply’d. 
Thus the Equation Sz'y'-t-a&y*’ — zya*^=o being propofed, whole 

Root is to begin by the Term I deprefs by 2*, that it may b6- 
come. 8z+y i -haz+y x '-—27a*z~ i =o ) before I attempt the Refold*- 
tion. 

35. The fubfequent Terms of the Quotes are derived by the feme 
Method, in the Progrels of the Work, from their feveral fecondary 
Equations, but commonly with lefe trouble. For -the whole affair 
is perform’d by dividing the lowtfft of the-Terms afie&ed with the 
indefinitely finall Species, (x, x x > x t J &c.) without the Radical Spe¬ 
cies, (J> } f, r, &c.) by the Quantity with which that radical Species 

1. of 
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B 
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of one Dimenfion only is afledted, without the other indefinite Spe¬ 
cies, a nd by writing t he Refult in the Quote. So in th e fol lowing 

thfe-Terms &<S^ar& "produced •by- 'dividia^ 


TT"« > TgJ[£> «-«-» Ujf tWff* .... ...... 

I 36 . Thefc tmngs - belS^r pfengjM,., it 1 :ma^ins now to' exhibit 
Praxis of Refolution. Th^^TCtJ^Tth : Equation y'-t-a'y-^-axy — j 
jea*—-x*s=o be propofed ^tobq,, rejfplv d. ^na_ from its Terms 

I '*-+-a*y —2<z*=o, being a fidtitjousjEqu itiop, ( bv the third of thef 
oretroing Pre mifea T ^Hiin ji, t~- ; , ■ JuUheisfQEfi JjsudttLxtr/tM; 
he Quote. isrborthe comj5teaWalu€^^|-put} ! 

t-f-/=y, and-inlWd of tifr Tern s 6f thc-Equation written 

n the Margin/ I fubftitutef i+p# and he Term® refulting 
kap'-t-axp, &c.) I agaittH^rite in the 1 largin-j-firom which again, j 
Recording to the third of the PWmifes, | feleQ: the Terms -+-4-a*p j 
%j-a*x=o for a fictitious Equation,'*' which gi ving p=.—^x y 1^; 

.Jx'in the'tjuofe. TfienT beafu£e^^3f hTndt the*acCUT&te 

5 of p y I put —• ^x'-f-ffi=/> > and in I the marginal Tenfis for^p ; 
litute — jX-+-q, and the refufting Tims (^— ■*xq*-i~3aq t , &c.); 
in write^ in tfie^ Margin, opt of whfclv according to tne fore- ' 

; Rule,*! Sg5in feledt the Terms ^df- q — rs ax*=o for afidti-i 

tjous Equation, which giving gz=n^ | write in the Quote. \ 

jfgain, fince ^ is nojt t theaccurate ot q } l.make ^-f.r=y, j 

t d inftead of q I fiibftitute ^-f-r in the marginal Terms. And [ 
us I continue the Procefa at plfeafiire^ as thi following Diagram 


low to’ exhibit 
on y*-\-a % y-\-axy —«| 
a from its Terms 


its to view. 
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ia<+*xy-x'==°- >=»-7+-6 4 .+s-?5+,^, te. 

^a-bpsssy- -by* 

rbaxy 
•b&y 
— X* 

—2 a* 

-ba* -b3^p-bZ^Pl-bp>t 

-b&x-baxp 

+« r -b&p 

— X* 

— 2a* 

— -bp* 

•b Z a P % 
•baxp 

•4~a*x 

i — e* 

ax*-baxy 
• —a % x. -b$a*q 
-ba*x 

- X * 

r*^ +nssa *- . 

-b m" 

■+* 

— km 
-b4* % ? 

— 

— Tr ax ' 

«k 

m 

* +&x t r-bzar* 

—’TTT** i aXr 

-k Tr ax \ -b\a'r 

—a** 

—"rV** 1 



37.. If it were required to continue the Quote only to a certain 
Period, , that x, for inftance, in the laft Term fiiould not afcend 
beyond a given Dimenfion j as I fubftitute the Terms,. I omit fuchi as 
I forefee will be of no ufe. For which this is the Rule, that after 
the firft Term refulting in the collateral Margin from every Quan¬ 
tity, fo many Terms are to be added to the right-hand, as the In¬ 
dex of the higheft Power required in the Quote exceeds the Index 
of that firft refulting Term... 

38. As in the prefent Example, if I defired that the Quote, (or 
the Species x in the Quote,) ftiould afcend no higher than to four 
Dimenfions, I omit allthe Terms after x* } and put only one after x*. 

Therefore 
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Therefore the Terms after the Mark • are to be conceived to be 
expunged^. And thus, the Work being continued till at laft we come 

to the Tams - t -j— -+-4a*r —i-tfxr, in which j>, y,r,-or s t Se a 

reprefenting the Supplement of the Root to be extra&ed^ are only 
or one Dimcnfion; we may find fo many Terms by Divifion, 


-f-J as we fhallfee wanting to compleat the'Quote. 
« . . « <1 11 1 . . ** . 13 1 * 1 1 1. 5 ° 9* 4 •- 


51a** * 16384*1 

So that at laft we fhall have y=*— ?|2? * 


+►: 


6384*1 


Sec. 


ygi For the fake of farther Illuftration, I fhall propofe another 
Example to be refblvedi From the Equation •£?’•—-Jy4-f-^.y 3 —Jy* 
H-y— z=o, let the Quote be found only to the fifth Dimcnfion,. 
and the fuperfluous Terms be rejected after the Mark, &c. 


±y , -iy'-*-?y*-'±y x +y- z = 

0 . y^z+iz'+Zz'-t+^z'-h^z’, &c. 

- 

z-hp=y. -t-r f 

&c. 

• 

\ —t y 4 

— -fZ* — z*p, See. 


h-t r 

-h^Z'+Z'p-t-Zp', See. 

■ 

~iy % 

— iz* - zp — ip\ 


+y 

+ Z -hp 


• - Z 

—r*Z 


iz x -t-q=p. -\-zp % 

-hiz'. Sec. 


* --rif 

„ —4^ 4 — £z*q. Sec: 


i — ufip 

—t 2 '> &e. 



4-4- 2 M-**y 


~“ Z P 

—Iz’—zq 


+P 


1 

-f-T*' 

* 4-4*' 

' 

< —^4 

—T* 4 


+ T Z * 

H-t 2 * 


— 4**' 

-4** 

. 1 

I“Z+l2*) T Zl - T^+^Z’ (42 3 -!-tV 2 ; 4 +t4o«' 

i 


40; And thus if we propofe the Equation T -j~fg-y 11 4-^ ■? j r y 9 -h 
TT-sy ' 1 *-f-f)'*4-y— z==o, to be refolved only to the ninth-Di- 

men fion of the Quote ; before the Work begins we may rejedt the 
Term T 4 -f*y" ; then as we operate we may rejedl all the Terms 
beyond z », beyond z 1 we may admit but one, and two only after 
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z* j becaufe we may obferve, that the Quote oughLalways tQ afcftod 
by the Intervals? tfrb f Ehiits, in this manner, S', z*, z*,- &c. Then 
at laft ^elhallhayey^z-^s J -^i 7r z < i— 

. 41. And : hence an ; Artifice js-difoover’d^-by which Equatioiw, 
tho’ affedted in infinitum^ and. confuting. of an hi finite number of 
‘J'efms, may however fee c yefolyed. And that is,-before the Work 
begins all the Terms ate to be rejected, in which the Dimenfion qf 
the indefinitely fmall Species, not afFedted'by the radical Specie#, 
exceeds the greateft I^rmenfion required in the Quote; or from 
which, by fubflituting, inflead’of the radical Species, the fir ft Term 
of, the Quote found by the Parallelogram as before, none but inch 
exceeding Terms can arife. Thus in the laft Example I fhould haye 
omitted all the Terms beyond y*, though they went on ad infini¬ 
tum. And fo in this Equation 


r— 8 ■+-»*—42*4-92:*—16«", &c.\ 
. j-f-y in#*—2»+-4-3z**—-4*S &c. 
1 —y*inz*—- z*-{- ssj 6 *—■' tkV &c. 
C-t-y* in z*—j4*— &c. 


jthat the Cubick Root may be extracted only to four Dimenfions of z > 
jl omit all the Terms in infinitum beyond -f-y* in z 1 — ±z+-\-^z% 
jand all beyond — -y 1 in z % — z*-4-z 6 , and all beyond -fy in z* — 2 z* f 
(and beyond ■—<84-2*—42*. Arid “therefore I afiiime' thls Eqyation 
only to be refolved, t g z 6 y i — iz*y*fi-z % y\ —■* < y*-fc» 4 y*— z 1 y‘-—2z*y 
H-z‘y—4—8=0. Becaufe 22:^, (the firft Term of the Quote,) 
feeing fubflituted inftead of y in the reft of the. Equation deprefs’d 
jby z^, gives every where more than four Dimenfions. j 

j; 42. What I have faid of higher Equations may alfo be apply’d tq 
iQuadraticks. As if I defired the .Root of this Equation ( 


y % 


X * 


*4 


0=4—y in a + x + ■+ 3 &c > 

^•4 • 

¥»* ' " 

as far as the Period x ( , I omit all the Terms in infinitum , beyond 
y in a -{-*+—> and afTume only this Equation, y % — ay —xy—- 

a* xA a 

-y-t-^=o. This I refblve either in the ufual manner, by making 

y 
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■U 


—v/ $a*-+-iax -or morcTStpcditioufly by 
the Method of affedted Equations deliver’d before, by which we (hall: 
liave y= 


*+ 


4*» ^ *> where the laft Term required vanifhes, or; 
becomes equal to nothing. 

’ 43. Now after that Roots are extracted to a convenient Period,; 
ihey may fometimes be continued at pleasure, only by obferving the. 1 
Analogy of the Series. So you fnay for, ever continue this 2 -+-J-js*; 
•#-i- zi '+-T?z*+TiyZ r > &c* (which is the Root of the infinite Equa-! 

1 ion*«=^+^.y”Cf^i-f^4 > &c.) by dividing the laft Term by tnefe; 
! lumbers in order 2, 3,4, 5,6, G?£v- And this, z —fvz ? 4-TTirZ*—r 
. r £ rr z 7 -{- TrT ! rrv z t , &c. may be continued by dividing by thefe Num¬ 
bers 2x3, 4x5, 6x7, 8x9, &c. Again, the Serie^rf-+.~—S+ ** 


2a 


8 16 a \ 

f- ' ^ y See. may be continued at pleafer^, by multiplying the Term$ 

lefpedtively by thele Fractions, f,— 4 >j—y, — 4 >—rV> &c. And| 
; b of others. ‘ < 

44. But m, difeovermg the firft Term of the Quote, and fome-i 
imes of the fecond or third, there may ftill remain a difficulty 
to heovereome. For its Value, fought for as before, may happen 
to be furd, or the inextricable Root of an high affedted Equation. 
Which when it happens,, provided It be not alfo impoffible, you 
may xeprefept it by feme Letter, and then proceed as if it were 
known. As in the Example —**—2tf*=o: If the 

Root of this Equation y»-\ua*y —2<**=o, had been furd, or un¬ 
known, I fhould have put any Letter b for it, and then have per¬ 
form’d the Refolution as follows, feppofe the Quote found only to 
the third Dimenfion. .. . 
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y*—\~>ony-\--x*~ —0. Make then 

' , abx *«'*» xi . eHixi c’ixi , 

+ <*+ /• &C * 

b+p=^=y. -f -y* 

-+-axy 
+ a*y 
— * 5 
— 2 a* 

-M 3 + 3 ^H- 3 ^‘H-/*. 

-|- abx-i-axp 
-±-a*b-t-a*p 
—*• 

— 2 a* 

-f -3 b P % 

-\-axp 

-f- c x p 

— 

-f -abx 

~ t « &c. 

, 3a*Si x * 6ab % X 0 

+ 

a x hx % . 

— ,* 

— 

-J- 

6ab x x\ a+bx z aH*x* fa4hx % ** r* ' * 0 

c'+ax — r )—+x>+ (—+r.+ ,« 


45. Here writing b in the Quote, I fuppofe b-\-p=s.y } and then 

for y ;I fubftitute as- you fee. /whence proceeds &c. re¬ 

jecting the Terms b i -i-a*b£- 20*, as being equal to nothing : For b 
is fuppoS’d to .be a Root of this Equation y i -{-a t y —2<? 5 =o. Then 

the Terms 3 b'p^a % j>-\-abx give to he f ct i» the Quote, and 

_ b i x ** "*'* 

to be fubftituted for^. 

46. But for brevity’s lake I ^yrite cc for aa-^-^bb^ yet with this 

cautipn, that aa-t-^bo' may be reftored, whenever I perceive that 
the Terms may be abbreviated by it. When the Work is finilh’d, 
I aflume fome Number for a, and refolve this Equation y'-\-&y — 
2^ l =o, as is Ihewn above concerning Numeral Equations; and I 
fubftitute for b any one of its Roots, if it has three Roots. Or 
rather, I deliver liich Equations from Species, as far as I can, espe¬ 
cially from the indefinite Species, and that after the manner before 
infinuated. And for the reft only, if any remain that cannot be 
expunged, I put Numbers. Thus y t -\-a'-y—2a i =o will be freed 
from a, by dividing the Root by a, and it will become y i -\-y —2=0, 
whole Root being found, and multiply’d by a, muft be fubftituted 
inftead of b. 47. 
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47. Hitherto I have fuppos’d the indefinite Species to be little. 

But if it be fuppos’d to approach nearly to a given Quantity, for 
that indefinitely fmall difference I put fome Species, and that being 
fubftituted, I folve the Equation as before. Thus in the Equation 
jy* —i?* 4 - <j y* — iy % +7 4 - <*•—* =o, it being known or fup¬ 
pos’d that x is nearly of the feme Quantity as a, I fuppofe z to be 
their difference; and then writing a+z or a — z for x, there will 
arife 47* 4~ 47* — tJ 1 * 4-_y 4 -z=o, which is to be folved 

ks before. 

48. But if that Species be fuppos’d to be indefinitely great, for 
its Reciprocal, which will therefore be indefinitely little, I put fome 
Species, which being fubftituted, I proceed in the Refolution as 
before. Thus having y * 4-y* 4-y—- ** =0, where x is known 
or fuppos’d to be very great, for the reciprocally little Quantity 

~ I put z, and fubftituting £ for x, there will arife y* 4-y* 4-y— 

3 aetao, whole Root is ysss £ — £ — -f- &c. where 

x being reftored, if you pleafe, it will be yas*—j 4- ^ H- ~ 

“** 8 * 1 * &C * 

4^. If] it (hould happen that none of thefe Expedients fhould 
fucceed to your defire, you may have recourfe to another. Thus 
in the Equation y 4 — x* y*4- xy % 4- 2y* —2y 4- issso, whereas . 
the firft Term ought to be obtain’d from the Supposition that 
y « 4_ 2y*—2y -f- 1=0, which yet admits of no poffible Roots 
you may try what can be done another way. As you may fiippofe 
that x is but little different from 4- 2, or that 2 -i-zsssx. Then 
fubftituting 2-4 -z inftead of x , there will arife y« — a*y* — 327* 
— 2y -f- 1 = o, and the Quote will begin from 4- 1. Or if yon 

fiippofe x to be indefinitely great, or ~ sss z, you will have y«—• 

£4- - 4-2y* — 2y 4- 1 =*o, and 4 -z for the initial Term of 
theQuote. 

50. And thus by proceeding according to fcveral Suppofitioos* 
you may extract and exprefe Roots after various ways. 

51. If you fhould defire to find after how many ways this 
may be done, you muff try what Quantities, when fbbffituted for 
the indefinite Species in the propofed Equation, will make it divifible 
byy, 4. or — feme Quantity, or byy alone. Which, for Example 
fo fcg, will happen in the Equationy* 4- axy 4 " <**y—x*— 2e»3=x o, 

D by 
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by fubftitutirig -f-*, Or— a, or — 2d, or — tie. infteaft 
of x. And thus you may conveniently fupp ofe the Quantity #to. 
differ little from -4-a, or—tf, or — 2a, or and thence 

you may extrad the Root of the Equation propofed after fo 
many ways. And perhaps alio after fo many Other ways, by fup- 
pofing thofc differences to be indefinitely great. Befides, if you take 
For the indefinite Quantity this or that of the Species Which eXpreft 
the Root, you may perhaps obtain your defire after other ways. 
And farther ffcill, by fubftituting any fiditious Values for the inde¬ 
finite Species, fuch as az+bz*, &c. and then proceeding 

as before in the Equations that will refult. 

52. But now that the truth of thefe Concktfions may be mani- 
Feft} that is, that the Quotes thus extraded, and produced ad IiM* 
tum y approach lb near to the Root of the Equation, as at. laft.to 
'differ from "it by lefs than any affignable Quantity, and therefore 
when infinitely continued, do not at aU differ from it: 'You ate to* 
confider, that the Quantities in the left-hand Column of the right- 
hand fide of the Diagrams, are the laft. Terms of the Equation* 
whole Roots are p> y, r, s, &c„ and that as they vanifh, ; the Roots 
Py q y r, Sy &c. that is, the differences. between the Qgote and the 
Root fought, vanifh at the feme time. §0 that the (^upte will not 
then differ from the true Root. Wherefore a 3 t the beginning of the 
Work, if you fee that the Term* in the laid Column will all del 
•ftrdy one another, you may conclude, that the Quote fo far ex- 
traded Is the petted Root 'of the Equation. But if it "be other- 
Wife,, you Will fee hoWeVer, that the Terms in which the- indefi¬ 
nitely fmall SpeciesHs of few EXimenlions, that is, the greafeft 'ferms* 
are continually taken out of that Column, and that at laft none 
Will remain there, tinlels fbch as are lefs than arty given Quantity* 
and therefore not greater than nothing when the Work is-continued 
ad infinitum. So that the Q&ote, when infinitely extraded* will at 
laft be the true Root 

53. Laftly, altho’ the Species, which for the fake of perfpicuity £ 
have hitherto fuppos’d to be indefinitely little, fhould however be 
fiippos’d to be as great as you pleafe, yet the Quotes will ftill be 
true, though they may not converge fb faft to the true Root This 
kmafiifeft frorh trafc Analogy df the thing Bat here the Limits, 
tof the Roots, or the greatm and leaft Quantities, come to be 
eonfi<fer*d. For thefe Properties are in common bofh'to finite andi 
infinite Equations. - The Root in thefe is then, gneateft on leaft,. 

when 
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■when there k the greatest or leaft difference between the Sums of 
the affirmative Terms, and of the negative Tams ; and is limited 
when the indefinite Quantity, (which therefore not improperly I 
Suppos’d to be fmall,) cannot be taken greater, but that the Mag¬ 
nitude of the Root will immediately become infinite, that is, will 
become impofiible. 

54. To illuftrate this, let ACD be a Semicircle described on the 
Diameter AD, and BC be an Ordinate. 

MakeAB=c*, BC=y, AD = tf. Then 

y s/ f# — xx s=3 y/ax *->- ~ y/ax-~ 

<x/ aK ~~ \6&s/ a *» &c* as before. 

Therefore BC, or y, then becomes greateft 
when y/ax moft exceeds all the Terms 

yfiax -f- y/axy &e. that is, when if as: j but 
it tyih be. terminated when #=^= 4 . For if w e takew greater than 
4, the Burn of all the Terms — J */<*# — £5 y'** 7^ %/<?#> 

be infinite. There k another Limit al fo, wh en y«o, * 
fey reafon of the impoflibility of the Radical x /— ax; to which 
Terms or Limits, the Limits of the Semicircle A, B, and D, are cor- 
m^wndent. • • - .... 

’TranJUion, to the METfedD of FiuacioNS. 

C5. And thus much for the Methods of Computation, of which 1 
I majl make fireqpent ufe in what follows. .Now k. remains, that 
for an Illuttration of the Analytick Art, I ffiould give .feme fipecir! 
mens of Problems, pfpeckhy fuch as the nature of Curves will flip* 
ply. Bm firft }t may be observed, that, aft the difficulties of thefo 
may be seduced to thefe two Problems Only, which I ffiall propose 
concerning a Space deferibed. by local Motion, any how accelerated 
or retarded. 

56. I. Length of the Space defiribek being continual ^ {that 
ify at att Times) given j to find the Velocity, of ibe Motion at 4 n X 
Time fropofed. 

. 57 * IL . The Velocity of the Motion being continually given ; to find 
the Length of the Space deferibed at any Time propofed. 

58. Thus in the Equation xx=zy, if y reprefents the Length of 
the Space at any time ddcribed, which (time) another Space x t 
by incrcafing with an uniform Celerity x , mcafures and exhibits a$ 

D 2 deferibed: 

4 
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The Method of Fluxtons, 

defcribed: Then zxx will reprefent the Celerity by which the Space 
y, at the lame moment of Time, proceeds to be defcribed j and 
contrary-wife. And hence it is, that in what follows, I confider 
Quantities as if they were generated by continual Increafe, after the 
manner of a Space, which a Body or Thing in Motion defcribes. 

59. But whereas we need not confider the Time here, any 
farther than as it is expounded and mealured by an eqpable local 
Motion } and befides, whereas only Quantities of the lame kind, 
can be compared together, and alio their Velocities of Increafe and 
Decreafe: Therefore in what follows I ihalL have no regard to Time* 
formally coafider’d, but I lhaH fiippofe feme one of the Quantities 
propofed, being of the lame kind, to be increafed by an equable 
Fluxion, to which the reft may be referr’d, as it were to Time j 
and therefore, by way of Analogy, it may not improperly receive 
the name of Time. Whenever therefore the word Time occurs in- 
what follows, (which for the lake of perfpicuity and diftindrion I 
have foo acti mes ufed,) by that Word I would not have it under- 
ftood as if I meant Time in its formal Acceptation, but only^hat 
other Quantity* by the equable Increafe or Fluxion whereof, Time 
is expounded and mealured.. 

60. Now thofe Qmm tides which I confider as gradually and 
indefinitely increafing, 1 lhall hereafter call Fluents, or Flowing 
Quantities, and.find reprefent them- by the final Letters of the 
Afphabet v, x, y, and* z •, that I may dminguilh them from other 
Quantities, which in Equations are to- be confider'd as known and. 
determinate, and which therefore are reprefen ted by the initial. 
Letters a, b, c, &c. And the Velocities by which every Fluent 
is incseafed by its generating Motion, (which I may call Fluxions. u 
or limply Velocities or Celerities,) I mail reprefent by the feme 
Letters pointed thus v, x, y, and z. That is, for the Celerity of 
the Quantity v I lhall put v, and fo for the Celerities of the other. 
Qmntities x, y y and z, 1 lhall put x, y r and z rdpoftively*. 

61. Thefe things being premifed, I lhall now forthwith proceed- 
to the matter in hand } and firft I lhall give the Solution of the 
two Problem* juft now propofed.. 


PROft 
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n 

i 

i 


P R O & L 

The Relation of the Flowing Quantities to one another being 
given, to determine toe Relation of their Fluxions- 

S-O b U T I © N, 

i. Diipofe the~ Equation, -by which 1 the given Relation is at - 
preis'd, according to the Dkhenfion? of fotne one- of its. flowing 
Quantities, fiippofe x, and multiply its Terms by toy Arithmetical 

Progreffion, and then by ^ . And perform this Operation fcparately 

for every one of the flowing Quantities.' Then make the Sum of 
all the Products equal to nothin g* and you. will have the Eqpatiop 
required. . < • 

•. z. Exampce i. If tbe Relation of the flbswng Qroftthies x arid 
y be x»—<?x‘4- axy —y*=o j firft diipofe the Terms- according 
to x, and then according to. and multiply them in. the follow¬ 
ing manner. ... 


Muh; 

X* 

«tf*» + axy —y*| 

• ^.+«xy'+Tv 

by 

i f 

M, 

. •** : ' ;• 

* X 

i 

0 

i ;. £ . ; 

* J . J 

makes 

3**V— zaxx -krfixy 

* 

ayx - •*.' ; . 


The Sum of th$ Produds.is %xx* — a^^yy % '+ 4 yxsa& t , 
Which Equation gives the Relation between the Fluxions x and y. 
For if you take x at pleasure, the Equation x l — ax x r{-axy—^-y* 
= o will givey. Which being determined, it will- be x : y7::. 
3y *—ax : 3**— 2»*4- ay*. , 

3. Ex. 2. If the Relation of the Quantities x, y,,and £,-be ex- 
preis’d by the Equation 2y*4- x*y —*~ zeyz 4- 3ya‘— z i •= o. 


Mult. 2y» 4- XX xy — z* 

yx*-f»2y* 

—-«» 4 - 3yz*-—. 4 - #*y 

- 2CZ 


; • ■ + 2j>* 

*4-3** 


' . ' c ' — ' * , * » 


- -. «»—&*• • . 

. . '' ' : . r 

fey H •' 

a* 

r • °- 

; 3*. : •** - 

• - • • 0 ; 

z z z 

makes 4 y>'‘ * 4-^~ 

zxxy * 

—-3%z*-h6zzy — 2 czy * 


Where- 
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Wherefore the Relation of the Celerities of Flowing, or of the 
Fluxions x , y> and z t is 4 ,yy* -4- .2 kxy — yzz* ■+■ 6 zzy —2 czy 


4. But fiqce .there are’ Tier* ^hre» x Rowing Quantities. x, y f and 
, another Equation ought' irifd td be given, by which the Relation 
among them, as alfo among their Fluxions, may be intirely deter¬ 
mined. As if it were foppftfed that x-+-y — «x=o. From whence 
pother Rel&tjofl Sfaong thteFlux;i4ns x.+fry +—Z j=r; Q would be 
foundry this Rule*. .Jtfowxpmpftretb^e with the foregoing Bqua- 
by pf t %bs:*hh?e.C^ej6itie^;an4 alfo any 

pne of .the Fluxions,. and then 'y04 will obtain an Equation whiqfc 
will ihtirely detewriine the Relation of the reft. 

• 1 <5. In the -liquation propos'd, whenever there are complex Frao- 
utlows, cfr^ihf'Qjtmtitiesjo^ put; Qy, many Letter^ for each, and fup- 
pofing them to reprefent flowing Quantities, I work as before. : A£- 
I towards 1' fbppifegr ' tttld^ ■ exWrrhiittte the afiumdd LeitePs, as you fee 
;'4ttte tare. f - 1 • • — 

4 >. Ex. 3.' If- the Relation o f the Qua ntities x and y- be yy -aa 
-—x\/ r aa—'XX=:Oi for X Vaa—xx I write z , and thence I 
have two Equations Q, and 4 V*r*rr.*,< — 

sso, of which thefirft Will give zyy — z o % as before, for the 

JRelation of the plenties y and z, and the latter will give 2 a % xx 

—4**1 —^apzhag,.'or t=crz, for-the Relation of the 

Ceientlfes ^andTK \ Nokvx feeing^eppnged, it will be 2)7 rif.Yfcr* 
c= : o, and\thert teftbrfhg x s/aq'~-"x% for z, we' fliall Have 2 yy 


n 


z 


-4*AT lxJc* 


Wfid j ^r =w9, for/the Relatjop between x and y, as was re¬ 
quired. ■ ; 

7. Ex* 

^he Relation that is . between x and y: J make ==&> and 

yy %f ay-+-xx=?v i from whqnpe I (hall have the three Equations #*— 
ay* -+- z—v = o, az -t-y% -*-'^y*4S=o, afid ax*y-+- #*— w===o. 
The firft gives 3XX*— 2 <277 -+- x*—« = o; the fecond gives az - f- 
zy 4.^2 4- 3/77*5== o, and,' the third gives 4 MXX l y+ txx[-\-ayx* 
io, for the Relatione-of the Velocities v, x, 7, and «. But 

the 
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the Values of z and v y found by the fecond and third Equations, 

*«^_+**•+**♦ 


(that is, for z r and 


2W 


3^*—pup—— 6 jtx T-j~ar'x 4 ~ 


foftEquation, and there arifes $xx*~-zdyy-\- z , 2v 

bteto. Then inftead of z and v , reftorlqg their Values -j-pj and 

$X */*3 -+- **» there will strife the Equation fought yxx* —■» 2*yfr 

gfc ? ~ 6 , *T] ~**** e=s a, by which the Relation of the 

Velocities i and y will be exprefs’d. 

8. After what manner tne Operation is to. he perform’d in other 
Cafes, I believe is manifeft from hence; as when ip the,Equation 
propos’d these are found ford Denomi nators, Cubick |tadieals,' Ra¬ 


dicals ^vrthin Radicals, as '/ax-fr^a’a —jrx, or any other com.- 

_.v- 4H— • ■* *• . i f V r \ 

to z . 


iriicafe* Terms of the like kind. . ^ , .. . x .... , to # . y 

9. Furthermore, altho’ in the'Equato' ft* ^pqifii ,ti,snw %ul& 
fee Quantities involved, which cannot* be determjne^ pr ^xpjrefs’# 
ty any Geometrical Method, fodi 'as Curvilinear Areas or the LerjVths. 
«f Ciuveylines j "yet the Relations of thdrr Flu^hons may be-founds 
appear J&Qm^e.foUqwh^'Essbqdek n. « ' 


•j^.v ■» 


• • . JPrtyafotiott.far 

n>. Suppofe BD to be an Ordinate at &ght Angles to AB, and 
that ADH he. any Curve, whidt is defined r by 
th^j Relation -between AB .and BD exhibited' 
by £n Equation. - JLet A 3 he Catted.' x, and 
the Area of the Curve ADS, spay ’d to Unity K 
he call’d z. Then eredt the Perpendicular AC 
equal to Unity,, and thro* C draw CE parallel 
to AB, and meeting BD in E* TJien conceiving 


t 

i * « » 


ig; v - 

ftyr 



• r 

< 

j '/ ‘ 


- 4 

4L j 

-Jj 

J., ■ . i 


theft two SupcriJeies ADB and ACEB tofbe £^r«ed'bS $f 
Motion of the right Line BEP j it is- manifeft^aj jfrfly ffi ir F f ng i 
(tha< is, fhe“Fluxions of the Qjiantities 1 x z, and .to*.*, pj of'. Jthp 
Quantities *and *,) are to each other as the generating Ido^s.hpt' 
and BE.. Therefore z 1 x :: BD : BE oj # r,. and therefore- 
z=x xBD. 

11. And hence it is, that js may be involved in any Equation,, 
exprefling the Relation between # and any other flowing Quantity y 
and yet the Relation -of the Elusions xand y vasty ‘however, be dif- 
cover’d.. 1^. 


B 
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i2> Fv, As if the Equation xx -j- axx —— q were pro* 
pos’d to exprels the Relation, between x and y, as alfo \/'ax- xx 
= BD, for determining a Curve, which therefore will be a Circle. 
The Equation ~zz -4- axz —■ y « = o, as before, will give zzz + 
azx -f- axz — 4 XT 1 == o, for the Relation of the Celerities x, y, 
and XL And therefore fince it is z = x x BD or —y \/ax—'xx 
fubftitutc th is Value inft ead of it, and there will arife the Equation 

2tcz -+- axx Vax—xx -+- axz — 4y>* = o, which determines the 

Relation of the Celerities x and y. 

, - ' ■ 1 * ‘ • ' 

Demonstration of the Solution. 

13. The Moments of flowing Quantities, (that is, their indefi¬ 
nitely final! Parts, by- tha aeceffion of which, in indefinitely fm»n 
portions of Time; they are 'continually incrcafed,) are as the Ve* 
locitics of their plowing or Incr?afing‘. . 

14. Wherefore if the'Moment of any one, as x, be reprefented 
by the Product of its; Celerity x into an indefinitely finall Quantity 
0 (that is, by xo,) the Moments of the others y, *, will be 
reprefented by jo, yo, &■> bccaufe w, xo,yo,^mdxo, are to each 
other as v, x, y, and k. 

15. Now fince the Moments, as xo and yo, are the indefinitely 
little acceflions of the flowing Quantities x and y, by which thole 
Quantities are increased through the fcveral indefinitely little in¬ 
tervals of Timej it follows, that thofe Quantities * and y, after 
any indefinitely finall interval of Time, become x + xo and y+yo. 
And therefore the Equation, which at all times indiflerently exprefles 
the Relation of the flowing Quantities, will as well exprefs the 
Relation between x + xo and y -{-yo, as between x and y: S9 

that x+xo and r -{-yo may be fubftltuted in the lame Equation 
for thofe Quahtkies, inltead of X ahd y. 

16. Therefore let any Equation x* — ax* -4- axy _ y* =o be 

given, and fiibftitute x+xo for x, and y-hyo for y, and them 
will arife 

x * -f- 3x0** -+- 3 x*oox ■+■ x'o* 

, »—2 axox — ax'00 

- 4 - axy -4- axoy - 4 - ayox +axyoo 
— J*. .— VV*. W'ooy — y*o* 

* 7 - 
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17. Now by Suppofition * 5 — ax*-+- axy — y*s= o, which there¬ 
fore being expunged, and the remaining Terms being divided by 0, 
there will remain 3*** -{- ^x*ox -f- x i oo — 2 axx — ax t o -+- axf-\- 

ayx -f- axyo — 3 yy % — 37*07 —7*00=0. But whereas 0 is fuppofed 
to be infinitely little, that it may reprefent the Moments of Quan¬ 
tities ; the Terms that are multiply’d by it will be nothing in refpeft' 
of the reft. Therefore I reject them, and there remains 3#** — 
2axx 4- axy -+- ayx — 377*= o, as above in Examp. 1. 

18. Here'we may obierve, that the Terms that are not multiply’d 
by 6 will always vanilh, as alfo thofe Terms that are multiply’d by 0 
of more than one Dimenfion. And that the reft of the Terms 
being divided by 0, wiU always acquire the form that they ought 
to have by the foregoing Rule: Which was the thing to be proved. - 

19. And this being now (hewn, the other things included in the. 
Rule will eafily follow. As that in the propos’d Equation feveral 
flowing Quantities may be involved j and that the Terms may be 
multiply’d, not only by the Number of the Dimenfions of the flow¬ 
ing Quantities, but alfo by any other Arithmetical Progreflions j fo 
that in the Operation there may be the feme difference of the Terms 
according to any of the flowing Quantities, and the Progreflion be 
difpos’d according to the feme order of the Dimenfions of each of 
them. And thefe things being allow’d, what is taught befides in 
Examp. 3,4, and 5, will be plain enough of itfelf. 

P R O B. II. 

An Equation being propofed\ including the Fluxions of 
Quantities, to find the Relations of thofe Quantities to 
one another . 

A Particular Solution. 

' 1. As this Problem is the Converfe of the foregoing, it muft be 

folved by proceeding in a contrary manner. That is, the Terms 
multiply’d by x being difpofed according to the Dimenfions of xj 

they muft be divided by * x , and then by the number of their Di¬ 
menfions, or perhaps by fome other Arithmetical Progreflion. Then 
the feme work muft be repeated with the Terms multiply’d by v, y, 

E or 
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or z, and the Sum refulting muft be made equal to nothing, re¬ 
jecting the Terms that are redundant. 

2, Example. Let the Equation propofed be 3*at* — 2axx -+- axy. 
— 3 yy* -4- ayx = o. The Operation will be after this manner: 


Divide $xx %i — 2axx-baxy 

by ^ • Quot. 3 at* —2 ax* -\-ayx 

Divide by 3 . 2 . 1. 

Quote x l -—ax* -i-ayx 


Divide *— 3 yy* • -+■ ayx 

by " • Quot. —3 y* * -+• axy 

Divide by 3.2.1. 
Quote —. y* # axy 


Therefore the Sum x* — ax* -f- axy — y l = 0, will be the required : 
Relation of the Quantities x and y. Where it is to be obferved, 
that tho’ the Term axy occurs twice, yet I do not put it twice in 
the Sum x i — ax* -f- axy —1 y i = o, but I rejedt the redundant 
Term. And fo whenever any Term recurs twice, (or oftener when 
there are feveral flowing Quantities concern’d,) it muft.be wrote 
only once in the Sum of the Terms. 

3. There are other Circumftances to be obferved, which I (hall 
leave to the Sagacity of the Artift; for it would be needlefs to dwell 
too long upon this matter, becaufe the Problem cannot always be 
fblved by this Artifice. I fliall add however, that after the Rela¬ 
tion of the Fluents is obtain’d by this Method, if we can return,. 
by Prob. 1. to the propofed Equation involving the Fluxions, then 
the work is right, otherwife not. Thus in the Example propofed, 
after I have found the Equation x J — ax* ■+• axy — y i = o, if from, 
thence I feck the Relation of the Fluxions x and y by the firft 
Problem, I fhall arrive at the propofed Equation ^xx *— 2axx -+■ 
axy — %yy*--{-ayxz= o. Whence it is plain, that the Equation 
x J — ax*-{-axy —y i = o is rightly found. But if the Equation 
xx —■ xy -+- ay = o were propofed, by the prefcribed Method I 
Ihould obtain this ±x *—= 0, for the Relation between. 
X and y, which Conclufion would be erroneous : Since by Prob. 1. 
the Equation xx—xy —yx •+• ay =o would be produced, which 
is different from the former Equation. 

4. Having therefore premifed this in a perfunCtory manner, X 
fhall now undertake the general Solution. 
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A Preparation for the General Solution. 

5. Firft it muft be obferved, that in the propofed Equation 
the Symbols of the Fluxions, (fince they are Quantities of a diffe¬ 
rent kind from the Quantities of which they are the Fluxions,) 
ought to afcend in every Term to the fame number of Dimenfions: 
And when it happens otherwife, another Fluxion of fome flowing 
Quantity muft be underftood to be Unity, by which the lower 
Terms are fo often to be multiply’d, till the Symbols of the Fluxions 
arife to the fame number of Dimenfipns in all the Terms. As if 
the Equation x -+- xyx — axx = o were propofed, the Fluxion z 
of fome third flowing Quantity z muft be underftood to be Unity,, 
by which the firft Term x muft be multiply’d once, and the laft 
axx twice, that the Fluxions in them may afcend to as many Di- 
menfions as in the iecond Term xyx : As if the propofed Equation, 
had been derived from this xz -+- xyx — azzx* === o, by .putting 

And thus in the Equation yx ^=yy, you ought to ima¬ 
gine x to be Unity, by which the Term yy is multiply’d. 

6. Now Equations, in which there are only two .flowing Quan¬ 
tities, which every where arife to the fame number of Dimenfions, 
may always be reduced to fuch a form, as that on one fide may be 

had the Ratio of the Fluxions, fas 4 , or 4 , or % ,&c.) and on the 

' x y x • ' 

other fide the Value of that Ratio, exprefs’d by Ample Algebraic 

Terms; as you may fee here, j = 2-h2#-— y* And when the’ 

foregoing particular Solution will not take place, it is required that 
you lhould bring the Equations to this form. 

7. Wherefore when in the Value of that Ratio any Term is de¬ 
nominated by a Compound quantity, or is Radical, or if- that Ratio 
be the Root of an affected Equation; the Reduction muft be per- > 
form’d either by Divifion, or by Extraction of Roots, or by the. 
Refblution of an affected Equation, as has been before fhewn. 

S. As if the Equation ya — yx — xa-^-xx — xy =s o were pro¬ 
pofed; firft by Reduction this becomes rssH—or 4 as' 

x am ~ x y 

a~7 ~\ j • And in the firft Cafe, if I reduce the Term '~z x > deno¬ 
minated by the compound Quantity a—x, to an infinite Series of 1 

E 2 fimple 
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Ample Terms J-f- 2 ■+■ &c * ty dividing the Numerator 

y by the Denominator a — x, I lhall have 4 = i -f. - ■+. 2 _j_ 

~T ~h ^ Sec. by the help of which the Relation between x and 
y is to be determined. 

• •• • 
9. So the Equation yy = xy -f- xxxx being given, or = 4 , 

•+■ xx, and by a farther Reduction 4 = * xx : I extract 

X - 

the fquare Root out of the Terms * -f- xx, and obtain the infinite 
Series f 2X* — 5*® -f- 14X 1 °, &c. which if I fubfti- 

tute for v/f -H xx, I (hall have 4 = 1 + — x* -+- zx s — $x*. 


See. or 4 =— x % -\-x* —- 2 X* -+- 5*®, &c. according as 

is either added to *, or fubtradled from it. 

10. And thus if the Equation y % -f- axx'y -+- a x x % y — x*x* — 

2.x* a 1 = o were propofed, or 4 + ax~- -4- a % - —- x* — 2 a* = o, 

X* X X 

I extradt the Root of the affedted Cubick Equation, and there 


ariles 4 sssa 

X 

before. 


+ - “v ■" *» 


XX 

64a 


I3ix* 


509x4 


xi. But here it may be obferved, that Llook upon thole Terms 
only as compounded, which are compounded in refpedt of flowing 
Quantities. For I efteem thole as Ample Quantities which are com¬ 
pounded only in refpedt of given Quantities. For they may be re¬ 
duced to fimple Quantities by luppofing them equal to other given 

Quantities. Thus I confider the Quantities £ c \j x l 

x 4 - bx, &c. as fimple Quantities, becaule they may 

may all be reduced to the fimple Quantities p p ~, >/ex (or 

<•!*•*) See. by fuppofing a •+■ b = e. 

12. Moreover, that the flowing Quantities may the more ealily 
be diftinguilh’d from one another, the Fluxion that is put in the 
Numerator of the Ratio, or the Antecedent of the Ratio, may not 
improperly be call’d the Relate Quantity, and the other in the De¬ 
nominator, to which it is compared, the Correlate: Alio the 

flowing 
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flowing Quantities may be diftinguilh’d by the feme Names refpec- 
tively. And for the better underftanding of what follows, you may 
conceive, that the Correlate Quantity is Time, or rather any other 
Quantity that flows equably, by which Time is expounded and 
meafured. And that the other, or the Relate Quantity, is Space, 
which the moving Thing, or Point, any how accelerated or retarded, 
defcribes in that Time. And that it is the Intention of the Problem, 
that from the Velocity of the Motion, being given at every Inftant 
of Time, the Space deferibed in the whole Time may be deter¬ 
mined. 

13. But in refpedt of this Problem Equations may be diftinguifh’d 
into three Orders. 

14. Firft: In which two Fluxions of Quantities,. and only one 
of their flowing Quantities are involved. 

15. Second: In which the two flowing Quantities are involved, 
together with their Fluxions. 

16. Third: In which, the Fluxions of more than two Quantities 
are involved. 

17. With thefc Premifes I (hall attempt the Solution of the 
Problem, according to thefe three Gales. 

Solution op Case I. 

18. Suppofe the flowing Quantity, which alone is contain'd in 
the Equation, to be the Correlate, and the Equation being accord¬ 
ingly difpos’d, (that is, by making on one fide to be only the 
Ratio of the Fluxion of the other to the Fluxion of this, and on 
the other fide to be the Value of this Ratio in fimple Terms,) mul¬ 
tiply the Value of the Ratio of the Fluxions by the Correlate Quan¬ 
tity, then divide each of its Terms hj the number of Dimenfions 
with which that Quantity is there affedted, and what ariles will be 
equivalent to the orner flowing Quantity. 

19. So propofing the Equation yy=xy -f- xxxx I fuppofe x 
to be the Correlate Quantity, and the Equation being accordingly 

reduced, we lhall have 4 = 1 -f- x % — x* 2x s .&cc. Now I mul- 

X 

tiply the Value of 4 - into x, and there ariles x + x* — x* -f- 2 X 1 , 

&c. which Terms I divide feverally by their number of Dimenfions, 
and the Refult x -f- j#* — y# r ■+■ fx' 7 , &c. I put = v. And by 

this. 
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this Equation will be defined the Relation between x and y, as was 
required. 

20. Let the Equation be y -=.a —- -+- ~ &c. there 

will arife y= ax — T *+* -+■ &c. for determining the 

Relation between x and y. 

,2i. And thus the Equation 4 -= ~ — \ -+- -* — **•+• x* t 

gives y = —- ^ -4- * -+• 2ax ^>—. For multiply the 

Value of ~ into x, and it becomes ^ ax * •—-#*+ x\ 

-or x~* <— x' J -+- ajd* —* -f- x*, which Terms being divided by 

the number of Dimenfions, the Value of y will arife as be¬ 
fore. 

22. After the fame manner the Equation ? =5^s= -f- + 

s/bycy } gives x = — -t- f */b % ■+■ O' 3 • For the 

Value of * being multiply’d by y, there arifes -f- ffy .4. 

v/ by* -f- cy* or 2b*ca~*y* -4- y* -4- >/b •+■ c xy * • And thence 
the Value of x refults, by dividing by the number of the Dimen- 
lions of each Term. 

23. And fo = z*, gives y = -§-2*. And y = — x , gives y= 
* • 

***** But the Equation =? = ^ , givesy = - For ~ multiply’d 
into x makes a, which being divided by the number of Dimen¬ 
fions, which is o, there arifes £ , an infinite Quantity for the Value 
ofy. 

24. Wherefore, whenever a like Term fhall occur in the Value 


of f , whofe Denominator involves the Correlate Quantity of one 

Dimenfion only; inftead of the Correlate Quantity, fubftitute the 
Sum or the Difference between the fame and fome other given 
Quantity tq be affumed at pleafure. For there will be the fame 
Relation of Flowing, of the Fluents in the Equation fo produced, 
.as of the Equation at firit propofed j and the infinite Relate Quan- 
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tity by this means will be diminifh’d by an infinite part of itfelf, 
and will become finite, but yet confifting of Terms infinite in 
number. 

2 5. Therefore the Equation 4 s= ^ being propofed, if for x I 
write b + Xy afluming the Quantity b at pleafure, there will arife 
5 — <fe» b y DMfion &c. And 

bow the Rule aforegoing will givey== y —4- ^ •— “f; &c. foi^ / 
the Relation between x and y. 

26. So if you have the Equation - = 3 — xxi becaufe 

X x 

of the Term “» if you write 1 x for x, there will arife i 

X 

=+2 — zx —xx. Then reducing the Term -~- x into an in- 

finite Series -f- 2 — 2X 2x % «— 2X* -f- 2x*, &c. you will have -4 . 

= 4—4* -t- x % — 2x } -+- 2* 4 , &c. And then according to the Rule 
7=4*— 2x' + fx 3 —t * 4 •+* &c. for the Relation of * 

and y. 

27. And thus if the Equation 4 =#'*4- *-*—. #* were pro 
poled j becaufe I here obferve the Term xr'_ (or to be found,, 

• I 

I tranfinute x, by fubftituting 1 — x for it, and therearifes 4 

___ * 
= 4- ~ — v'i — x. Now the Term produces 

1 4-*-H ** 4-&c. and the Term V1 — x is equivalent to 

r-i* — i**— and therefore or i. 

the lame as i4-T*4--r**4-T* 3 , &c. So that when thefe Values 

are fubftituted, I fhall have 4 axes 1 -f. zx 4 - 4£x», &e. And 

then by the. Rule 7 a x 4- x* ix* + #x*, &c. And fo of 

others, 

28. Alfb in other Cafes the Equation may fometimes be con¬ 
veniently reduced, by filch a Tranfmutation of the flowing Quantity. 

As if this Equation were propofed 4 = . inflead 

Of; 
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of x I write c — x, and then I fhall have -=z —— or —— -i 

and then by the Rule y = — ~ x 4 - But the ufe of fuch Trans¬ 
mutations will appear more plainly in what follows. 


Solution of Case II. 

29. Preparation. And fo much for Equations that involve 
only one Fluent. But when each of them are found in the 
Equation, firft it muft be reduced to the Form prelcribed, by 
making, that on one fide may be had the Ratio of the Fluxions, 
equal to an aggregate of fimple Terms on the other fide. 

30. And befides, if in the Equations fo reduced there be any 
Fractions denominated by the flowing Quantity, they muft be freed 
from thofe Denominators, by the above-mentioned Tranftnutation 
of the flowing Quantity. 

31. So the Equation yax — xxy —aax =o being propofed, or 
~ = - 4- becaufe of the Term I afiume b at pleafure, and 

^ U X X 

for x I either write b 4 - x, or b — x, or x — b. As if I fhould 

write b-hx, it will become ~ ssss ~ -f- ^~ x . And then the Term 

being converted by Divifion into an infinite Series, we lhall have 

9 y a ax aX % ax* 0 

+ (I + TT— 7 T. 

32. And after the lame manner the Equation j = jy *— 2x 4- 
~^ being propofed j if, by reafon of the Terms • and 

I write 1 —y for y, and 1 — x for x, there will arife —= 

X 

i — w+ 2 x ■+• + r-'Jj ii♦ But the Term “5 by 

infinite Divifion gives i-—x 4-y•— xy -t-y* — xy % -t-y* — xy*, See. 
and. the Term by a like Divifion gives 2y —- 2 4- $xy 

— 4* 4- 6x‘y — 6x % 4- 8 x*y — 8x* 4- lox+y — iox+, See. There¬ 
fore 7-=— 3x4- 3*7 4-y*— xy* 4 -y* «— xy», &c. 4 - 6x*y — 6x‘ 
4- 8x*y — 8x» 4- iox^y — io* 4 , &c. 

- 33- 
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33. Rule. The Equation being thus prepared, when need re* 
quires, difpofc the Terms according to the Dimenfions of the flow¬ 
ing Quantities, by fetting down firft thofe that are not affected by 
the Relate Quantity, then thofe that are afle&ed by its lead Dimen- 
fion, and fo on. In like manner alfo difpofe the Terms in each of 
thefe Clafies according to the Dimenflons of the other Correlate 
Quantity, and thofe in the firft Glafs, (or fuch as are not affedted 
by the Relate Quantity,) write in a collateral order, proceeding to¬ 
wards the right hand, and the reft in a defeending Series in the left- 
hand Column, as the following Diagrams indicates The work be¬ 
ing thus prepared,, multiply the firft or the loweft of the Terms in. 
the firft Clafs by the Correlate Quantity, and divide by the number 
of DimenfionS, and put this in the Quote for the initial Term of 
the Value of the Relate Quantity*- Then fubftitute this into the 
Terms of the Equation that are diippied in the left-hand Column, 
irtft'ead of the Relate Quantity, and from the next loweft Terms 1 
you- will obtain the fecond Term of the Quote, after the fame man¬ 
ner as you obtain’d the firft.- And by repeating the Operation you 
may continue the Quote as far as you pleafe. But this will appear 
plainer by an Example or two.- 

34. Examjn ir Eet-the-Equation 4 =ri — 3*4-^ 4- x*4-xy 

be propofed, whole Terms r— 3* -4- x % , which are not aflfedted 
by the Relate Quantity y, you fee difpos’d collaterally in the up- 



4 --i — 3x4- xx 

< +-xy 

• 4“* - XX-t-yX* - r*«4- T V*S 

*• • •- * +XX—X* -byX4-~ix'- |- T V,v‘»&c 

! The Sunt 

I- 2X -+- XX --|.X s 4 -t* 4 — -firX', &c. 

11 

5 ^ 

X - XX - r* 4 H-r**' - TT X *> &c. 


permoft Row, and the reft y and xy in the left-hand Column. And . 
firft I multiply the initial Term 1 into the Correlate Quantity x , . 
and it makes x t which being divided by the number of Dinjen- 
fions-i, Tplace it in-the Quote umfer-written.; Then fbbftkating, 
this Term inftead of y in the marginaP Terms - -\- y and 4- xy, I* 
have -+*x end -4- xx, which f-write over again ft them to the righr 
hand. Then from the reft I take the loweft Terms — 3X'and’-f*x, 
whole aggregate zx multiply’d into x- becomes — 2xx, and- 

F being 
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being divided by the number of Dimen (ions 2, gives — xx for the 
l'ccond Term of the Value of y in the<Qu,ote. Then this Term 
being likewife aflumed to complcat the Value of the Marginals -\-y 
and -4— at>*, there will arife alfo — xx and — x 5 , to be added to 
the Terms -f-x and -\-xx that were before inferted. Which being 
done, I again affume the next lowed: Terms 4- xx, — xx, and 4- xx, 
which I collcdl into one Sum xx, and thence I derive (as before) 
the third Term 4 - 4 * s > to be put in the Value of y. Again, taking 
this Term into the Values of the marginal Terms, from the 
next lowed -4-4** an ^— a ^ded together, I obtain—for 
the fourth Term of the Value of y. And fo on in infinitum. 

35. Ex amp. 2. cln like manner if it were required to determine 

the Relation of x and y in this Equation, ~ = 1 ^ -i- -h ^-h 

^, &c. which Series is fuppofed to proceed ad infinitum j 1 put 1 

in the beginning, and the other Terms in the left-hand'Column, 
and then purfue the work according to the following Diagram. 



+1 

+J 

+ 2 

ai 

xiy 

+ 3 

&c. 

X x* X* X4 X s 

♦ * 4- 4- II 4_ ±1 &c 

* m 4- i 5 4- 4- fi &c - 

♦ ^ ♦ n> -j- — -4“ —-*• face 

* * * * * -+- > &c. 

m- 

Sum 

1 -jl. - -i_ 1*- j. il* a_ il* fcc 

_!„T « 4- H- ai -1- — -1- > « e - 

y = 

. . x* x4 jjf n 

* H- z* ■+■ lit •> &c * 


36. As I here propoied to extrasd the Value ofy as far as fix 
Dimen lions of x only j for that reafon I omit all the Terms in 
the Operation which I forelee will contribute nothing to my pur- 
pole, as is intimated by the Mark, &c. which I have fubjoin'd to 
the Series that are cut off. 

3 37 - 
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37; EzAMP. 3. In like manner if this Equation were propofed 

y .~ = — 3^ H- 3*7 — - xy % -4 -y* — xy* -t-7 4 — a :y*, &c. - 4 - 6 x 4 y 

— 6x* -+- 8 x * y - r - 8x* -4- 10x74 — iox 4 , &c. and it is intended to 
extrad the Value of y as far as feven Dimenfions of x. I place the 
Terms in order, according to the following Diagram, and I work 
as before’ only with, this exception, that lince in the left-hand Co* 
lumn y is not only of one, but alfo of two and three Dimenfions^ 
(or of more than three, if I intended to produce the Value of y 
beyond the degree of x 7 ,) I fubjoin the fecond and third Powers of the 
Value of 7, fo far gradually produced, that when they are fubftitu- 
ted by degrees to the right-hand, in the Values of the Marginals 



— 3X —6x*— 8x* — 1 ox 4 — i2x* ’— 14X 4 ,&c. 

*+• 3*y 

-4- 6x*y 
-4- 8x ? y 
•4=* iox 4 y 
: &c. 

■ T. 

— xy % 

&c. 

• H-7* 

* * — ~x* <—6x 4 ' 1 ■ - 

*■ * * —9X 4 T2X* —^ 5 x* ,&a 

* # • * — I2X*—i6x 4 ,&c. 

* * * * • <-*-i5x 4 ,&c. 

* * * “hT* 4 -4-6* r -4-^f 7 X 4 ,&C. 

4 • 

* # * * —-^x* — 6x* ,&c. 

* * # # * 7X*,&C. 

0 

i 1 ”” 

Sum 

—3X —6x*— —x* — ^x' — 3 ~V,&C. 

y— _ l X ‘— 2*> — —£*'. — £** — ,&£. 

7*1=5 -4- "X 4 —|— 6x* -4- ^x s # &c. 

7»= — jx f , &c. 


to the left. Terms may arile of fb many Dimenfions as F obferve 
to be required for the following Operation. And by this Method 

there arifes at length y =— |x* — 6 x\ — -^x 4 , &C. which is- the 

Ft Equation- 
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Equation required. But whereas this Value is negative, it appears 
that one of the Quantities x or y decrcafes, whue the other in- 
creafes. And the fame thing is allb to be concluded, when one of 
the Fluxions is affirmative, and the other negative. 

38. Examp. 4. You may proceed in like manner to rcfolvc the 
Equation, when the Relate Quantity is affedted with fractional Di- 
menfions. As if it were propofed to extradt the Value of x from 

this Equation, * = fy— 4y* 4- zyx x — $x x 4- yy* 4- 2y», in 



4 -iy 

* - 47 * 4 - 77 * 

4- 2/* 

2 yx* 

* 

* 4-7* * 

— 27*4-47*—27*, &c. 


* 

* * * 

# * *~ m T l * j &c» 

Sum 

4 - 4 y 

* — 3 >'* 4 -7/ 

* 4 - 47 *—™ 7 4 >&c- 

X ==: 

4 -iy‘- 

-7* 4- 2 y i * 

4 -}/ —t& c - 


4 - 47 - 


&c. 


Try*: 

, &c. 



which x in the Term zyx* (or 2 y^/x) is affedted with the Frac¬ 
tional Dimenfion 4. From the Value of x I derive by degrees the 
Value of x T , (that is, by extracting its fquare-Root,) as may be 
obfei ved in the lower part of this Diagram j that it may be in- 
ferted and transfer’d gradually into the Value of the marginal Term 
2 yxK And fo at laft I lhall have the Equation x =s _f- 

2/^4- Jy»—& c - by which x is exprefs’d indefinitely in re- 
fpedt ot y. And thus you may operate in any other cafe what- 
foever. 

39. I faid before, that thefe Solutions may be perform’d by an 
infinite variety of ways. This may be done if you trflumc at 
pleafure not only the initial quantity of the upper Series, but any 
other given quantity for the firft Term of the Quote, and then you 
may proceed as before. Thus in the firft of the preceding Exam¬ 
ples, if you affume 1 for the firft Term of the Value of y t and 
fubftitute it for y in the marginal Terms 4-^ and 4 -xy, and pur* 
l'ue the reft of the Operation as before, (of which I have here given a 

4- 1 
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3Y 



4-1 — $x + xx 

*-y 

4-*r 

■ 4" l 4" ♦ 4“ 4" &c. 

* 4 i x 4* zx % * 4" x 4 » &c. 

Sum 

4 - 2 : * 4- 3** 4-** 4--f* 4 > &c. 

ysss I 4-2* * •-+■** 4-*** 4-;?* , > &£• | 


Specimen,) another Value of y will arife, i 4- 4- &c. 

And thus another and another Value may be produced, by affum- 
ing 2, or 3, or any other number for its firft Term. Or if you 
make uie of any Symbol, as a, to reprefent the firft Term inde¬ 
finitely, by the fame method of Operation, (which I fhall here fet 
down,) you will find y s= a 4- x «+• ax—xx 4- axx 4- 
&c. which being found, for a you may fubftitute 1, 2, o, 4, or any 
other Number, and thereby obtain the Relation between x and y 
an infinite variety of ways. 



4 - I — 3* 4 - XX 


4- * 4* x — xx 4- -J.* 5 , &c. 


•f* &X ax* •"f— yj.v^j 5 cc» 

4- xy 

# 4 ax 4- x* m x' , &c. 

4 - 4- ax' , ficc. 

bum ’ 

4-1 - 2 X 4- x* — , &c. 

. 4- a 4- 2 <m 4 - 2***4- \ax', &c. 

y 5=3 

a 4- x — x * 4 - }x' — *-*+ , &c. 

4- ox 4- ax * 4- \ax' 4- T V** 4 , &c. 


40. And it is to be oblerved, that when .the Quantity to be ex¬ 
tracted is affeCted with a Fractional Dimenfion, (as you fee in the 
fourth of the preceding Examples,) then it is convenient to take 
Unity, or fome other proper Number, for its firft Term. And in¬ 
deed* this is ncceflary, when to obtain the Value of that fractional 
Dimenfion, the Root cannot otherwise be extracted, bccaufe of' 
the negative Sign j as alfo when there are no Terms to be difpofed 
in the firft or capital Clafs, from which that initial Term may be 
deduced. 41. 
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41. And thus at laft I have compleated this moft troublefome- 
and of all others moft difficult Problem,.when only two flowing 
Quantities, together with their Fluxions, are comprehended in an 
Equation. But befldes this general Method, in which I have taken 
ip all the Difficulties, there are others which are generally ffiorter, by 
which the Work may often be eafed; to give fome Specimens of which, 
ex abundantly perhaps will not be difagreeable to. the Reader. ' 

42. I. If it happen that the Quantity to be refolved has in fome 
places negative Dimenfions, it is not of. abfolute neceflity that there¬ 
fore the Equation fhould be reduced tQ another form. For thus 

the Equation y = x - — xx being proofed, where y is of one ne¬ 
gative Dimenfion, I might, indeed reduce it to another Form, as 
by writing r-f*^ for y, but the Refolutionwill .be more expe-- 
dite as you have it in the. following Diagram.. 


X 



* . * T— XX 

I 

Sum . . 

I r 1 X -+- jJfAf, &C. . 

I _ *-f- ±XX 

. y =r - i -f. x— l T xx -f- 4*5, &c. 

“ »' ' I .■—** X-{- ^XXy &C. . 


43. Here afluming- 1 for the initial Term of the Value of y,V, 
1 . extrait the reft of the Terms as before, and in the mean time: 

P deduce from thence, by de gr ees, the Value of j by Divifion, and :, 
infert it in the Value of the marginal Term. 

44,. fl. Neither is it neceflary that the Dimenfions of the other- 
flowing Quantity Ihould be always affirmative. For from the Equa¬ 
tion y== 3 ~b 2y —^, without the preferibed Reduction of the.- 
Term j , there will arife y = 3* — £xx -f- 2x», &c. 

45. And from the Equation y =—^ -4- ^ the Value - 

of. y will be .found y .<=s ~ t if the Operation be perform'd , after 
the Manner of the following Specimen. 

I • 


Digitized by LjOOQle 



' - ft* ivir't -SViti E8, : 





46. Here-w« may -ebfefve -by the way, that amo ng -the- infinite 
manners by which any Equation may be refolved, it often happens 
*hat there are feme, that; terminate at a finite'Value of the (San- 
tity to be extra&ed, ag.in Aforegoing BsamJjle. ^Ahd thefeTare 
not difficult to find, if fppte Symbol be affiimed fMvtbefirjl Teunt 
•For when the Refolution is perform'd, then fpme proper. Value may 
be given td that Symbol, 'which may fender the'whole finitef " * 

> 4 7 * HI. Again, if the Value, of /is to be: extraded from this 
Equation y sacs ~. +.1 — ±x it may.^eAonoconveriiefitly 

enough, withqut ^ny Redudidn. pi tfteVerm'^', • by iuppofing 

{after the manner of Anaiyfts,) that to.be Vgiven.,wliich if required. 
Thus for the firft Term of the Value- ofy I put zex, 'taking 2/for 
the numeral Coefficient which is yet unknown. ‘ Anid fubfiituting 
a#e inftead of y, A mafgihal Term, there afiffs e, whfch l 
Write on the right-hand * and thfe.Sum 14; will-give * vf - ex fo*. 
the. fame fir A Term of the Value/ of.y, which -1 had firffrepre- 
fen ted by thd Term zex. Therefore I make zex r= x. 4- ex, and 
thence I deduce e=Xzt. So that the firft Term zex of the Value 
of y is.2tf,-.-.AfteJL. the fame.manner I make ufe.of the fiditious 
Terra zfx* to reprefent the fecond Term of the Value of y, and 
thence at laft I derive — f for the Value of f ,. and therefore, that fis- 
cond Term is — $xx. And fo the.fiditious Coefficient g in thfc 
third Term will give tV, and h in the fourth Verm will be 6 . 
Wherefore fincc there 1 are no other Terms remaining, I conclude 

the work is finish'd, and that the Value ofJ>is exadly zx _♦.#! 

-Ft**.* See the Operation in the following Diagram. * " 

I ' . > : 

I 
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48. Much after the fame manner, if it were y rc* 3 ^ j fuppole 

y=ex', where e denotes the unknown Coefficient, and s the num* 
her of Dimenfions, which is alfo unknown. And ex' being fab- 

ftrtuted for/, there will arifc y = , and thence again y=? 

2 ^. . Compare thefe two Values of y f and you will find ~ =a e, 
and therefore s =4, and e will'be indefinite. Therefore afluming 
e at pleafure, you will,have* v*==^)& v << . 

\ 49; IV. Sometimes, alfo. the Operation may. be begun from the 
highefl Dimenfion of fhe equable Quantity, and continually pro¬ 
ceed to the lower Powers. As if this’Equation.were given, y=z 
■—--h i 3 ■+■ J, and:we_-w.Qi?ld ;begin ffom tbe. higheft 

Term 2X, by dlfpofingithe capital Series in an- order contrary to the 
foregoing; there 1 will atffe'at laft-/==.*#-f-4x~r—£ , &c. as may, 
bp feen. ip the^form of working here .fet down, T 
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50. And here it may be obferved by the way, that as the Opera¬ 
tion proceeded, I might, have inferted any given Quantity between 

the Terms 4* and — j, for the intermediate Term that is deficient, 

and fo the Value of y might have been exhibited an infinite variety 
of ways. 

51. V. If there are befides any fractional Indices of the Dimen- 
fions of the Relate Quantity, they may be reduced to Integers by 
iuppofing that Quantity, which is afieCted by its fractional Di- 
menfion, to be equal to any third Fluent; and then by fubftituting 
that Quantity, as alfo its Fluxion, arifing from that fictitious 
Equation, inftead of the Relate Quantity and its Fluxion. 

£ s. As if the Equation y = 3 xy* -f-y were propofed, where the 
te Quantity is affected with the fractional Index 4 of its Dimen- 
fion ; a Fluent z being afiiuned at pleafure, fuppofe y*=ssz, or 
y = z*} the Relation of the Fluxions, by Prob. 1. will be 
y =ss 2zz*. Therefore fubftituting 3 zz* for y, as allb z* for y, 
and z* for y\ there will arife 3 zz* sss 3 xz* z*, or z = x 

where z performs the office of the Relate Quantity. But after the 

Value of * is attracted, as z=s£x* ~ + ^ -t- , &c. in- 

Read .^of z reftore y$, and you will have the defired Relation be¬ 
tween x and y, that is, y* = -f- ttt^S &c. and by 

Cubifig each fide, y =— \x*+ r ' x x ' 1 -f- &C" 

53. In like manner if the Equation y = y/\y •+■ </xy were 
given, ory sss zy* -f- xty j I make z or zz assy, and thence 

by Prob. 1. zzz = y t and by confequence zzz = zz x^z, or 
z = 1 -+- 4 *V Therefore by the firft Cafe of this *tis z *r=x -f- 
£x* t or y* sssx-i-^x*, then by iquaring each fide, y= xx -f 

But if you fhould defire to have the Value of y exhibited 
qn infinite number of ways, make z = c •+• #•+• jX*, afiuming any 
initial Term r, and it will be zz, that is y, t=.c* ■+• zcx -f- jrx* 
*+- x* H- j** -f- yX*-. But perhaps I may feem too minute, in treat¬ 
ing of fuch things as will but feldom come into praftice. ? 

Solution op Case HI. .. 

54. The Refolution of the Problem will foon be difpatch’cl, when 
the Equation involves three or mofe Fluxions of Quantities. For 

G between 
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between any two of thofe Quantities any Relation thajr be affirmed* 
when it is not determined by the State of the Queftion, and the Re¬ 
lation of their Fluxions may be found froth thence; fo that either 
of them* together with its Flukion, may be exterminated. For Which 
reafon if there are found the Fluxions of three Quantities, only one 
Equatioh need tb be affirmed, tWo if there be four, and fo on». 
that the Equation propos’d may finally be transfotm’d into another 
Equation, in which only two Fluxibhs inay be found. And then 
this Equation being refolved as before, the Relations of the other 
Quantities may be difcover’d. 

55. Let the Equation propofed be 2* — 2 +yx = o ; that I 
may obtain the Relation Of the Quantities x, y, and z, Whole Fluxions 
x, y, and 2 ate contained in the Equation; I form a delation at 
plealiire between any two of them, as x and y, luppofing that x~y», 
or 2y=± <?-+■», or x=yy, &c. But fuppdfe at prefeht J <~zyy t 
and thence x == zyy. Therefore writing 2yy for Jc, and yy for X, 
the Equation propofed will be transform’d into this : 4 yy — z+yy 1 
= o. And thence the Relation between y and z will arife, iyy-{~ 
=2. In which if x be written fbryy, and.v^for y'\ We fliall 
have 2 X -*-•£** = z. So that among the infinite Ways in which < 
X, y, and z may be related to each other, one of them is. here - 
found, which is repfefented by thefe Equations, x ==s yy, ay * -It 
ssz, and 2*-i-.£** ==.&.. 


• K . DEMONSTRATION;, 

' $6. Aifd thua We have folved the Problem, but the Detnonftra* 
tion is frill behind. And in fo great a variety of matters, that we 
inay not derive it fynthetically, and with too great perplexity, from 
ks genuine foundations, it may be fufficient to point it out thus in 
wort,,by way of Analyfis* . That is, when any Equation is ptoposid,. 
after you have finifh’d the work, you may try whether from the 
derived Equation you Can return back to the Equatioh propos’d* by 
Prob. 1. And therefore, the Relation of the Quantities in the de¬ 
rived Equation requires the Relation of the Fluxions in the propofed 
Equation, and contrary-wifewhich Was to be ihewn. 

57. So if the Equation propofed were y= x, die derived Equa¬ 
tion will beysrs i** } and on . the contrary, by Prob. 1. we haVe 
y xxzxky that is, y=*, becaufe x is. fuppofed Unity. And thus.. 

from 
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from y ss= 1 — 3* 4 -y -hxx 4- xy is derived y = x — x* 4- 
— ^x* 4 - j^x* — f'fX*, &c. And thence by Prob. 1. y = 1— zx 
4- x x — \x 3 4- — tt x> > &c. Which two Values of y agree 

with each other, as appears by fubftituting x—xx 4- \x l — i-x* 
ttX’t & c - inftead of y in the firft Value. 

But in the Reduction of Equations I made ufe of an Opera¬ 
tion, of which aUo it will be convenient to give fome account. And 
that is, the Tranfmutation of a flowing Quantity by its connexion 
with a given Quantity. Let AE and ae be two Lines indefinitely 
extended each way, along which two moving Things or Points may 
pafs from afar, and at the fame time 

may reach the pkces A and a, B and a. b c p b 
b, C and c y D and d, &c. and let B 

be the Point, by its diftancc from which, % - \ — fr— t ■ -ft — 

the Motion of the moving thing or 

point in AE is eftimated; fo that — BA, BC, BD, BE, fucceflively, 
may be the flowing Quantities, when the moving thing is in the 
places A, C, D, E. Likewife let b be a like point in the other Line. 
Then will —BA and —ba be contemporaneous Fluents, as alfb 
BC and be , BD and bd, BE and be, 6cc. Now if inftead of the points 
B and b y be fubftituted A and c , to which, as at reft, the Motions 
are refer’d j then o and — ca, AB and — cb, AC and o, AD and 
cd, AE and ce, will be contemporaneous flowing Quantities. There¬ 
fore the flowing Quantities are changed by the Addition and Sub¬ 
traction of the given Quantities AB and ac ; but they are not changed 
as to the Celerity of their Motions, and the mutual refpedt of their 
Fluxion. For the contemporaneous parts AB and ab, BC and be, 
CD and cd, DE and de, are of the fame length in both cafes. And 
thus in Equations in which thefe Quantities are reprefented, the 
contemporaneous parts of Quantities are not therefore changed, not- 
withftanding their abfolute magnitude may be increafed or diminifhed 
•fey fome given Quantity. Hence the thing propofed is mani&ft: 
For the only Scope of this Problem is, to determine the contempo¬ 
raneous, Parts, or the contemporary Differences of theabfolute Quan¬ 
tities v, x, y, or z, defcribed with a given Rate of Flowing. And 
iti&a\l one of what absolute magnitude thofe Quantities are, fo that 
their contemporary or correfpondent Differences may agree, with the 
propofed Relation of the Fluxions. 

59. The reafon of this matter may alfo be thus explain’d Al¬ 
gebraically. Let the Equation y xxy be propofed, and fup- 

G 2 P ofe 
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• i t • 

pofe x = i +«. Then by Prob. r. xz=z. So that for y=sxxy, 

may be wrote y = xy-\- xzy. Now fince x = z, it is plain, that 
though the Quantities x and z be not of the fame length, yet that 
they flow alike in refpett of y, and that they have equal contem¬ 
poraneous parts. Why therefore may I not reprefent by the feme 
Symbols Quantities that agree in their Rate of Flowing; and to de¬ 
termine their contemporaneous Differences, why may not I. ufe 
y = xy 4- xxy inflead of y = xxy ? 

60^ Laftly it appears plainly in what manner the contemporary 
parts may be found, from an Equation involving flowing Quantities. 

Thus if jy ==l ^ 4 - x be the Equation, when x = 2, then y =2f. 

But when * = 3, then y = 34 Therefore while x flows from 
a to 3, y will flow from 2* to 34. So that the parts defcribed in 
this time are 3 — 2 = 1, and 3-5. — 2-J- = 

61. This Foundation being thus laid for what follows, I (hall, 
now proceed to more particular Problems. 


PRO B. III. 

To determine the Maxima and Minima of Quantities* 


1. When a Quantity, is the greateff or the leaft that it can be,, 
at that moment it neither flows backwards or forwards. For if it 
flows forwards, or increales, that proves it was lefe, and will pre¬ 
fen tly be greater than it is. And the contrary if it flows: backwards,, 
or decreafes. Wherefore find its Fluxion, by Prob. i_ and fuppofe 
it to be nothing. 

2. Examp. i. If in the Equation x* — ax % -4- axy — y * — r> the 
greateft Value of x be required} find the Relation of the Fluxions 
of x and y, and you. will have 3#** — 2 axx 4- axy — 3 'yy* 4- ayx 
s=o. Then making at = 0, those will remain — 3yy*- 4. a}x= &, 
or 3y* =ax. By the help of this you may exterminate either x 
or y out of the primary Equation, and by the refilling Equation you 
may determine the other, and then both of them by —• 3y* 4*. 
ax =z 3 o. 

3. This Operation is the feme} as if you had multiply’d the 
Terms of the propofed Equation by the number of the Dimenfions 
of the other Rowing Quantity y. From whence we may derive the 

famous. 
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famous Rule of Huddenius, that, in order to obtain the greateft or 
leaft Relate Quantity, the Equation muft be diipofed according to 
the Dimenfions of the Correlate Quantity, and then the Terms are 
to be multiply’d by any Arithmetical Progreflion. But iince neither 
this Rule, nor any other thatl know yet publiihed, extends to Equa¬ 
tions affedied with ford Quantities, without a previous Reduction j 
I ihall give the following, Example for that purpofe.. 

4. Examp. 2. If the greateft Quantity y in the Equation x* — 

ay* -f- — xx \/ay xx= o be to be determin’d, feck the 

Fluxions of x and y, and there will arife the Equation %xx % — 2<aryy-|- 
[ &*** 6 **H- — Q Andfinceby fuppofitionyssso,, 

omit the Terms multiply’d by y, (which, to fhorten the labour, 
might have been done before, in the Operation,) and divide the reft 

by^xxvand there will remain 3*-—=0. When the Re¬ 
duction is made, there will arife ^ay^^xx = o, by help of whicE 
you may exterminate either of the quantities x or y out of the pro¬ 
pos’d Equation, and then from the reftilting Equation, which will 
be Cubical, you may extradt the Value of the other. 

5. From this Problem may be had the. Solution of thefe fol¬ 
lowing. 

I. In a given Triangle, or in a Segment of any given Curve , ta 
infcribe the greatejl Rectangle. 

II. To draw thf greatejl or the leajl right Line, which can lie 
between a given Point, and a Curve given in pojition. Or, to draw 
a Perpendicular to a Curve from a given Point. 

III. To draw the greatejl or the leaf right Lines, which pajjing 
through a given Point, can lie Between two others, either right Lines 
or Curves. 

IV'. From a-given Point" within a Parabold, to draw , a right. 
Line, which Jhall cut the Parabola more obliquely than any other. 
And to do the fame in other CUrves. 

V. To determine the Vertices of Curves , their greatejl or leajl' 
Breadths, the Points in which■ revolving parts cut each other, &c. 

VI. To find the■ Points- in Curvet, where they have the greatejf 
or leaf Curvature. 

VII. To find the leajl Angle in a given. Ellipjis,. in which the.- 
Ordinates can cut theft Diameters.. 

VTIL. 


Digitized by LjOOQle 


<0 The Method of Fluxions, 

V ITT . QfEllipfis that pafs through four given Points, to deter¬ 
mine the great eft, or that ‘which approaches nearefi to a Circle. 

IX. To determine fitch a part of a Spherical Superficies, which 
can he illuminated, in its farther part, by Light coming from a 
great difiance, and which if rfrailed by the nearer Hemijphere. 

And many- ocher Problems of a Uke nature may more eafily be 
propofed than refolved, becaufe of the labour of Computation, 

PROB. IV. 

To draw Tangents to Curves. 

t 

Firft Manner. 

*i. Tangents may be varioufly drawn, according to the various 
Rejatior^s of Curves ta right Lanes. And firft let BD be a right 
Line, or Ordinate, in a given Angle to 
another right Line A 3 , as a Safe or Ab- 
feifs, and terminated at the Curve ED. 

Let this Ordinate move through an. inde¬ 
finitely ftnall Space tq the place bd, fo 
that it may be increafed by tne Moment 
cd, while AB is increafed by the Moment 
B b, to which Dc is equal and parallel. 

Let D d be produced till it meets with AB in T, and this Line will 
touch the Curve in D or d i and the Triangles 4 cD, DBT will be 
fimilar. So that it is TB : BD :; Dc (or Rfy i cd- 

2 . Since therefore the Relation of RD to AB is exhibited by the 
Equation, by which the nature of the Curve is determined j feek for 
the Relation of the Fluxions, by Prob. i. Then take TB to BD 
in the Ratio of the Fluxion of AB to the Fluxion of BD, and TD 
will touch the Curve in the Point D. 

3. Ex. 1. Calling AB = x, and BD ==?y, let their Relation be 
x s —- ax* 4- axy —y 1 = o. And the Relation of the Fluxions will 
be 3xx 1 — 2 axx -+- axy 2yy*- Hr ayxs s= o. So that y : x :: %xx 

2 ax ay : 37* — ax :: BD (y) : BT. Therefore BT = 
— Si* — a *i — . Therefore the Point D being given, and thence DB 

and AB, or y and x, the length BT will be given, by which the Tan¬ 
gent TD is determined. 

4 - 
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4. But thk Method of Optirbtibn may be thus'concinnated. Make 
the Terms of tbe propoled Equation equal to nothing: multiply by 
the proper number of the Dimenfions of the Ordinate, and put the 
Refult in the Numerator : Then multiply the Terms of the lame 
Equation by the proper number of the Dimenfions of the Abfeifs, and 
put the Product divided by the Abfeifs, in the Denominator of the 
Value of BT. Then take BT towards A, if its Value be affirmative, 
but the contrary way if that Value be negative. 

V o 1 3. 

5. Thus the Equation x* — ax % axy — y* = o, being multi- 

3 * 10 

ply’d by the upper Numbers, gives axy — 37* for the Numerator ; 
and multiply’d by the lower Numbers,/, and then divided by x, gives 
3#*— 2 ax -hay for the Denominator of the Value of BT. 

6. Thus the Equation y v —'by % —~cdy -+- bcd-\-dxy = o, (which 
denotes a Parabola of the fecond kind, by help of which Des Cartes ■ 
bonjtrudted Equations of fix Dimenfions j fee his Geometry, p. 42. 

Jhnjbrd. Ed. Ax. by inlpeftion gives -* 1 ~~£. Jxy > Of. 

•& — c+x*=BT. 

7. And thus a % —jx 4 '-—y v =^:o, (which denotjes an EUipfip; 
whcfeCenter:is A,), gives » or ^ as BT,. Andfb in others, 

8. And you may take notice, that it matters not of what quantity' 
the Angle of Ordination ABD may be. 

9. But as' this Rule does not ewtcstd to Equations. aflfadted by iufd- 
Quantities, or to mechanical Curves j in ,{hefe Cafes we muft have 
♦ecourfe to the fundamental Method. 

10. Eft. 2. Let X s — ay * — Atff s/ay -4- to? £= 6 be the 

Equatbn expttffing the Relation between AB and BD j i 
the Relation of the: Ekwiop^vwttidbfe 


BT, 


«“-.4drtrjrtr «-=wjc* - 

iVZy+xx 


=ro. Therefore it will be i 


« + *«r rVJtv .+.** 


-- :: Xy *• x BD : 
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11. Ex. .3. Let ED be the Conchoid of Nicomedes, deferibed With 
the Pole G, the Afymptote AT, and the Diftance LD ; and let 



GA=£, LD = c, AB=x, and BD =y. Andbecaufe of fimi- 
iar Triangles DBL and DMG, it will be LB : BD ;; D M: MG; 
that is, v/ cc—yy : y :: x ; b y, and therefo re b-^-y ^/cc — yy 
=yx. Having got this Equation, I fuppofc >/cc—yy = z, and 
thus I lhall have two Equations bz -t-yz = yx, and zz = cc—yy. 
By the help of thefe Ifrnd the Fluxions of the Quantities Si, y, and 
Zf y by Prob. 1. From the firft arifes bz -\-yz,-\-yz =yx -+-xy t 
and from the fecond 2 zz = — 2 yy t or zz -+■ yy = o. Out of 

■thefe if we exterminate z, there will arife — ~ — ~ -hyz =yx 
~t- xy, which being refolved it will be y : z — ^ ^ .— x 

[y : x ::) BD : BT. But as BD is y s therefore x 

That is, *—BT = AL-f- B P g L G M ; where the 5 ign —. 
prefixt to BT denotes, that the Point T mull be taken contrary to 
the Point A. 

i2. Se-HOt it/M. And herice it appears by the bye, how that 
point .of the Conchoid may. be found, which feparates the concave 
from the convex part,. For when AT is’ the leafl poffible, D will 
be that point. Therefore make v AT = ^ ; and. fince BT =—z 

-f-x-f- then v =—z -f- 2x -4- — ^ ^ . Here to Ihorten 

the work, for * fubftitute 1 which Value is derived from what 

.is before, and it will be ^ -4- z -f- — v. Whence the 

. • y 

Fluxions v, y, and* being found by Prob. 1. and fuppoiing v=o t 

by 
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by ProM. there wiflafife ‘ 

Laftly, fubftituting in this ^ for z, and cc—yy for zz, (which 

values of z and zz are had from what goes before,) and making a 
due Reduction, you will have y 1 ,-f- 3 by* ;— 2 be* = o. By the Con-, 
ftru&ion of which Equation y or AM, will be given. Then thro* 
M drawing MD parallel to AB, it will fall upon the Point D of 
contrary Flexure. 

13. Now if the Curve be Mechanical whole Tangent is to be 
drawn, the Fluxions of the Quantities are to be found, as in Examp.5. 
of Prob. 1. and then the reft is to be perform’d as before. 

14. Ex. 4. Let AC and AD be two Curves, which are cut in 
the Points C and D by the right Line 
BCD, apply’d to the Abfcifs AB in a 
given Angle. Let AB = x, fiDae y. 

j Area ACft * ‘ ‘ , 

and — - -sss z. Then (by Prob. 1. 

Preparat. to Examp. 5.) it will be zzssx 
xBC. 

[15. Now let AC be a Circle, or any known Curve j and to deter* 
mine the other Curve AD, let. any Equation be propofed, in which 
z is involved, as zz -f- axz ass :y*. Then by Prob, 1. zzz -4- axz 
4- akz = 4 yy*. And writing x.x BC for z, it will be zxz x BC 
4- axx x BC 4- axz = 4 yy*. Therefore 2 z x BC 4 - ax % BC 4- 
az : \y* :: (j : if BD : BT. So that if the nature of the 
Curve AC be given, the Ordinate • BC, and the Area AQB or* z\ 
the Point T will be given, through which the Tangent DT will 
pafr.’ ' • : - ’ 1 ' ■ • •*;•••! • 

16. After the fame manner, if 3* sss zy be the Equation to the 
Curve AD j ’twill be (3*) 3* x BC = zy. Sq that 3BC : 2 
(y : x ::) BD : BT. And fo in othersl 

17. Ex. 5. Let AB sssx f BD ==y, asbefore, and let the length 
of any Curve AC be z. And drawing a-Tarigept to ft, as Cf, ’twijl 

be at : Ct :: x : z, orjesas —. 

18. Now for determining the other Curve AD,> whole Tangent 
is to be drawn, let there be given any Equation in which p is in¬ 
volved, fuppofe z sssy. ‘Then it WiH be z^sy, to that Ct Bt:: 

(y '• x ::) : BD : BT.* But the Point'I 1 being found, the Tan¬ 
gent DT may be drawn. 

H 19. 
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19. Thus fuppofing xzz=zyy, ’twill be xz + zx=i 2 yy ; and 
for z writing x -^ t there will arife xz + = 2 yy. There¬ 
fore z + : zy :: BD : DT. 

20 ' Lx. Let AC be a Circle, or any other known Curve* 
whofe Tangent is Ct, and let AD be any 
other Curve whole Tangent DT is to be 
drawn, and let it be defin’d by aHUming 
AB = to the Arch AC; and (CE, BD 
being Ordinates to AB in a given Angle,) 
let the Relation of BD to CE or AE be 
exprefs’d by any Equation. 

21. Therefore call AB or AC = *, BD =y, AE = z, and 
CE==-u. And it is plain that v, x, and z, the Fluxions of CE, 
AC, and AE, are^to each other as CE, Ct, and E t. Therefore xx 
c 7 = v » an d XX~ t =; z. 

• 22. Now let any Equation be given to define the Curve AD, 
BD ^BT ThCn y== *'’ and therefore Et • C t 1: (y : x : 

23. Or let the -fc-quation be yxszz-\~v — x, and it will be 

y^iv+z— 'x^) . And therefore CE -+- E/ 

— Ct : Cf :: (y : x ::) BD : BT. 

24. Or finally, let the fixation Be ayy = v*, and it will be 

zayy = (yin* =) 3^* . So- that 3** x CE : 2ay x O :: 

BD : BT. 

25; Ex. 7; Let FC be a Circle, which 
and let FD be a Curve, which is de¬ 
fined by afluming any Relation of the 
Ordinate DB to the Arch FC, which is 
intercepted by DA drawn to the Center. 

Then letting fall CE, the Ordinate in 
the Circle, call AC or AF = i } AB 
s=x, DB =y, AE = z, CE = v, 

CF = /j and it will be tz=(t ^~—) 

v, and — tv s=s (f x ~gr =} z. Here I put z negatively, becaufe 
'AE is diminilh’d while EC k increafed. And befidcs AE ; EC :: 

AB : 


is touched by CS in C} 
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AB : BD, fo that zy = vx, and thence by Prob. 1. zy -4- yz 
= vx -4- xv. Then exterminating v, z, and v, ’tis yx — iy % —. 
ix* = xy. 

26. Now let the Curve DF he defined by any Equation, from 
which the Value of / may be derived, to be fubftituted here. Sup- 
pofe let / = v, (an Equation to the firft Quadra trix,) and by Prob. 1. 
it will be t =y, lb that yx— yy % —-yx* assay. Whence y : xx 
•f-yy — x :: (y : — x ::) BD (y) : BT. Therefore BT = x* 
H-y* — X} and AT = xx+yy s=a 

27. After the lame manner, if it is tt ss by, there will arile 
2tt = by-, and thence AT =s x . And lo of others. 

28. Ex. 8. Now if AD be taken equal to the Arch FC, the 
Curve ADH being then the Spiral of Archimedes ; the lame names 
of the Lines Hill remaining as were put 
afore z Becaufe of the right Angle ABD 
’tis xx -f-yy=//, and therefore (by Prob.i.) 
xx -hyy = tt. ’Tis alfo AD : AC :: 

DB : CE, fo that /v=ssy,and thence (by 
Prob. 1.) tv 4- vt assy. Laftly, the Fluxion 
of the Arch FC is to the Fluxion of the 
right Line CE, as AC to AE, or as AD 
to AB, that is, t : v n ( : x, and thence 
ix = vt. Compare the Equations now found, and you will fee 

’tis tv -4- ix =y, and thence xx -f-yy = (tt=) —7^ . And there¬ 
fore compleating the Parallelogram ABDQ^_, if you make QD : 
QP :: (BD : BT :: y : — x ::) x : y — j that is, if you 

take AP = , PD will be perpendicular to the SpiraL ■ 

29. And from bence (I imagine) it will be lufficiently manifeft, 
by what methods the Tangents of all forts of Curves are to be 
drawn. However it may not be foreign from the purpofe, if I alfo 
Ihew how the Problem may be perform'd, when the Curves are re- 
fer’d to right Lines, after any other manner whatever : So that hav¬ 
ing the choice of leveral Methods, the eafieil: and moll: fimple may 
always be ufed. 

H 2 Second 
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Second planner. 

30. Let D be a point in the Curve, from which the Subtenfe 
DG is drawn fo a given Point G, and let DB be an Ordinate in any given 
Angle to the Abfcifs AB. Now let the 
Point D flow for an infinitely fmall fpace 
D d in the Curve, and in GD let G£ be 
taken equal to Gd t and let the Parallelo¬ 
gram dcBb be compleated. Then Dk 
and Dr will be the contemporary Mo¬ 
ments'of GD and BD, by which they 
are diminifh’d while D is transfer’d to d. Now let the right Line 
Pd be produced, till it meets with AB in T, and from the Point T to 
the Subtenfe GD let fall the'perpendicular TF, and then the Trapezia 
Dcdk and DBTF will be like; and therefore DB : DF :: Dc :D£. 

31. Since then the Relation of BD to GD is exhibited by the 
Equation for determining the Curve; find the Relation of the Fluxions, 
and take FD to DB in the Ratia of the Fluxion of GD to the 
Fluxion of BD. Then fromF raife the- perpendicular FT, which 
may meet with AB in T, and DT being drawn will touch the 
Curve in D. But DT muft be taken towards G, if it be affirmative, 
and the contrary way if negative. 

32. Ex. 1. Call GD=*x, and BD ss=y r and let their Relation 

be x* —- ax* -f- axy — y i .sss o. • Then the Relation of the Fluxions 
will foe .3 iex* : —- 2 axx -t- axy ■+, oy$ — 3^* css o. Therefore 3x7* 
— 2 ax + ay : 3 yy —ax :: (y : x ::) DB (y) : DF. So that 
DF z=. • , Then any Point D in the Curve being given, 

and thence, BD and GD or y a/id x, the Point F will be given 
alfo. From whence" iF'the Perpendicular FT be railed, from its 
concourfd T with the. AMcifi’ AB,. the Tangent DT may bo 
drawn. •• 

3 3. And hence it appears, that a Rule might be derived here, as well 
as in the former Cafe. For having difpofed all the Terms of the given 
Equation on one fide, multiply by the Dimenfions of the Ordinate y, 
and place the refult in the Numerator of a Fraction. Then multiply 
its Terms fcverally by the Dimenfions of the Subtenfe x, and dividing 
the refult by that Subtenfe x , place the Quotient in the Deno¬ 
minator of the Value of DF. And take the fame Line DF to¬ 
wards G if it be affirmative, otherwife the contrary way. Where 

you 
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you may obfervo, that it is no matter how far diftant the Point G 
is from the Abfcifs AB, or if it be at all diftant, nor what is the 
Angle of Ordination ABD. 

34. Let the Equation be as before x % — ax* -|- axy — y* = o; 
it gives immediately axy — 37* for the Numerator, and 3**—2 ax 
-f- ay for the Denominator of the Value of DF. 

35. Let alfo a -f- -jc —7=0, (which Equation is to a Conick 
Section,) it gives — y for the Numerator, and ~ a for rhe Denomi- 

oy 

nator of the Value of DF, which therefore will be — 7 • 

36. And thus in the Conchoid, (wherein thefe things will be 
perform’d more expeditioufly than before,) putting GA = b % 



LD = Cy GDssx, andBDs=y, it wUlbe BD (y) : DL (c) :: 
GA (£) : GL (x — c). Therefore xy — cy = cb, or xy — cy — 

cb = o. This Equation according to the Rule gives , that 

is, x — c = DF. Therefore prolong GD to F, fo that DF = 
LG, and at F raife the perpendicular FT meeting the Afymptote 
AB in T, and DT being drawn will touch the Conchoid. 

■ 37. B u t when compound or furd Quantities are found in the' 
Equation, you muft have recourfe to the general Method, except you 
fhould chufe rather to reduce th e Equ ati on. 

38. Ex. 2. If the Equation %y/cc — yy =yx t were given 

for the Relation between GD and BD; (fee the foregoing Figure, 
p. 52.) fin d the Relation of the. Fluxions by Prob. 1. As fuppofing 
V'—yy = «, you will have the Equations bz -f- yz =yx, and 
cc — yy = zz, and thence the Relation of the Fluxions bz-\-y% 

yz=yx -t-yx> and — zyy —• zzz. And now z and z being 

1 exter- 
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exterminated, there will arife y cc —yy — j==L. yx = xy. 

yec—yj 

Therefore y : s/cc — yy — — x :: O' : * :: ) BD O’) ; DF * 

*.Third Manner. 

39. Moreover, if the Curve be refer’d to two Subtenfes AD and 
BD, which being drawn from two given Points A and B, may 
meet at the Curve: Conceive that Point 
D to flow on through an infinitely little 
Space Dd in the Curve; and in AD and 
BD take Ak = Ad, and Bc = B</j and 
then £D and cD will be contempora¬ 
neous Moments of the Lines AD and 
BD. Take therefore DF to BD in 
the Ratio of the Moment D£ to the 
Moment Df, (that is, in the Ratio of the Fluxion of the Line 
AD to the Fluxion of the Line BD,) and draw BT, FT perpendicu¬ 
lar to BD, AD, meeting in T. Then the Trapezia DFTB and D kdc 
will be fimilar, and therefore the Diagonal DT will touch the 
Curve. 

40. Therefore from the Equation, by which the Relation is 
defined between AD and BD, find the Relation of the Fluxions by 
Prob. 1. and take FD to BD in the fame Ratio. 

41. Examp. Suppofing AD = x, and BD = y, let their Rela¬ 
tion be a -f- j — y = o. This Equation is to the Ellipfes of 

the fecond Order, whofe Properties for Refra&ing of Light are fhewn 
by Des Cartes , in the fecond Book of his Geometry. Then the 

Relation of the Fluxions wiU be — y =0. ’Tis therefore e : 

d :: (y : x :;) BD : DF. 

42. And for the feme reafon if a — ^ —y = o, ’twill be 

e : —d :: BD : DF. In the firft Cafe take DF towards A, and 
contrary-wife in the other cafe. 

43. Corol. 1. Hence if d = e, (in which cafe the Curve be¬ 
comes a Conick Section,) 'twill be 
DF = DB. And therefore the Tri¬ 
angles DFT and DBT being equal, 
the Angle FDB will be bifedtea by 
the Tangent. 
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44. CoJtox.. 2. And hence alfo thofe things will be manifeft of 
themfelves, which are demonftrated, in a very prolix manner, by 
Dei Cartes concerning the Refradion of thefe Curves. For as much 
as DF and DB, (which are in the given Ratio of d to e,) in refped 
of the Radius DT, are the Sines of the Angles DTF and DTB, 
that is, of the Ray of Incidence AD upon the Surface of the Curve, 
and of its Reflexion or Refradion DB. And there is a like reafon- 
ing concerning the Refradions of the Conick Sedions, fuppoflng 
that either of the Points A or B be conceived to be at an infinite 
diftance. 

45. It would be eafy to modify this Rule in the manner of the 
foregoing, and to give more Examples of it: As alfo when Curves 
are refer’d to Right lines after any other manner, and cannot com- 
modioufly be reduced to the foregoing, it will be very eafy to find 
out other Methods in imitation of thefe, as occafion fhall require: 


Fourth Manner. 

46. As if the right Line BCD fhould revolve about a given Point 
B, and one of its Points D fhould defcribe a Curve, and another 
Point C fhould be the 
interfedion of the right 
Line BCD, with another 
right Line AC given in 
pofltion. Then the Re¬ 
lation of BC and BD be¬ 
ing exprefs’d by any li¬ 
quation j draw BF pa¬ 
rallel to AC, fo as to meet DF, perpendicular to BD,. in F.- Alfo 
ered FT perpendicular to DF; and take FT in the fame Ratio to 
BC, that the Fluxion of BD has to the Fluxion of BC. Then DT 
being drawn will touch the Curve. 



Fifth Manner. 

47. But if the Point A being given, the Equation fhould exprefs 
«the Relation between AC and BD j draw CG parallel to DF, and 

take FT in the fame Ratio to BG, that the Fluxion of BD has to 
the Fluxion of AC. 

Sixth Manner. 

48. Or again,, if the Equation exprefies the Relation between AC 

and CD; let AC and FT meet in H; and take HT in the fame 
Ratio to BG, that the Fluxion of CD has to the Fluxion of AC. And 
the like in others. Seventh 
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Seventh Manner : For Spirals. 

49. The Problem is not otherwife perform’d, when the Curves 
are refer’d, not to right Lines, but to other Curve-lines, as is ulual 
in Mechanick Curves. Let BG be the Circumference of a Circle, 
in whole Semidiameter AG, while it revolves 
about the Center A, let the Point D be con¬ 
ceived to move any how, fo as to defcribe the 
Spiral ADE. And liippofe D d to be an in¬ 
finitely little part of the Curve thro* which 
D flows, and in AD take Ac = Ad, then 
cD and Gg will be contemporaneous Moments 
of the right Line AD and of the Periphery 
BG. Therefore draw At parallel to cd , that 
is, perpendicular to AD, and let the Tangent 
DT meet it in T; then it will be cD : cd:: 

AD : AT. Alfo let Gt be parallel to the Tangent DT, and it 
will be cd : Gg :: (A d or AD : AG ::) AT : At. 

50. Therefore any Equation being propofed, by which the Re¬ 
lation is exprefs’d between BG and AD j find the Relation of their 
Fluxions by Prob. 1. and take At in the lame Ratio to AD: And then 
Gt will be parallel to the Tangent. 

51. Ex. 1. Calling BG=x, and AD=y, let their Relation be 
x* — ax % -4- axy — y i = o, and by Prob. 1. 3** — 2 ax-+- ay : %y* 
— ax::(y:x AD : At. The Point ./being thus found, draw 
Gt, and DT parallel to it, which will touch the Curve. 

52. Ex. 2. If ’tis y = y, (which is the Equation to the Spiral 

of Archimedes ,) 'twiU be j = y, and therefore a : b :: (y : x ::) 

AD : At. Wherefore by the way, if TA be produced to P, 
that it may be AP : AB :: a : b y PD will be perpendicular to 
the Curve. 

53. Ex. 3. If xx ss by, then 2XX ess by, and tx b : :• AD : 
At. And thus Tangents may be eafily drawn to any Spirals what* 
ever. 


Eighth 
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Eighth Manner : For Quadratrices. 

54. Now if the Curve be fuch, that any Line AGD, being drawn 
from the Center A, may meet the Circular Arch inG, and theCurve in 
D} and if the Relation between the 
Arch BG, and the right Line DH, 
which is an Ordinate to the Bafe 
or Abfcifs AH in a given Angle* 
be determin'd by any Equation 
whatever; Conceive the Point D to 
move in the Curve for an infinite¬ 
ly fmall Interval to d, and the Pa¬ 
rallelogram dhHk being compleat- 
ed, produce Ad to c, io that 
Ac = AD; then Qg 1 and Di will be contemporaneous Moments of 
the Arch BG and of the Ordinate DH. Nbw produce D d ftrait 
on toT, where it may meet with AB, and from thence let fall 
the Perpendicular TF on DcF. Then the Trapezia D kdc and DHTF 
will be fimilar; and therefore D£: Dr:: DH : DF. And befides 
if Gf be railed perpendicular to AG, and meets AF in fy becaufe 
of the Parallels DF and Gf it will be Dc ; Qg ::.DF : Gf. There¬ 
fore ex aquo, ’tis D£ r Gg :: DH : Gf, that % as the Moments or 
Fluxions of the Lines DH and. BG; 

55. Therefore by the Equation which exprefies the Relation of 
BG to DH, find the Relation of the Fluxions (by Prob. 1.) and in 
that Ratio take Gf, the Tangent of the Circle BG, to DH. Draw 
DF parallel to Gf, which may meet A f produced in' F. And at 
F eredl the perpendicular FT y meeting AB in Tj and the right 
Line DT being drawn, will touch the Quadratrix. 

56. Ex. 1. Making BG == x, and DH==y, let it be xx = t>y, 
then (by Prob. 1.) 2xx === by. Therefore zx : b :: {y : x DH:: 
Gf; and the Pointy/" being found, the reft will be determin’d as above. 

But perhaps this Rule may; be thus made lomething neater: 
Make x : y :r AB ( :‘AL. Then AL : AD :: AD : AT,, and then 
DT will touch the Curve. For becaufe of equal Triangles AFD and 
L \. ATD, *ti$ AD x PF==AT x DH, and therefore AT: AD :: (DF or 

~ x Gf : DH or j Gf::) AD: Q AG or) AL* 

57. Ex. 2. Let x=y, (which is the Equation to the Quadratrix 
of the Ancients,) then x=y. Therefore AB : AD :: AD : AT. 

I 5 *.. 
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58. Ex. 3. Let axxz=y i , then 2 axx= yy % . Therefore make 
3 y % : 2 ax :: (x :y ::) AB: AL. Then AL: AD :: AD : AT. And 
thus you may determine expeditioufly the Tangents of any other 
Quadratrices, howfoever compounded. 1 


Ninth Mariner. ' ■ 

59. Laftly, if ABF be any given Curve, which is touch’d by the 
right Line B/; and a part BD of 
the right Line BC, (being an Or-. , 
dinate in any given Angle to the 
Abfcifs AC,) intercepted between 
this and another Curve DE, has a . 

Relation to the portion of the 
Curve AB, which is exprefs’d by 
any Equation: You may draw a 
Tangent DT to the other /(jurve^, 
by taking (in the Tangent' of this; 

Curve,) BT in the fame Ratio to 
BD, as the Fluxion of the Curve AB hath to the Fluxion of the 
right.Line fiD. . ) - /. r ,{ ! 

60. Ex* 1. <&Ilin£ A$ s=*,^nd^D=:yy let it l?e <w=yy, and 
therefore ax= 2 yy. Then a ; 2 y ::(y : XI::) BD : BT.' 

61. Ex. 2. Let Jtfsssry, (the Equation to thp Trochoid, if ABF 

be a Circle*) then f# and a : b u fib BT. 

. 62, And with the fame eafe. may Tangents be drawn, when-the 
Relation of BD'to,AC, ‘or to BC, is'exprefs’d by any Equation 5 Or 
when the Curves are refer ! d to right Linesj or to any other Curves, 
after any other manner whatever. , 

63. There are. alfo. rqany other .Problems, yd*o|e Solutions are 
to be derived from thp feme Principles; fuch a§ thefe following* 

I. To find, a Point of a Curves Vfhfrt tfie^angpnt is parallel to the 
Abfcifs, or to any other right Line given- in fofition.-^or is. perpendicular 

‘ to it, or inclined to it in any given Angle. • . .. . 

II. Tq find the Point whqre the Tangent il mofi or, leaf inclined to 
the Abfcifs, or to any other right [Line given in pofition. That is, to find 
the confine of contrary Flexure-. ' Of thie l Have fAlrbady given a Spe¬ 
cimen in the Conchoid. < ' 

III. From any given Point without the Perimeter of a Curve, to 
draw a right Line, which with the Perimeter may make an Angle of 

Contatt, 
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ContaSi, or a right Angle, or any other given Angle. That is, from 
a given Point, to draw 'Tangents , or Perpendiculars, or right Lines 
that Jhall have any other Inclination to a Curve-line. 

IV. prom any give# Point within a Parabola , to draw a right 

Line, which, may. make with the Perimeter the greatejl Or leaf Angle 
pojjible. And fo of all Curves.what ever,. • 

V. To drtiw a right Line which may . touch two .Curves given in 
poftion, or the fame Curve in two Points, when that can be done. 

VI. To draw any Curve with given Conditions, which may touch 
another Curve given in ptfition, in a given. Point. 

VII. To determine the RefraStion of any Ray : of Light., that falls 
upon any Curve Superficies. 

The Refolution of thefe, or of any other the like Problems, will 
not be fo difficult, *bating, the tediouirtefs of Computation, as that 
there is any occafion to dwell upon'them here: And I imagine it 
may be more agreeable Jo Geometricians barely to have mention'd) 
them. 1 ; 

PROB. V./. 

At any given Point ofa ! given. Gurv^e, ‘ to find the 
^tydntity ;of Curvature ..... 

1. There are few Problems concerning Curves more elegant than 
this, or that give a greater Infight into their nature. In order to its 
Refolution, I mull premile thdfe following general Confiderations. 

2. I. The lame Circle, has every;;where the lame'Curvature, and 

in different Circles it is reciprocally proportional I to their Diaiheters. 
If the Diameter of any Circle- is as little again' as the Diameter of 
another, .the Curvature of its Periphery will be as great again. If 
the Diameter be one-third of the other, ;the Cur.vatdre - will'be thrice 
as much, &c: ,. . \ ■ i.» f>.” •. **»••! •> * . < : 

3. II. If a Circle touches any Curve oh its concave fide,1. in any 
given Point, and if it be of fuch magnitude, that no other tangent 
Circle can be interfcribed in the Angles of Contadl near that Point; 
that Circle will be of the lapfe Curvature as. the Curve is of, in that 
Point of Contact. For the Circle that comes between the Curve 
and another Circle .at the Point of Contaft, varies lels from the 
Curve, and makes a nearer approach td its Curvature, than-that 
other Circle does. And therefore that Circle approaches neareft to its 

I 2 Curvature, 


Digitized by LjOOQle 



6o The Method of Fluxions, 

Curvature, between which and the Curve no other Circle can in¬ 
tervene. 

4. III. Therefore the Center of Curvature to any Point of a 
Curve, is the Center of a Circle equally curved. And thus the Ra¬ 
dius or Semidiameter of Curvature is part of the Perpendicular 
to the Curve, which is terminated at that Center. 

5. IV. And the proportion of Curvature at different Points will 
be known from the proportion of Curvature of aequi-curve Circles, 
or from the reciprocal proportion of the Radii of Curvature. 

6. Therefore the Problem is reduced to this, that the Radius, or 
Center of Curvature may be found. 

7. Imagine therefore that at three Points of the Curve <T, D, and d> 
Perpendiculars are drawn, of which thofe that are 
at D and <T meet in H, and thofe that are at D 
and d meet in h : And the Point D being in the 
middle, if there is a greater Curvity at the part 
than at Dd, then DH will be le£ .than db. But 
by how much the Perpendiculars <PH and db are 
nearer the intermediate Perpendicular, fo much the 
lefs will the diftance he of the Points H and b: 

And at laft when the Perpendiculars meet, thofe 
Points will coincide. Let them coincide in the Point 
C, then will C be the Center of Curvature, at the 
Point D of the Curve, on which the Perpendicu¬ 
lars ftand; which is manifeff of itfelf. 

8. But there are feveral Symptoms or Properties of this Point C, 
which may be of ufe to its determination. 

9. I. That it is the Concourfe of Perpendiculars that ape on each 
fide at an infinitely little diftance from DC. 

- 40. II. That the Interfe&ions of Perpendiculars, at any little finite 
diftance on each fide, are feparated and divided by it; fo that thofe 
which are on the more curved fide fooner meet at H, and thofe 
which are on the other lefs curved fide Dd meet more remotely 
at b. 

11. III. If DC be conceived to move, while it infills perpendi¬ 
cularly on the Curve, that point of it C, (if you except the motion 
of approaching to or receding from the Point of Infiftence C,) will 
be leaft moved, but will be as it were the Center of Motion. 

1.2. IV, If a Circle be deferibed with the Center C, and the di¬ 
ftance DC, no other Circle .can be deferibed, that can lie between 
at the Contadt. 

* 3 - 
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13. V. Laftly, if the Center H or b of any other touching Circle 
approaches by degrees to C the Center of this, till at laft it co¬ 
incides with it; then any of the points in which that Circle fhall 
cut the Curve, will coincide with the point of Contadl D. 

14. And each of thefe Properties may fiipply the means of folving 
the Problem different ways: But we fhall here make choice of the 
firfl, as being the moll fimple. 

15. At any Point D of the Curve let DT be a Tangent, DC a 
Perpendicular, and C the Center of Curvature, as before. And let 
AB be the Abfcifs, to which let DB be apply’d at right Angles, 
and which DC meets in P. Draw 
DG parallel to AB, and CG per¬ 
pendicular to it, in which take 
C g of any given Magnitude, and 
draw gS perpendicular to it, which 
meets DC in S. Then it will be 
C \g 'gS:: (TB: BD::) the Fluxion 
of the Abfcifs, to the Fluxion of 
the Ordinate. Likewifc imagine 
the Point D to move in the Curve 
an infinitely little diflance Dd, and 
drawing de perpendicular to DG, and C d perpendicular to the Curve, 
let Cd meet DG in F, and Sg in/ Then will De be the Momen¬ 
tum of the Abfcifs, de the Momentum of the Ordinate, and Sf the 
contemporaneous Momentum of the right Line gS'. Therefore DF 

. Having therefore the Ratio’s of thefe Moments, or, 

which is the fame thing, of their generating Fluxions, you will have 
the Ratio of CG to the given Line Cg, (which is the fame as that of 
DF to Sf,) and thence the Point C will be determined. 

16. Therefore let AB = x , BD =y, Cg = 1, and gS = z ; 

then it will bei : z x : y, or z = r- Now let the Mo- 

* 

mentum if of z be zxo, (that is, the Produft of the Velocity 
and of an infinitely fmall Quantity o') and therefore the Moments 

De= a rxff, de =_>’x 0, and thence DFs=s xo -+- ~ . Therefore 

X 

’tis Cg (1) : CG :: (Sf: DF ::) zo : xo -That is, Ca — 

X 

XX+J? 
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17. And whereas we are at liberty to afcribe whatever Velocity 
we pleafe to the Fluxion of the Abfcifs x, (to which, as to an 
equable Fluxion, the reft may be referr’d ;) make x = r, and 
then y = 2, and CG = z -. And thence DG = anc I 


DC 


I 1 + Z.Z 


18. Therefore any Equation being propofed, in which the Rela¬ 
tion of BD to AB is exprefs’d for defining the Curve ; firft find 
the Relation betwixt x and 7, by Prob. 1. and at the fame time fub- 
ftitute 1 for x, and z for y. Then from the Equation that arifes, 
by the fame Prob. 1. find the Relation between x, y, and z, and at 

the lame time fubftitute 1 for x, and z for y> as before. And thus 
by the former operation you will obtain the Value of and by 
the latter you will have the Value of 2; which being obtain’d, pro¬ 
duce DB to H, towards \the concave part of. the Curve, that it 

may be DH = — ~ - p- -, and draw HC parallel to AB, and meet¬ 
ing the Perpendicular DC in C ; then will C be the Center of Cur¬ 
vature at the Point D of the Curve. Or fince it is 1 -f- Z z = 

PT , tytt pt T \ r > dFi * 

— , make DH=-r—— , or DC = —=- • 

B1 xxBT 

19. Ex. 1. Thus the Equation ax 4- bx % — y* =r. o being pro- 
pofed, (which is an Equation to the Hyperbola whofe Latus return 

is a, and Tranfverfum .^5)^there will arife (by Prob. 1.) a-i~ 2tx- 

2 zy ±±s o, (writing 1 for *, and 2: for y in the refulting Equation, 
which otherwife would have been ax -+- 2 b'xx — zyy o an( J 
hence again there arifes 2 b— 2 zz — 227 = 0,(1 and * being again 
wrote for * and y.) By the firft we have 2 = j anc j ^ the 


latter 2 = 


£ — ZZ 


Therefore any Point D of the Curve being given, 
and confequently x and y, from thence 2 and 2 will be given, which 
being known, make . = GC or DH, and draw HC. 

20. As if definitely you make a = 3, and b= 1, fothat 2#-f- 
xx=yy may be the condition of the Hyperbola. And if you 
aflume x—i, then y = 2, z—\, 2=— T ’ T , and DH=_ 9 « 
H being found, raife the Perpendicular HC meeting the Perpendi¬ 
cular 
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cular DC before drawn ; or, which is the fame thing, make HD : 
HC (1 : 1 : Then draw DC the Radius of Curva¬ 

ture. 

.21. When you think the Computation will not .be too perplex, you 
may fubflitute the indefinite Values of z and z into - + , zx t the 
Value of CG. ; Thus in the pr^fent Example, by a due Reduction 
you will have DH =y ~ - Yet the Value of DH by 

Calculation comes out negative, as may be feen in the numeral Ex¬ 
ample. But this only fhews, that DH muft be taken towards B; 
for if it had come out affirmative, it ought to have been drawn the 
contrary way. 

22. Corol. Hence let the Sign prefixt to the Symbol -f- b be 
changed, that it may be ax — bxx — yy = o, (an Equation to the 

Ellipfis,) then DH ==/+ 4 -~ — • 

23. But fuppofing b=z o, thajt the Equation riiay become ax — 

yy see: o,: (an Equation to the Parabola,) then DH ==ty ■+• » and 

thence DG = \a -t- 2 X. 

24. From thefe feveral Expreffions it may eafily be concluded, 

that the. Radius of Curvature of any Conick Sedition,, is always 

4DPl» . • 

AA 

25. Ex. 2. If x 5 = ay % — xy* be propofed, (which is the Equa¬ 

tion to the Ciffoid of Diocles ,) by Prob. i. it will be firft 3X*=2 azy 
— zxzy — y % , and then 6 x = zazyzazz-— zzy —2 xzy—~"zxzz 
—zzy : So that 2= and z= d g There- 

fore any Point of the Cifloid being given, and thence x and y, 
there will be given alfo z and z ; which being known, make 

= CG. _ _ 

26. Ex. 3. If b -h y ^/cc — yy = xy were gi ven, (wh ich is the 
Equation to the Conchoid, inpag.48;) make y/cc — -yy =<n, and 
there will arife bv -\-yv = xy. Now thefirftof thefe, (cc — yy 
= vv,) will give (by Prob. 1.) — 2 yz = zvv, (writing z for y ;) 
and the latter will give by -\-yv -f- zv =y -+- xz. And from thefe 
Equations rightly difpofed v and z will be determined. But that z 
may alfo be found; out of the laft Equation exterminate the'Fluxion 


v, by fubftituting ^ , and there will arife — 


irz 


ZV 
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= y+ »v«, an Equation that comprehends the flowing Quantities, 
without any of their Fluxions, as the Refolution of the firft Pro¬ 
blem requires. Hence therefore by Prob. 1. we fliall have _ 

bz? byz byZrV 2yx» jyx jptasi 

<u <v w <v """* v ^ “ " I 1 1 2SV ■■■ 2 Z + XZ' 


This Equation being reduced, and dilpoled in order, will give z. 
But when z and z are known, make - t” = CG. ■ 


= CG. 


27/ If we had divided the Iaft Equation but one by z, then 
by Prob. 1. we Ihould haVe had—^ _ 

*V r •V'V Of 1 *v*v 9 ' 

2 » which would have been a more Ample Equation than the 

former, for determining z. 

28. I have given this Example, that it may appear, how the ope¬ 

ration is to be perform’d in lurd Equations: But the Curvature of 
the Conch oid m ay be thus found a Ihorter way. The parts of the 
Equation &-hy >/cc — yy=sxy being fquared, and divided byjry, 
there arifes ~ ^ £ — 2 by — y % s x % , and thence by Prob. 1. 

-?-— —2te—2yz=2x, or — — 

And hence again by Prob. 1. ^-h — 2 - % 

the firft refult z is determined, and z by the latter. 

29. Ex. 4. Let ADF be a Trochoid [or Cycloid] belonging to 
the Circle ALE, whole Diameter is AE; and making the Ordinate 
BD to cut the 

Circle in L, /. K \ 

call AE =!=<7, J \ j ■ 

AB=x, BD / \ j 

=y, Bf iT—v r s' n£. .jjsi,. 

and the Arch j\. j \ 

AL=/, and 1 _—— _ e _ i 

the Fluxion of \ T J 

the lame Arch \ _ _nJ / 

= /. And P f\ yr 

firft (drawing n. I / J yy : 

the Semidia- \ / / / j 

meter PL,)the ^^ /.j a 

Fluxion ofthe A . ’ s 

Bafe or Abfcifs AB will be to the Fluxion of the Arch AL, as BL 

’*• to 
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to 'PL; that is, x or 1 : t r. v : \a. And therefore ^ = t. Then 
from the nature of the Circle ax — xx = w, and therefore by 
Prob. 1. a — 2X = 2w, or =v. 

30. Moreover from the nature of the Trochoid, *tis LD = Arch 

AL, and therefore v-h-t =y. And thence (by Prob. 1) v+i=z. 
Laftly, inftead of the Fluxions v and t let their Values be fubfti- 
tuted, and there will arifc = z. Whence (by Prob. 1.) is de¬ 
rived — — = z. And thefe being found, make l + — 

*W 1 *W) *V O * x 

s=— DH, and raife the perpendicular HC. 

31. Cox. 1. Now it follows from hence, that DH = 2BL, and 
CH = 2BE, or that EF bife&s the radius of Curvature CD in N. 
And this will appear by fubftituting the values of z and z now 
found, in the Equation - ~ t— = DH, and by a proper redudtion of 
the refult. 

32. Cor. 2. Hence the Curve FCK, defcribed indefinitely by the 
Center of Curvature of ADF, is another Trochoid equal to this, 
whole Vertices at I and F adjoin to the Cuipids of this. For let 
the Circle Fa, equal and alike pofited to ALE, be defcribed, and 
let C/3 be drawn parallel to EF, meeting the Circle in A: Then 
will Arch Fa = (Arch EL== NF =) Ca. 

33. Cor. 3. The right Line CD, which is at right Angles to the 
Trochoid 1 AF, will touch the Trochoid IKF in the point C. 

34. Cor. 4. Hence (in the inverted Trochoids,} if at theCufpidK 
of the upper Trochoid, a Weight be hung by a Thread at the di- 
france KA or 2EA, and while the Weight vibrates, the Thread be 
fuppos’d to apply itfelf to the parts of the Trochoid KF and KI, 
wnich refill it on each fide, that it may not be extended into a 
right Line, but compel it (as it departs from the Perpendicular) to 
be by degrees inflefted above, into the Figure of the Trochoid, 
while the lower part CD, from the lowefl Point of Contadl, ftiH 
remains a right Line : The Weight will move in the Perimeter of 
the lower Trochoid, becaufe the Thread CD will always be perpen¬ 
dicular to it. 

35. Cor. 5. Therefore the whole Length of the Thread KA is 
equal to the Perimeter of the Trochoid KCF, and its part CD is 
equal to the part of the Perimeter CF. 

K 36. 
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36. Cor. 6. Since the Thread by its oicillating Motion revolves 
about the moveable Point C, as a Center; the Superficies through 
which the whole Line CD continually paffes, will be to the Super¬ 
ficies through which the part CN above the right Line IF pafies at 
the lame time, astt)‘ to CN*, that is, as 4 to 1. Therefore the 
Area CFN is a fourth part of the Area CFD ; and the Area KCNE 
is a fourth part of the Area AKCD. 

37. Cor. 7. Alfo fince the fubtenfe EL is equal and parallel to 
CN, and is converted about the immoveable Center E, juft as CN 
moves about the moveable Center C; the Superficies will be equal 
through which they pals in the fame time, that is, the Area CFN,. 
and the Segment of the Circle EL. And thence the Area NFI> 
will be the triple of that Segment, and the whole area EADF will 
be the triple of the Semicircle. 

38. Cor. 8. When the Weight D arrives at the point F, the 
whole Thread will be wound about the Perimeter of the Trochoid 
KCF, and the Radius of Curvature will there be nothing. Where¬ 
fore the Trochoid IAF is more curved; at its Cufpid F, than any 
Circle; and makes an Angle of Contact, with the Tangent/3F produ¬ 
ced, infinitely greater than a Circle can make with a right Line. 

39. feut tnere are Angles of Contadf that are infinitely greater 
than Trocheidal ones, and others infinitely greater than tnefe, and 
lb on in infinitum ; and yet the greateft of them all are infinitely 
lefs than right-lined Angles;. Thus xx=z.ay, x* z=by‘ i x+ =cy», 
X s = dy*, &c. denote a Series of Curves, of which every fuccecding 
one makes an Angle of Contact with its Abfciis, which is infinitely 
greater than the preceding can make with the lame Abfciis. And the 
Angle of Contafl: which the firft xx=my makes, is of the fame kind 
with Circular ones; and that which the fecond x*=zby* makes, is of 
the fame kind with Trochoidals. And tho’ the Angles of the fucceed- 
ing Curves do always infinitely exceed the Angles of the preceding, yet 
they can never arrive at the magnitude of a right-lined Angle. 

40. After the fame-manner x =7, xx z=ay, x % = b*y t x* = c*y t 
See. denote a Series of Lines; of which the Angles of the fubfequents, 
made with their Abfciis’s at the Vertices, are always infinitely lefs 
than the Angles of the preceding. Moreover, between the Angles 
of Contact of any two of thefe kinds, other Angles of Contadl may 
be found ad infinitum , that (hall infinitely exceed each other. 

41. Now it appears, that Angles of Contact of one kind are in¬ 
finitely greater than thofe of another kind; fince a CuiVe of one 
kind, however great it may be, cannot, at the Point of Contact, 

i lie 


Digitized by LjOOQle 


and Infinite Series. 


67 


lie between the Tangent and a Curve of another kind, however fmall 
that Curve may be. Or an Angle of Con tad; of one kind cannot 
neceffarily contain an Angie of Contad: of another kind, as the whole 
contains a part. Thus the Angle of Contad of the Curve x+=cy*, 
or the Angle which it makes with its Abfcifs, neceflarily includes the 
Angle of Contad of the Curve x* = by 1 , and can never be contain’d 
by it. For Angles that can mutually exceed each other are of the 
fame kind, as it happens with the aforefaid Angles of the Trochoid, 
and of this Curve x* = by 1 . 

42. And hence it appears, that Curves, in fome Points, may be 
infinitely more flraight, or infinitely more curved, than any Circle, and 
yet not, on that account, lofe the form of Curve-lines. But all 
this by the way only. 

43. Ex. 5. Let ED be the Quadratrix to the Circle, defcribed 
from Center A; and letting fall DB 
perpendicular to AE, make AB = x, 

BD =7, andAE= 1. Then ’twill 
be yx — yy 1 — yx x = xy, as before. 

Then writing 1 for x, and z for y, the 
Equation becomes zx — zy % — zx* 
s= y} and thence, by Prob. 1. zx 
— zy % — zx* -f- zx — 2 zxx — 2 zyy = y. Then reducing, and 
again writing 1 for x y and z for y, there arifes z s=s . 

But z and z being found, make 1 ^ - “ s-DH, and draw HC as 



above. 

. 44. If you defire a Conflrudion of the Problem, you will find it 
very fhort. Thus draw DP perpendicular to DT, meeting AT in P, 

and make 2AP i AE :: PT : CH. For z = 5=j = ^.» 

and zy = =—BP; and;sy x =— AP, and -———. 

***« • a m - xx “ ' vy 

• . 2BD . . n • . . . . 1 v 

into zy+x=. - - into — AP s&z. Moreover it is 1 -+-zz =^: 

AE x BT q 


PT 

Bf 1 


(becaufe 


BUg UYq \ j « c 1 -h ** r 1 x AExBT 

1 '+ ■) "> d thnefore 


*=DH. Laftly, it is BT : BD :: DH : CH = S^. Here 

the negative Value only fhews, that CH mull be taken the fame 
way as AB from DH. 

45. In the fame manner the Curvature of Spirals, or of any other 
Curves whatever, may be determined by a very fhort Calculation. 

K 2 46. 


Digitized by LjOOQle 



68 The Method of Fluxions, 

46. Furthermore, to determine the Girvature without any pre¬ 
vious reduction, when the Curves are refer’d to right Lines in any 
other manner, this Method might have been apply’d, as has been 
done already for drawing Tangents. But as all Geometrical Curves, 
as alfo Mechanical, (efpecially when the defining conditions arc re¬ 
duced to infinite Equations, as I {hall {hew hereafter,) may be re- 
fer'd to rectangular Ordinates, I think I have done enough in this 
matter. He that defires more, may eafily liipply it by his own in- 
duftry ; efpecially if for a farther illuftration I {hall add the Method 
for Spirals. 

47. Let BK be a Circle, A its Center, and B a given Point in 
its Circumference. Let ADd 
be a Spiral, DC its Perpen¬ 
dicular, and C the Center of 
Curvature at the Point D. 

Then drawing the right Line 
ADK, and CG parallel and 
equal to AK, as alfo the Per¬ 
pendicular GF meeting CD 
in F: Make AB or AK = 
i=CG, BK=#, AD=y, 
and GF = «. Then con¬ 
ceive the Point D to move in the Spiral for an Infinitely little Spree 
Dd y and then through d draw the Semidiameter Ak, and Cg parallel 
and equal to it, draw gf perpendicular to gC, fo that Cd cuts gf 
in fy and GF in P j produce GF to f , fo that G<p =gf, and draw 
de perpendicular to AK, and produce it till it meets CD at I. Then 
the contemporaneous Moments of BK, AD, and G<p, will be K£„ De 
and F^, which therefore may be call’d xo, yo, and zo. 

48. Now it is AK : Ae (AD) :: /£K : de =yo, where I alTume 
x = 1, as above. Alfo CG : GF :: de : eD = oyz, and there¬ 
fore yz =_y. Befides CG : CF :: de : dD = oy x CF dD : 
dl = oy-K. CF q. Moreover, becaufe ZLPC<p (= Z-GCf) = Z.D AJ, 
and Z.CP9 (= /LCdl = Z. eJD -f- Redt.) =• Z. ADd } the Triangles 
CPp and AD d art fimilar, and thence AD : Dd :: CP (CF) ; 
P<p = 0 x CF^. From whence take Fp, and there will remain PF 
= 0 x CFy — oxz. Laftly, letting fall CH perpendicular to AD, 

’tis PF : dl :: CG : eH or DH . Or fubftituting x-\-zz 

CFf —k 

for CFf, ’twill be DH = ■ Here it may be obferved, 

that 
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that in this kind of Computations, I take thofe Quantities (AD and 
A<?) for equal, the Ratio of which differs but infinitely little from 
the Ratio of Equality. 

49. Now from hence arifes the following Rule. The Relation 
of# and y being exhibited by any Equation, find the Relation of 
the Fluxions * and y, (by Prob. 1.) and fubftitute 1 for x, and yz 
for y. Then from the refulting Equation find again, (by Prob. 1.) 
the Relation between x, y, and z t and again fubftitute 1 for x 
The firft refult by due redudtion will give y and z, and the latter 
will give z j which being known, make = DH, and raife 

the Perpendicular HC, meeting the Perpendicular to the Spiral DC 
before drawn in C, and C will be the Center of Curvature. Or 

which comes to the fame thing, take CH : HD :: a : 1 and 

draw CD. * 

5 o* ® x * 1 ^ t ^ ie Equation be axzszy, (which will belong to 
the Spiral of Archimedes,) then (by Prob. 1.) ax=y, or (writing 1 
^ or x > y** y>) a —— -yz. And hence a gain (by Prob 1,) «~> ——» 

yz -hyz. Wherefore any Point D of the Spiral being given, and 
thence the length AD or y, there will be given 2 == - , and 

(' y or ) y • Which being known, make 1 -f- zz —• z r 

i + zz :: DA (y) : DH. And 1 : z :: DH : CH. 

And hence you will eafily deduce the following Conftrudtion 
Produce AB to Q, fo that AB : Arch BK :: Arch BK : BO * 
and make AB AQj AQj: DA : DH :: a : HC. X ' > 

51. Ex. 2. If ax * =y> be the Equation that determines the Re¬ 

lation between BK and AD; (by Prob. 1.) you will have 2 axx=. 
3 \yy % > or * ax = 3*y • Thence again 2 ax = 3 zy* + 9™ » Ti& 
therefore a and a = 2==22\ T hefe being known, make 

1 -f- zz—as : 1 -t-zz :: DA ; DH. Or, the work being reduced 
to a better form, make gxx -+- 10 : gxx 4 :: DA : DH. 

52. Ex. 3. After the fame manner, if ax*—bxy=y* determines 

the Relation of BK to AD; there will arife ■ — — -- flnf r 

, , bxy 4- dlJU* 

2a — zbzy — bz % xy — r> * . f J ~ 

—■— jy-py, -From which DH, and thence the 

Point C, is determined as before. 


5 > 
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53. And thus you will eafily determine the Curvature of any 
other Spirals ; or invent Rules for any other kinds of Curves, in 
imitation of thefe already given. 

54. And now I have fin idl’d the Problem} but having made ule 
of a Method which is pretty different from the common ways of 
operation, and as the Problem itfelf is of the number of thole 
which are not very frequent among Geometricians: For the illuftra- 
tion and confirmation of the Solution here given, I lhall not think 
much to give a hint of another, which is more obvious, and has a 
nearer relation to the ufual Methods of drawing Tangents. Thus if 
from any Center, and with any Radius, a Circle be conceived to 
be defcribed, which may cut any Curve in feyeral Points; if that 
Circle be fuppos’d to be contracted, or enlarged, till two of the 
Points of interfedtion coincide, it will there touch the Curve. And 
befides, if its Center be fuppos’d to approach towards, or recede 
from, the Point of Contadt, till the third Point of interfedtion lhall 
meet with the former in the Point of Contadt; then will that Circle 
be aequicurved with the Curve in that Point of Contadt: In like man¬ 
ner as I inlinuated before, in the lall of the five Properties of the 
Center of Curvature, by the help of each of which I affirm’d the 
Problem might be lolved in a different manner. 

55. Therefore with Center C, and Radius CD, let a Circle be 
defcribed, that cuts the Curve 
in the Points d t D, and S >5 
and letting fall the Perpendi¬ 
culars DB, db , //3, and CF, 
to the Abfcifs AB; call AB 
= x, BD = y, AF = v, 

FC=/,andDC=j. Then 
T 3 F — 11— x } and DB-+-FC 
=y -fe/. The fum of the 
Squares of thefe is equal to the 
Square of DC; that is, , u*-— 
zvx -fe .v* H- y* -+- 2 yt -f- /* 

=«. If you would abbrevi¬ 
ate this, make *u* -f-/* —.»*=$*, (any Symbol at pleafure,) and it 
becomes x 1 — zvx -fey 1 -fe 2 ty -fe q* == o. After you have found 
/, v, and q*, you will have s=>/v * -fe /* — q % . 

56. Now let any Equation be propofed for defining the Curve, 
the quantity of whofe Curvature is to be found. By the help of 
this Equation you may exterminate either of the Quantities x or y, 

} and 
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and there will arife an Equation, the Roots of which, (S } DB, <f/3, 
&c. if you exterminate x -, or Ah, AB, A/3, &c. if you exterminate 
y,) are at the Points of interfe&ion d, D, <r, &c. Wherefore fince 
three of them become equal, the Circle both touches the Curve, 
and will alfo be of the fame degree of Curvature as the Curve, in 
the point of Contact But they will become equal by comparing 
the Equation with another fictitious Equation of the lame number 
of Dimenfions, which has three equal Roots; as Des Cartes has 
£hew’d. Or more expeditioufly by multiplying its Terms twice by 
an Arithmetical Progreffion. 

57. Example. Let the Equation be ax = yy, (which is an 
Equation to the Parabola,) and exterminating x, (that is, fubftitu- 

ting its Value j in the forego- 

Z* — t y % + 2f y + ?* = °- 

+r: 

4 * 2 
3 * 1 


ing Equation,) there will arile 
Three of whofe Roots y are to be 
made equal. And for this purpofe 
I multiply the Terms twice by an 
Arithmetical Progreffion, as you 
fqe done here and there arifes 


I 

o 


o 
• 1 


12 .) 4 _ 

an a. 7 


27* 


o. 


Or v=s — -+- \a. Whence it is eafily infex’d, that BF = 2X - 


\a, as before. 


58. Wherefore any Point D of the Parabola being given, draw the 
Perpendicular DP to the Qirve, and in the Axis take PF = 2AB„ 
and ereCt FC Perpendicular to FA, meeting DP in Cj then wi|l C 
be the Center of Curvity defired. 

59. The feme may be perform'd in the Ellipfis and Hyperbola, 
but the Calculation will be troublefeme enough, and in other Curve* 
generally very tedious. 


Of Quejlions that have fome Affinity to the preceding 

Problem. 

60. From the Refelution of the preceding Problem fome other* 
may be perform’d j fuch are, 

I .To find the Point where the Curve has a given degree of Cur* 
vature. 

61. Thus in the Parabola, ax = yy, if the Point be required 
whofe Radius of Curvature is of a given length f : From the Cen¬ 
ter of Curvature, found as before, you will determine the Radius 

to 
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to be i/aa-h^ax, which muft be made equal to / Then 
hy redudion there arifes x=z — -+- ^ T ' r aff\ 

II. To find the Point of ReSiitude. 

62. I call that the Point of Re 5 iitude t in which the Radius of 
Flexure becomes infinite, or its Center at an infinite diftance: Such 
it is at the Vertex of the Parabola a*x=y*. And this feme Point 
*is commonly the Limit of contrary Flexure, whofe Determination 
I have exhibited before. But another Determination, and that not 
inelegant, may be derived from this Problem. Which is, the 
longer the Radius of Flexure is, fo much the lefs the Angle DCd 
(Fig.pag. 6 i.) becomes, and alfo the Moment If-, fo that the 
Fluxion of the Quantity z is diminifh’d along with it, and by the 
Infinitude of that Radius, altogether vanifhes. Therefore find the 
Fluxion z, and fuppofe it to become nothing. 

63. As if we would determine the Limit of contrary Flexure in 
the Parabola of the fecond kind, by the help of which Cartefius con- 
ftruded Equations of fix Dimenfions; the Equation to that Curve 
is x* — bx'— cdx-f bcd-fdxy=o. And hence (by Prob. 1.) arifes 
3 XX * — 2 bxx — cdx -+■ d'xy -h dxy = o. Now writing 1 for x, 
and z for _y, it becomes 3^* “ 2 bx—cd -{— dy q- dxz ~~ • o j whence 
again (by Prob, 1.) 6 xx •—- 2.bx -4— dy —f— dxz —J— dxz ■ o. 1 Here again 
writing 1 for x, z for y, and o. for z, it becomes 6 x — 2b-\- zdz 
= 0. And exterminating z, by putting b — 3* for dz in the 
Equation 3*7* — 2 bx — cd-+-dy-\- dxz = o, there will arife — bx 

cd-\- dy = o, or y==c-b~; this being fubftituted in the room 

ofy in the Equation of the Curve, we fhall have bcd=z o • 
which will determine the Confine of contrary Flexure. * 

64. By a like Method you may determine 
the Points of Reditude, which do not come 
between parts of contrary Flexure. As if the 
Equation x* — 4 ax* -+- 6 a*x % —. b l y = o ex- 
prels’d the nature of a Curve; you have firft, 

(by Prob. J.) 4**— I2<ttf»-+- i2*»*— b*z= o, 
and hence again I2X‘ — 2 ±ax -+- 12a*— b*z 

=== °- Here fuppofe z= o, and by Reduc¬ 
tion there will ari fex=za. Wherefore take 
ABr =a, and ered the perpendicular BDj this will meet the 
Curve in the Point of Reditude D, as was required. 

IH. 
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-•’* Illr-ffh- find the Pbint df infinite Flexure. 

65. Find the Radius of Curvature, and fuppofe it to be nothing. 
Thus* to the Parabola of the leaond hind, whole Equation is x*-s3= 

ay*, that Radius will be CD = ^^2 s/\djc 4- gxx ; which be-' 
cpmes pothiog when afs=so. ; • f ' 

IV. lb determine the Point of the greateji'.or leaf Flexure. . 


66. At thefe Points the Radius of Curvature becomes either the 
greateft or leaft. Wherefore the Center of Curvature, at that mo¬ 
ment of Time, neither moves, towards the point of Cpntaft, nor 
the contrary^ Way, but is intjrely at reft. Therefore let the Fluxion 
of the Radius CD be found; or more ex- 
peditioufly, let the Fluxion of either of the 
Lines BH’ or AK be found, and let it.be 
made tqoal to nothing. 

67. As if theQuellion were propolcd coii- ; 
ceming the Parabola of the lecond kind ; 

X* = ay-, firft to determine the Center of 

<Sirwote you will M 


K 

h 

c h/ 


1 ySZ 

Yi < 

, » ■ .:t 


and therefore fiH — make BH=o, then — 

1 ' ^ • t t y ! 

Hencej(by Prob. 1 •) — ~~ -f. v. But now fuppofe v, or the 
Fluxion of BH, to be nothing j and befides, fince by Hypothecs 
x* ^zza'y, and thence (by Prob. 1.) %xx* z=^ta*y, putting x = 1, fub- 
ftitute ~ for y, and there will.arife ,4pf 4 ~= o 4 . Take therefore 

AB =a sssax^l , and railing the perpendicular BD, it will 
meet the Curve in the Point of the greateft Curvature. Or, which 
is the lame thing, make AB : BD :: 3^/5 : 1. 

68. After the lame manner the Hyperbola of the lecond kind 
reprefented by the Equation xy % = a 1 , will be 
moft inflected in the points D and d, which you 
may determine by taking in the Ablcils AQ== r, 
and erecting the Perpendicular QP = ^5, and 
Q jf> equal to it on the other fide. Then draw¬ 
ing AP and A/, they will meet the Curve in the 
points D and d required. 
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V. To determine the . Locus of the Center of Curvature , or to de- 
fcribe the Curve , in which that Center is always found, 

. 69. We have already (hewn, that the Center of Curvature of the 
Trochoid is always found in another Trochoid. And thus the Cen¬ 
ter of Curvature of the Parabola is found in another Parabola of 
the fecond kind, reprefented by the Equation axxzssy*, as will 
eafily appear from Calculation. 

VI. Light falling upon any Curve , to find its Focus, or the Con- 
courfe of the Rays that are refraSted at any of its Points. 

70. Find the Curvature at that Point of the Curve, and defcribe 
a Circle from the Center, and with the Radius pf Curvature. Then 
find the Concourfe of the Rays, when they are refradted by a Cir¬ 
cle about that Point: For the fame is the Concourfe of the refrac¬ 
ted Rays in the propofed Curve. 

.71. To thefemay be added a particular. Invention of the Curva¬ 
ture at* the Vertices of Curves, where they cut their Abfciffes at right 
Angles. For the Point in, which the Perpendicular to the Curve, 
meeting with the Abfcifs, cuts it ultimately, is the Center of its 
Curvature. So that having the relation between the Abfcifs x } 
and the rcdtangukr. Ordinate y , and thence (by Prob. 1.) the rela¬ 
tion between the Fluxions x and 7 s the Value yy, if you fubflitute 
1 for # into it; and make 7= o, will be the fcadius of Curva¬ 
ture. 

• • 

72. Thus in the Ellipfis ax —»jxx 5=77, it is ~ — == ; 

which Value of 77, if we* fuppofe 7 s=s o, and confequently #= b, 
writing 1 for x, becomes \a for- the Radius of Curvature. And fp 
at the Vertices of the Hyperbola and Parabola, the Radius of Cur¬ 
vature will be always half of the Latus redtum. 


73 ' 
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73! And in like manner for the Conchoid, defined by the Equation 
-f- ~ *— 2&c x# 35=77, the Value, of 77, (found by 



and thence x=sc or — c, we ihall have — - —- 2b — c, or - — 

C € 

2 b -+- c, for the Radius of Curvature. Therefore make AE ; EG:: 
EG : EC, and A e : eG :: eG : ec, and you will have the Centers 
of Curvature C and c, at the Vertices E.aad e of the Conjugate 
Conchoids. . . , 

P R O R VI 

To determine the Quality of the Curvature, at a given 

Point of any Cjurye « ... . 

» 

I. By the Quality tf Curvature I mean its Form, as it is more 
or leis inequable, or as it is varied more or iels, in its progrels thro' 
different parts of the Curve. So if it were demanded, what is the 
Quality of the Curvature of die Circle ? it ipight be anfwer’d, that 
it is uniform, or invariable. 

And thus if it were demand¬ 
ed, what is the Quality of the 
Curvature of the Spiral, which 
is deferibed by the motion of 
the point D, proceeding from 
A in AD with an accelerated 
velocity, while the right 
Line AK moves with an uni¬ 
form rotation about the Cen¬ 
ter A i the acceleration of 

L 2 which 
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which Velocity *:&&, that the right I«ifis AI>haSthe fiuDe ratio 
tq the Arch BK. defcribed. from a eivenpqua^ B, as a Number has 
to its Logarithm:' I 'fay,' if h fee ant'd, Whaf is the Quality of the 
Curvature of this Spiral? It may. be anfwer’d, that it is uniformly 
varied, or that it is equably inequable. And thus other Curves, in 
their feveral Points, may be denominated inequably inequable, ’ac¬ 
cording to the variation of their Curvature. * 

- 2. Therefore the Inequability or Variation of Curvature is re¬ 
quired at any Point of a Curve. Concerning which it may be ob- 
ierved, 

3. I. That at Points placed alike in like Curves, there is a like 
Inequability or Variation of Curvature. 

4. II. And that the Moments of the Radii of Curvature, at thofe 
Points, are proportional to the contemporaneous Moments of the 
Curves, and the Fluxions to the. Fluxions. 

* r ' f And therefore, that where OolgThurions are ribtprOpor- 
tionaL the Ineq.uab®ty of the Cumture ^wiU be- unlike, Fob 
there, will' tie a greater Ineqpability, where the Ratio of the Fluyion 
of the. Radius qf Curvature; tb fhe Fhqtibn of the Qiryu is 
greater., Arid 1 thetefqre -that ratio* df the Fluxions may hot iriipfo- 
periy fee caffri the * Imltex of the ; Ihequabffitr ; or of the Variafion 
of Curvature. _ ^ ,r ™ 

6. At the points D ahd d, £hiiiiely - nokr to each other, in the 
Curve let there hr drawn the 

Radii of Curvature DC antf ^j and D</ 
being the Moment of the* Curve, Ct 
wilf.be: the co nt ctnfonineous. Moment, 
bf the Radius of Curvature, and ^ 
will lie 5 the Index of the Tnequability of 
Curvature; * For the.. Iriequability may 
be call’d fuch and fo great, as the quan- 

tity of that ratio ~ fhews it to be: ~ 

Or the Curvature may be laid to be fo 
much the more unlike to the uniform 
Curvature of a Circle. 



7.. Now letting fall the perpendicular - Ordinates DR aard db± 
to any line AB meeting DC in P ; make AB =c= x i BDsgsjv 

DP = ty DC=<u, and thence B bz=MOy it will be Cc^ssvo j arid 


BD : DP :i. : Dd= y , and ^ =c= ¥■ = making *=1. 


Wherefore 
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Wherefore the relation -between x and y being exhibited by any 
Equation, and thence, (according to Prob. 4. and 5.) the Perpendicu¬ 
lar DP or t y being fodnd, and the Radius of Curvature v, and the 

Fluxion v of that Radius, (by Prob. 1.) the Index y of the Inequabi¬ 
lity of Curvature will be given alfo. 

8. Ex. 1. Let the Equation to the Parabola 2 ax = yy be given , 
then (by Prob. 4.) BP = a y and therefore DP ass aa-\-yy = t. 
Allb (by Prob. 5.) BF = a zx, and BP': DP BF : DC xss 

at 2t * =v. Now the Equations 2 aX-==.yy y aa-\-yyr=ztt, and v 
= v, (by Prob. 1.) give zax'=. zyy t and 2 yy = ztt, and 
= v. Which being reduced to order, and putting 

x=£i, there will ariley=^, /ass y and 

And thus y, t, and v being found 1 , there will be had y the Index 
of, the InequabiHty of Curvature. 

• g. As if in Numbers it were determin'd, that i y or 2X=syy % 
^Hd'jfassi-; theny (sa^y/ax) = 1, y (==s^)s=s 1, aa-\-yy 

»») v/2, yi, aid v= (f + f + ° . =) 3v /2. So that 

y = j, which therefore is the Index of Inequability. 

16. But if it were determin’d, that x = 2, then y = 2, y=^, 
t == y/fr it ==t and v = 3^/5. Sd that ^ =) 6 willbehere 
the Index of Ineqnability. 

ri. Wherefore the Inequability of Curvature at the Point of the 
Curve, from whence an Ordinate, equal to the Latus rettum of the 
Parabola,, being drawn perpendicular to the Axis, will be double to the 
Inequability at that Point, from whence the Ordinate fo drawn is half 
the Latus rectum j that is, the Curvature at the firft Point is as unlike a- 
gain to the Curvature of the Circle, as the Curvature at the fecond Point. 

12. Ex. 2. Let the Equation be zax — bxxs=xyy r and-(by Prob.4.) 
it will be a — bx= BP, and thence ft = (<?.?—• 2 abx -fr- bbxx-\- yy 

=) an byy -f- yy. Alfo (by- Prob. 5.) it is DH =y * > 

where, if for yy—byy you fubftitute tt — aa y there arilesDH ==r 
£ . ’Tis alfo BD : DP :: DH : DC = £ == v. Now (by Prob. 1 

the Equations zax —bxx =yy> aa — byy -f- yy = tt } and ^=<u, 

give 


Digitized by Google 



il 


78 The Method of Fluxions, 

give a — bx and yy—byy =//, and ^=su And thusi/ 

being found, the Index v j of the Inequability of Curvature, will 
alfo be known. 

13. Thus in the Ellipfis 2x — 3*# 

=yy, where it is a = 1, and b=z 3 j 
if we make x =4, theny=4, y =: 

— 1 , /=v/t, .f=*/2, vs=s x /i, 
and therefore y = 4 » which is the In¬ 
dex of the Inequability of Curvature. 

Hence it appears, that the Curvature of 
this Ellipfis, at the Point D here af- 
fign’d, is by two times left inequable, 

(or by two times more like to the Cur¬ 
vature of the Circle,) than the Curva¬ 
ture of the Parabola, at that Point of 
its Curve, from whence an Ordinate let fall upon the Axis is equaj 
to half the Latus re&um. 

14. If we have a mind to compare the Conclufions derived in ; 
theie Examples, in the Parabola 2 axz=nyy arifes ^y=^^for the 
Index of Inequability ; and in the Ellipfis zax — bxx =yy, ariies 
Qj- s=^ — ~ — x BP} and fo in the Hyperbola 2 ax -f- bxx =yy, 

the analogy being obferved, there ariies the Index Qj 

x BP. Whence it is evident, that at the different Points of any 
Conic Section confider’d apart, the Inequability of Curvature is as 
the Redtangle BD x BP. And that, at the feveral Points of the Pa¬ 
rabola, it is as the Ordinate BD. 

15. Now as the Parabola is the moil fimple Figure of thoie that 
are curved with inequable Curvature, and as the Inequability of its 

Curvature is fo eafily determined, (for its Index is there¬ 

fore the Curvatures of other Curves may not improperly be compared 
to the Curvature of this. 

16. As if it were inquired, what may be the Curvature of the 
Ellipfis 2x — 2xx =yy, at that Point of the Perimeter which is 
determined by afiuming x ~~~ -J-: Becauie its Index is 4, as before, 
it might be anfwer’d, that it is like the Curvature of the Parabola. 

6x 
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6 xsssyy, at that Point of the Curve, between which and the Axis 
die perpendicular Ordinate is equal to 

17. Thus, as the Fluxion of the Spiral ADE is to the Fluxion 
of tne Subtenfe AD, in a certain given Ratio, 
fuppofe as dt& e} on its concave fide eredl 

AP = -^===. x AD perpendicular to AD, 

and P will be the Center of Curvature, and 

or ~==, will be the Index ofInequa- 

bility. So that this Spiral has every where 
its Curvature alike inequable, as the Parabola 
6x == yy has in that Point of its Curve, from 
whence to its Abfcils a perpendicular Ordi¬ 
nate is let fall, which is equal to the 

i uantit y jw=5- 

18. And thus the Index of Inequability at any Point D of the 
Trochoid, (lee Fig. in Art. 29. pag. 64.) is found to be ~. Where¬ 
fore its Curvature at the lame Point D is as inequable, or as unlike 
to that of a Circle, as the Curvature of any Parabola ax =yy is at 

the Point where the Ordinate is }■* x 

19. And from thefe Confiderations the Senfc of the Problem, as 
I conceive, mull be plain enough} which being well underftood, it 
will not be difficult for any one, who obfervea the Series of the 
things above deliver’d, to furnifh himfelf with more Examples, and 
to contrive many other Methods of operation, as occafion may re¬ 
quire. So that he will be able to manage Problems of a like nature, 
(where he is not dilcouraged by tedious and perplex Calculations,) 
with little or no difficulty. Such are thele following; 

I. To find the Point of any Curve , where there is either no Inequabi¬ 
lity of Curvature , or infinite , or the great eft, or the leaft. 

20. Thus at the Vertices of the Conic Se&ions, there is no In¬ 
equability of Curvature; at the Culpid of the Trochoid it is infi¬ 
nite ; and it is greatell at thole Points of the Ellipfis, where the 
Reftangle BD. x BP .is greatell, that is, where the Diagonal-Lines 
of the circumlcribed Parallelogram cut the Ellipfis, whole Sides 
touch it in their principal Vertices. 

II. To determine a Curve of fome definite Species, Juppoje a Conic 
Setfion , wbofe Curvature at any Point may be equal and Jimilar to the 
Curvature of any other Curve , at a given Point of it . 

Ill- 
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III. To determine a Conic Season, at any Point of which, the. Cur-* 
nature and Pofition of the Tangent, (in refpeSt of the sixis,) may be like 
to the Curvature and Pofition f the Tangent, at a Point ajfigtid of 
any other Curve. 

2 1. The ufe of which Problem » this, that infteadof Ellipfes of 
the fecond kind, whofe Properties of refraCfcing Light fre explain’d 
by Des Cartes in his Geometry, Conic Sections may be fuhftituted, 
which (hall perform the lame thing, very nearly, as to their Re¬ 
fractions. And the lame may be understood of other Curves. 

PROR VII. 

To find as many Curves as you pleafe y wJxfe Areas may 
be exhibited by finite Equations, 

1. Let AB be the Abfcife of a Curve, at whole Vertex A let the 
perpendicular AC = i be raifed, and let CE be 
drawn parallel to AB. Let alfo DB be a rectan¬ 
gular Ordinate, meeting the right Line CE in E, 
and the Curve AD in D. And conceive thefe 
Areas ACEB and ADB to be generated by the 
right Lines BE ^nd BD, as they move along the 
Line AB. Then their Increments or Fluxions will 
be always a6 the defcribing Lines BE and BD. Wherefore make 
the Parallelogram ACEB, or AB x i, = x, and the Area of the 
Curve ADB call z. And the Fluxions x and z will be as BE and 
BD; fo that making x == i = BE, thenzs=BD. 

2. Now if any Equation be alTumed at pleafure, for determining 
the relation of z and x, from thence, (by Prob. j.) may z be de¬ 
rived. And thus there will be two Equations, the latter of Which 
will determine the Curve, and the former its Area. 

Examples. 

3. Aflumexx=z, and thence (by Prob. 1.) 2 xx=z, or 2x=iz t 
becaule xz=s 1. 

4 . Afliime ~s= 2 , and thence will arife an Equation 

to the Parabola. 

5* Aflame ax* =zz, or a*x^x=zz, and there will ariie £a*x*ss 3 Z t 
or %ax = zz, an Equation again to the Parabola. 

1 6 . 


v 
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6. Aflume tf # Jr»^=^^z^,ofa»Jr , :=*, and there arifes —-a 3 *-* = z,' 
or a* + zxx =o. Here the negative Value of z only infinuates, 
that BD is to be taken the contrary way from BE. 

. 7. Again if you aflume c*a % + c % x % = z % t you will have 2 c*x 

aasa zzi and z being eliminated, there will arifc - - S* = z_ 

, V aa+xx 

8. Or if you aflume *—j— aa ■+■ xx = z> make </aa -+- xx 
s=v, and it will be y =2,and then (by Prob.i.) z=z. AUo 
the Equation aa + xx =w gives 2x = 2W, by the help of which 
if you exterminate v, it will become ~ —— z = j- >/ aa+xx. 

9. Laftly, if you aflume 8— 3 xz + ^z = zz, you will obtain 
— 32 — 3x2 -h = zzz. Wherefore by the afliimed Equation 
Aril leek the Area 2, and then the Ordinate * by the refulting Equa¬ 
tion. 

10. And thus from the Areas, however they may be feign’d, you 
may always determine the Ordinates to which they belong. 

PROB. VIII. 

lo find as many Curves as you pleafe , wbofe Areas Jball 
have a relation to the Area of any given.Curve , ajfign- 
able by finite Equations. 


1. Let FDH be a given Curve, and GEI the Curve required, and 
conceive their Ordinates DB and EC to move at right Angles upon 



Digitized \ - 



$2 *Thi Method of Fluxions, 

into their Velocities of moving, that is, into the Fluxions of their 
Abfcifles. Therefore make AB = x, BD rr= AC «= z t and 
CE =y, the Are^ AFDB = s> and the Area AQEC a ?= t, and let 
the Floxioris of.the Areas be s and t : And it will be xvz zy :: s : t. 
Therefore if we. fup'poffe x = r, and u== r, as before j it will be 

zy = 4 and thence 4 =y. 

Z 

2. Therefore let any two Equations be afiumed j one of which 
may exprefi the relation of the Areas s and t, and the other the 

relation of their Abfcifies x and z> and thence, (by Prob. i.) let the 
• ^ _ 

Fluxions i and z fee found, and then make - = y. 

Z 

3. Ex. 1. Let the given Curve FDH be a Circle, exprels’d by the 

Equation ax — xx—z <yu, And let other Curves be fought, whole 
Areas may be> equal to that of the Circle. Therefore by the Hy¬ 
pothecs and thence s and-^.3^.- =5=-. It remains 

* • ' * Z 

to determine a:, fey afluming fomc relation between the Abfcifles 
x and z. 

4. As if you fuppofe- a x-i— z% } then (by i?rob. 1.) a = 2zz : So 

that fubftituting 't fof <* then y ita: zzz But k is v siz 

_ 2JE •’ ^ * a 

\s/ax — xx =) f\Asw "^zz-j therefore ~ %/ aa — zz zzz.y is the 

Equation to the Curve* wbofe Area is equal to that of the Circle, 
v. 5* After the-.&me manner if you fnppofe xx =:z, there will 
arife zx zsz-si, and'thence y'rsz (^-=) whence v and x being 

exterminated, it will be y = . 

kz % 

6. Or if you fuppofe cc = xz, there arifcs 0=z -1- xz> and 

thence —- — —h y 9 -- \/az — cc. 

7. Again, foppofing ax-\- ~=zz, (by Prob. 1.) it is a-^-s=z i 

and thence =: r= —which denotes a mechanical Curve. 

. 8 . Ex. 2. Let the Circle ax—-xx^zw be given again, and let 
Curves be fought, whole Areas may have any other afiumed relation 
to the Area of the Circle. As if you aflume cx-\-s=it, and fup¬ 
pofe alfo ax =5= zz. (By Prob. 1.) ’tis c-i-s=e, and ax=2zz. 
1 . Therefore 
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Therefore y sari at* ; and fiibftitutmg s/ ax — xx for s t 

X 

me* * . • 2 fK 1 * ZX / ' 

and ~for*, t\sy= — — s/ aa — zz. 

0. But if you affume s — — =/, and * == z, you wiU have 

^ 

; w —-mi and I = Therefore 

j**—• .— * « 

v Now for exterminating *y, the Equation ax—~xx 

==w, (byProb. I.) gives a-~2x == 2W,. and therefore tis y= 
v°x _ -where if you expunge v and x by fubftituting their values 

\/a*~xx and *> there will wife y=z-Waz — **• 

10. But if you affume ss = t, and * = zz> there wt ar 

20aT /, and !=*=«*( and therefore yx= ='♦»*’•■ A nd for 

iand* fubftituting </‘ax—^xx and aw, it will becomey = 4 «* 

s/a—zz, which is an Equation to a mechanical Curve, 
v ** _ a. « /. A _T?:_muv hp toil 


— W UC > »w**w*a y- # 

xx=cz, you will have j=/ and 2X ==^> and thence y: . 

■-—. Then fubftituting */cc- f-xx for r, and c T z T for it 

’ -* IX 


will be y = ~\Zcz-+- zz. 

12. And thus if you affume xv—s—t, and xxmz, you 
will have „+,)*_;=/; and 2*=«- But v=s, and thence 

i*=/. Therefore y= A = But now (by Prob. I.) 
= w gives*==w, and 4 y = ~ Then fubftituting 

ex 

for v, and c T 2i T for it becomes^ — + xx 

13. Ex. 4. Moreover if the Ciffoid 7= ==* ~ 8^ h > ■* 
■vi/hich other related Figures are to be found, and for that pu rpofe 
you affume - y/ax^xx -H § r = ti fuppofe § >/* x — **-r- 


and ks Fluxion ii ihepefor* ^ = But the Equation 


3 

M 2 




Digitized by 


Google. 


$4 2$*' Method of Fluxions, 

■=.hh gives aaa 2 bh , where if you exterminate A, it will be 

£ = { a J~~ AX * -. And bcfides lince it is - j = - <y =;= — f vr _ 

’twill be a *_- x ===•/. i Now to determine « and z, affiime 
v/ <2« — ax = js j then (by Prob. j .) — <* = 23;#, or z rrr — 1. 

* ' 2X 

Wherefore it is y = (- = w ax —\ 

V aa <— zz. And as this Equation belongs to the Circle, we (hall 
have the relation of the Areas of the Circle and of the Ciffoid. 

14. And thus if you had aflumed ™ -/ax — xx ■+■ 4 s = /, 

and x = z, there would have been derived y=.s/az—zz t an 
Equation again to the Circle. 

15. In like manner if any mechanical Curve were given, other 
mechanical Curves related to it might be found. But to derive 
geometrical Curves, it will be convenient, that of right Lines de¬ 
pending Geometrically on each other, fome one may be taken for 
the Bafe or Abfcifs; and that the Area which compleats the Paralle¬ 
logram be fought, by fuppofing its Fluxion to be equivalent to the 
Abfcifs, drawn into the Fluxion of the Ordinate. 

16. Ex. 5. Thus the Trochoid ADF being propofed, I refer it 
to the Abfcifs 
AB; and the 
Parallelogram 
ABDG being 
compleated, I 
feek for the 
complemen- 
tal Superficies 
ADG, by fup¬ 
pofing it to be 
delcribed by 
the Motion of 
the right Line 

GD, and therefore its Fluxion to be equivalent to the Line GD 
drawn into the Velocity of the Motion; that is, xxv. Now where- 
as AL is parallel to the Tangent DT, therefore AB will be to BL 
as the Fluxion of the lame AB to the Fluxion of the Ordinate BD, 

that 
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that is, as i to v. So that v x= —, and therefore xv BL. 

Therefore the Area ADG is deferibed by the Fluxion BL; fine© 
therefore the circular Area ALB is deferibed by the fame Fluxion, 
they will be equal. 

17. In like manner if you conceive ADF to be a Figure of 
Arches, or of verfed Sines, that is, whofe Ordinate BD is equal to 
the Arch AL j fince the Fluxion of the Arch AL is to th e Fluxion 
of the Abfcifs AB, as PL to BL, that is, v : 1 :: \a : >/ax — xx, 
then v = Ti— - . Then vx, the Fluxion of the Area ADG, 

2V ax — xx 7 

will be 7 7-- — . Wherefore if a right Line equal to — 

be conceived to be apply’d as a rectangular Ordinate at B, a point of 
the Line AB, it will be terminated at a certain geometrical Curve, 
whofe Area, adjoining to the Abfcifs AB, is equal to the Area 
ADG. 

18. And thus geometrical Figures may be found equal to other 
Figures, made by the application (in any Angle) of Arches of a 
Circle, of an Hyperbola, or of any other Curve, to the Sines right 
or verfed of thofe Arches, or to any other right Lines that may be 
Geometrically determin’d. 

19. As to Spirals, the matter will be very fliort For from the 
Center of Rotation A, the Arch DG being deferibed, with any 
Radius AG, cutting the right Line AF in G, and the Spiral in D ; 
fince that Arch, as a Line moving upon the 
Abfcifs AG, deferibes the Area of the Spiral 
AHDG, fo that the Fluxion of that Area is 
to the Fluxion of the Rectangle 1 x AG, as 
the Arch GD to 1 ; if you raife the perpen¬ 
dicular right Line GL equal to that Arch, 
by moving in like manner upon the feme 
Line AG, it will deferibe the Area A/LG 
equal to the Area of the Spiral AHDG: 

The Curve A/L being a geometrical Curve. 

And further, if the Subtenfe AL be drawn, then A ALG = {AG 
xGL={AGx GD = SeCtor AGD, therefore the complemental 
Segments AL/ and ADH will alfb be equal. And this not only agrees 
to the Spiral of Archimedes , (in which cafe A/L becomes the Parabola 
of Apollonius ,) but to any other whatever; fo that all of them may 
be converted into equal geometrical Curves with the feme eafe. 

20. 
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20. I might have produced more Specimens of the Conftrudtion 
of this Problem, but thefe may fufficej as being lb general, that 
whatever as yet has been found out concerning the Areas of Curves, 
or (I believe) can be found out, is in fome manner contain’d herein, 
and is here determined for the moll part with lefs trouble, and with¬ 
out the ufual perplexities. 

21. But the chief ufe of this and the foregoing Problem is, that 
afltiming the Conic Sections, or any other Curves of a known mag¬ 
nitude, other Curves may be found out that may be compared with 
thefe, and that their defining Equations may be dilpofed orderly in 
a Catalogue or Table. And when fuch a Table is conftrudted, 
when the Area of any Curve is to be found, if its defining Equation 
be either immediately found in the Table, or may be transformed 
into another that is contain’d in the Table, then its Area may be 
known. Moreover fuch a. Catalogue or Table may be apply’d to 
the determining of the Lengths of Curves, to the finding of their 
Centers of Gravity, their Solids generated by their rotation, the Su¬ 
perficies of thofe Solids, and to the finding of any other flowing 
quantity produced by a Fluxion analogous to it. 

P R O B. IX. 

To determine the Area of any Curve propofed, 

1. The refolution of the Problem depends upon this, that from 
the relation of the Fluxions being given, the relation of the Fluent6 
may be found, (as in Prob. 2.) And fir ft, if the right Line BD, 
by the motion of which the Area required AFDB 
is defcribed, move upright upon an Abfcifs AB 
given in pofition, conceive (as before) -the Paral¬ 
lelogram ABEC to be defcribed in the mean time 
on the other fide AB, by a line equal to unity. 

And BE being fuppos’d the Fluxion of the Pa¬ 
rallelogram, BD will be the Fluxion of the Area 
required. 

2. Therefore make AB=x, and then allb ABEC=J x x =#, 
and BE = x. Call alfo the Area AFDB = z, and it will be 

BD=^, as allb = ~, becaufe *■= i. Therefore by the Equ&- 

tion expreffing BD, at the fame time the ratio of the Fluions * 

is 
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is exprefs’d, and thence (by Prob. 2. Cafe 1.) may be found the 
relation of the flowing quantities x and z. 

3. Ex. 1. When BD, or z, is equal to fome Ample quantity. 

4. Let there be given ~ = z, or (the Equation to the Pa- 


rabola,) and (Prob. 2.) there will arife — = z. Therefore —> 
or -3. AB x BD, = Area of the Parabola AFDB. 

5. Let there be given ~ a = z, (an Equation to a Parabola of 

the fecond kind,) and there will arife 3^7 =s z , that is, -y AB x BD 
3= Area AFDB. 

6. Let there be given ~ x = z, 

or a i x~ i = z, (an Equation .to 
an Hyperbola of the fecond kind,) 
and there will arife — a* x — 1 = z, 

or — ^ = z. That is, AB x BD a t> t i 
ass Area HDBH, of an inflnite length, lying on the other flde of 
the Ordinate BD, as its negative value inAnuates. 

7. And - thus if there were given £ = z, there would arife 



04 

2XX 


Z. 


£. Moreover, let ax = zz, or a c x ’ 1 =s z, (an Equation again 
to the Parabola,) and there will arife -| -a^x^ = that is, -jAB 
x BD = Area AFDB. 

e. Let — = zz j then — zfix^ = z, or2ABxBD^sAFDH. 

7 X 

10. Let = 2T2T J then —or 2 AB x BD = HDBH. 


u. Let ax % — z* j then = z, or i AB xBD '= AFDH. 
And fo in others. 

12. Ex. " 2 , Where z is equal to an Aggregate of fuch Quantities. 

13. Let x -i- — =z -, then - -+- — *= z. 

14. Let a -f- ^.ss=z} then ax — — x = <*• r 

15. Let 3*? — 3* -*■ 37, ==;« 5 then 4 **?= *• 

16. Ex. 3. Where a previous redudtion by Divifion is required. 

17. Let there be given ■—, —z (an Equation to the Apollonian 
Hyperbola,) and the diviAon being performed in infinitum, it will be 
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• aa aax 

in the fecond 


aax % eax* 

•+* Ti IT ’ 


&c. 


Set of Examples, 


And thence, (by Prob. 2.) as 
you will obtain z = y — ~ 


,*x* * a *4 a 

- 1 --rr, &C. 

1 3^5 444 5 

18. Let there be given = *, and by divifion it will be 

z—j—x x -\-x<—x 6 , &c. or elfe s= ^ ^ 4 - 7,, &c. And 


thence (by Prob. 2.) jz = ^ — ■jX i -f- y-x* — ^-.v 7 , &c. — AFDB» 
or z = — 4 - — y xt > &c. =HDBH. 

19. Let there be given T" ' - = z, and by divifion it will 

be z = 2X* — zx 7** — 13# 1 -4- 34#*, See. And thence (by 

Prob. 2.) *=4** — x* -f- V**— y*» + ‘M &c - 

20. Ex. 4. Where a previous reduction is required by Extraction 

of Roots. _ 

21. Let there be given z = >/ aa 4- xx, (an Equation to the 
Hyperbola,) and the Root being extracted to an infinite multitude 

of terms, it will be z == a £ — £ 4- &c. whence 

as in the foregoing z=ax+ £ — 4- 7^7 — j^Jcc. 

22. In the lame manner if the Equation z = */aa — xx were 

given, (which is to the Circle,) there would be produced z=.ax— 

=± _il _ j£_ _ 

6 * 40^3 112** lootf* 7 * 

23. And fo if there were given 2; = s/x — xx, (an Equation 
alfo to the Circle,) by extracting the Root there would arife 
z = x* — ix* — 4** — Tr**> &c? And therefore z = 

— TT^ 

24. Thus z = aa-\-bx — xx, (an Equation again to the Cir- 

, . bx xx b % x % 4 

cle,) by extraction of the Root it gives z=a-{- — — ~ — 57, > 
whence # = ax -+- — — 7-*—,, &c. ^ 

4* 6* 244*’ 

25. And thus v/ | —^ === by a due reduction gives 

z = 1 4 - \bx % -f- \bbx* t See. then z = x -f- i-bx* -f- -^bbx ! . Sec. 
"t" 4 ” tyb + T a "b TTV^b 

— r aa —rv* a 

26. 


Digitized by 


Google 


and : Infinite Series* 


26. Thus finally 2 = l/a* 4-*S by the extraction of the Cubic- 


Root, gives z=a 4- 77, —• 5 


4- &c. and then (by Prob. 2.) 


Jil-— h- Jill, &c. = AFDB. Or elfe *: 

---* -• 162a*’ 


x=ax-h 7^1 — 


£ — £ + S3. *“• And * = 7 ~ £ + jSJ — 

Jii, ficc. = HDBH. 

27. Ex. 5. Where a previous reduction is required, by the refb- 
lution of an affe&ed Equation. 

28. If a Curve be defined by this Equation z» + a*z-\-axz 

—2a* _x*=o, extradt the Root, and there will arife z—a — ~ 

. _j_ 'Jlfl &c. whence will, be obtain’d as before z =ax— 

m * 64a 

"4- ill 4_ ii^l, &c. 

29. But if — 2x‘2S— c % z 4- 2x*c* = o were the 

Equation to.the Curve, the refolution will afford a three-fold Root; 

either z = c-hx*- &c. or z=f-v+ - — 

&c. or z =— c— ■!* —il 4- -ll, &c. And hence will arife the 

C ^ X\ 

values of the three correfponding Areas, z z=.cx ?x x •— — 
+ &c. z=cx — — 77S* &c- and * = — cx<— 

_ x — 4- Ji &c 

£ %*. 24f4> 0cc ‘ . 

30. I ‘ add nothing here concerning mechanical Curves, becaufc 
their reduction to. the form of geometrical Curves will be. taught af¬ 
terwards. 

31. But whereas the values of z thus found belong to Areas 
which ate fituate, fometimes to a finite, part AB of. the Abfcifs, 
fometimes to a part BH.produced infinitely towards H, and fome¬ 
times to both parts, according to. their different terms: That the 
due value of the Area may be. aflign’d, adjacent to any. portion of 
the Abfcifs; that Area is always, to he made equal to the difference 
of. the values of z, which belong to. the parts, of the Abfcifs, that 
are terminated at the beginning and end of,the Area. 

32. For Infiance; to the Curve exprefs’d by the Equation —77 

N. *=<£») 
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w* 

-Kt** 


7fc: M&tM -f Fi» u xi aw s, 

it is- found that s==x-r-iJf J 
&c. Now that I may de¬ 
termine the- qu&awty- of the Area 
W.B, adjacent, to the part of the 
Abfci'fs b B; from the value of z 
■which arifes by putting AB.=^x, 

I take the value of z which arifes by putting A b — x, and there 
’remain, x-ix'+f*’. &<=• — * -+- **> &*• ,*= value of 

that Area WB. Whence if A b> or x, be put equal to nothing, 
jqere will be had the whole Area AFDB = x — -j-x* -t- fx*, & c ^ 
3.3. To the fame Curate there is alfo found z = — - -b ~ 
_L, &c. Whence again, according to what is before, the Area 



Mt>B= 1 — -T, + &c. — ; + 

if AB, or x, 

■H, which 

^ S T” ^ , * 

vanifh, becaufe ofit6 infinite denominators. 


J-> -i-, &c. Therefore 


— 3 7j ^ 5 **’ — x 3*? . . 5 X ’ 

, be fuppofed infinite, the adjoining Area bait toward 

is alfo infinitely long, will be equivalent to - — ^ 
For the latter Series — | &c* w1 ^ 


34. To the Curve reprefented by the Equation a H- ^ 

•s found, that z=ax — Whence it is that ax — ^ — ax 

-4- - = Area bJDB. But this becomes infinite, whether x be fup- 

X « 

pofed nothing, or x infinite; and therefore each Area AFDB and 
bd H is infinitely great, and the intermediate parts alone, fuch as 
bdDBy can be exhibited. And this always happens when the Ab- 
fcifs x is found as well in the numerators of fome of the terms, as 
in the denominators of others, of the value of z. But when x is 
only found in the numerators, as in the firll Example, the value of 
z belongs to the Area fituate at AB, on this fide the Ordinate. And 
when it is only in the denominators, as in the fecond Example, that 
value, when the figns of all the terms are changed, belongs to the 
whole Area infinitely produced beyond the Ordinate. 

35. If at any time the Curve-line cuts the Abfcife, between the 
points b and B, fuppofe in E, inftead 
of the Area will be had the difference 
J>dE —-BDE of the Areas at the diffe¬ 
rent parts of the Abfciis; to which if 
.here be added the Redtangle BDG£, 
he Area </EDG will be obtain’d. 

t 


Zy It 
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36. But it is chiefly to be regarded, that when in the value of js 
any term is divided by x of only one dimenflon j the Area corre- 
fponding to that term belongs to the Conical Hyperbola j and there¬ 
fore is to be exhibited by it felf, in an infinite Series : As is done in 
what follows. 

37. Let ss be an Equation to a Curve; and by divifioa 

it becomes k = - — za 4- 2* — ~ •+• — &c. and thence 

x a aay 

1««1 — _L_ 

z = l— j — 2ax 4- — 3* &e. And the Area bdDB' 

2X* £71 2** 

-2<ZX -f-X*-“ , &C.- j—J + -f- —,&C' 


3 *’ 


Where by the Marks ~ and “ I denote the little Areasbelonging 


IJL 


m . „ | aa _ mm 

to the Terms — and *— 


38- Now that l^j and j~f may be found, I. make Ab, or at, ta 
Be definite, and bB indefinite, or a flowing Line, which therefore I 
call y j Co that it will be J-qpj = to that Hyperbolical Area adjoin¬ 
ing to bB, that is, Jjj—But by Divifion.it will be ^ 

or Fl—pH = £l 


aa 

x 


-^4 

v* “ 


-j- -— > &c. and therefore. 


— T ~~r — ~r &c. and therefore the whole Area required 

2.x* qx * 4 -** 9 x 

2X S > 

&C. — 24X H- X* — —, &c. 4- 2<7AJ. 


3 * 3 

a % y 


a*y 4 
4 * 4 ! 

a % y* 


*+71 


bdDB = ——— 4- 5 

— ** + 2^, &c. 

3 " . 


aa 

\ao\ 


• |— I: 

X 

M 


T" *+■ 


"T 




&c. 


40. Moreover, if bB be bifefted in C, and AC be afliimed to be 
of a definite length, and C b and CB indefinite j then making AC 


: y, ’twill be bd = — : 

✓ 9 e—y 


: ef 4* il v 

e l % 


aty* 


s= e, and Cb or CB 
4- 4- &c. and therefore -the Hyperbolical Area adjacent 


N 2 


to 
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to the Part of the Abfcifs bC will be 4- ~r ■+■ 


,* v j 




.&C. 


2* a 


’Twill be alfo DB = -~r; =7 — "r 4 

‘T* * * 


«*V 


¥ 4 


i* 


77 + /r 


i-' 

•&c. And therefore the Area adjacent to the other part of the Abfcifs CB 

a x y a % y x a% }* , <* a y r c A • . ^ 

1 - f i &C. And the Sum of thefe 






_ 


2**. 3‘* 

4 ‘ 4 . 

za*y* 


r 

n 

tn 

f 

T 7 


- 

5 <» j &C. will be equivalent to — 




41. Thus in the Equation x 5 - 4 - g* 4-2 — ^ :=o, denotingthe 


nature of a Curve, its Root will be z = x —4. — -4- _Z_ 4- _i 


&c. Whence there arifes ss = |xx — 4# — 

ficc. And the Area bdDB = 4 x* — 4.x — 

I ~—I 7 

— 4** + 4# -+- 


81 AX 


8nr« 


2 

2 

9* J Six 162** 


,1_1_L 


2 

"9* 


2 

9 X 


— 

8ix> OCC * 


4 - &T7, &c. that is, = 4.x 1 —4.x—gf x * 

&c. — 4 -x* 4- 4 -x 4- &c. — —-— --!£!_» &c. 

42. But this Hyperbolical term, for the moft part, may be very 
commodioufly avoided, by altering the beginning of the Abfcifs, 
that is, by increafing or diminifhing it by fome given quantity. As 

in the former Example, where ax ^ xx = g was the Equation to 
>the Curve, if I fhould make b to be the beginning of the Abfcifs* 
and fuppofing A b to be of any determinate length \a y for the re¬ 
mainder of the Abfcifs bB, I fhall now write x: That is, if I diml- 
nifh the Abfcifs by ±a y by writing x 4- \a inftead of x, it will 

become and ^ Divifion ) * = f* — 7 x 

4_ ESSfL Sec. whence arifes z = \ax — ‘ T *x* 4- &c. = 

27* 7 9 

Area bdD B. 

43. And thus by afTuming another and another point for thebe- 
ginning of the Abfcifs, the Area of any Curve may be exprefs’d an 
infinite variety of ways. 

44. Alfo the Equation = « might have been refolved 

into the two infinite Series z = “p — 4 - £+, &c. — a 4- x 

—' ^ 4- &c. where there is found no Term divided by the firft 

2 Power 
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Power of x. But fuch kind of Series, where the Powers of x afcend 
infinitely in the numerators of the one, and in the denominators 
of the other, are not fo proper to derive the value of z from, by 
Arithmetical computation, when the Species are to be changed in¬ 
to Numbers. 

. 45. Hardly any thing difficult can occur to any one, who is to un¬ 
dertake fuch a computation in Numbers, after the value of the Area 
is obtain’d in Species. Yet for the more compleat illuftration of the 
foregoing Dodtrine, I ffiall add an Example or two. 

46. Let the Hyperbola AD be propofed, 
whole Equation is s/x-\-xxz=Z‘, its Vertex be¬ 
ing at A, and each of its Axes is equal to Unity. 

From what goes before, its Area ADB = 


f* 4 — t 't ** *+• TT** — 


L-rX*, &c. that 


T -ST' 



IS X * into -jX -f- yX g ■ yg-A» J * > 

&c. which Series may be infinitely produced by 
multiplying thelaft term continually by the fucceeding terms of this 

Progreffion ^x. '~~- 5 x —¥x —^ x ~-- - x &c. That is 
the firft term x U x makes the fecond term fx* : Which 

multiply’dby —~rx makes the third term — T V#* : Which mul- 

tiply’d by ~j~ x makes T ' T x* the fourth term; and fo ad infini¬ 
tum. Now let AB be aflumed of any length, foppofe and writing 
this Number for x, and its Root 4 for x*, and the firft term 
or .i x 4 » being reduced to a decimal Fra&ion, it becomes 

° °^ 3333333 > &e. This into makes0.00625 the fecond term. 

This into Z-Li makes — 0.0002790178, &c. the third term. And 

fo on for ever. But the terms, which I thus deduce by degrees, I 
difpofe in two Tables; the affirmative terms in one, and the nega¬ 
tive in another, and I add them up as you lee here. 


+ 0 » 
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4- 0.0833333333333333 
62 500000006000 
271267361111 

5 i 35 i 6 9 3 9 6 

144628917 

49545 s1 

•* i 9 o 9 48 

7963 
352 
16 
1 

4- 0.0896109885646518 


—: 0.0002790178571420? 

34679066051 

834465027 

26285354 

961296 

38676 

1663 

75 

_ 4 _ 

— 0.0002825719389575 
4- 0.0896109885646518 

0.0893284166257043 


Then from the fum of the Affirmatives I take the lum of the ne¬ 
gatives, and there remains 0.08932841662.57043 for the quantity 
of the Hyperbolic Area ADB ; which was to be found. 

47. Now let the Circle AJF be propofed, 
which isexpreffed by the equation fx—xx =z; 
that is, whofe Diameter is unity, and from what 
goes before its Area AJB will be 4** — 4^ 

tV^ &c. In which Series, fince 

the terms do not differ from the terms of the Se¬ 
ries, which above exprefs’d the Hyperbolical Area,, unlefs in the 
Signs 4- and — j nothing elfe remains to be done, than to 
conned the fame numeral terms with other figns} that is, by 
fubtrading the conneded fums of both the afore -mention’d tables 
0.08 98 9 3 5 60 503619 3 from the firfl term doubled 0.1666666666666* 
&c. and the remainder 0.0767731061630473 will be the portion 
AdB of the circular Area, fuppofmg AB to be a fourth part of the 
diameter. And hence we may obferve, that tho’ the Areas of the 
Circle and Hyperbola are not compared in a Geometrical confidera- 
tion, yet each of them is difcover’d by the lame Arithmetical com¬ 
putation. 

48. The portion of the circle AJB being found, from thence the 
whole Area may be derived. For the Radius dC being drawn 
multiply B d, or 4^3, into BC, or 4, and half of the produd 
T»v^ 3 > or 0.0541265877365275 will be the value of the Triangle. 

which added to the Area AJB, there will be had the 
Sedor AC d = o 1308996938995747, the. fextuple of which 
0 -7 8 539 8 1633974482 is the whole Area. 

49. And. 
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49. And hence by the way the length of the Circumference will 
Ibe 3.1415926535897928, by dividing the Area by a fourth part of 
the Diameter. 

50. To thefe we (hall add the calculation of the Area compre¬ 
hended between the Hyperbola dFD and its Afymptote CA. Let 
C be the Center of the Hyperbola, and putting 
CA = a, AF = b y and AB = Ab=.x-, 

’twill be =BD, and —— =bd-, whence 
the Area AFDB ==bx — ~ 

Xa ~ A** 



3 a* 4 * S> 

Ate. and the Area AF db=zbx+ i — + 

1 2 a 1 \a 

4 - ^7, &c. and the fum bdDB=2bx+ 

4- ~ 4- ^5, &c. Now let us fuppofe CA = AFsssi, and A b 

or AB=s=-nr, C b being 0.9, and CB=e 1.1; and fubflituting thefe 
numbers for a t by and x t the firft term of the Series becomes 0.2, 
the fecond 0.0006666666, dec. the third 0.000004; and fo on, as 
you fee in this Table. 

0.200000000000000© 

6666666666666 

40000000000 

285714286 

2222222 

18182 

154 

* 


The fum 0.20067069 54621511=Area bdDB. 

51. If the parts of this Area Ad and AD be defired feparately, 
Tubtradt the lefler BA from the greater dA, and there* will remain 

— 4- ^ 4- — 4- &c. Where if 1 be wrote for a and by 

and h>r x y the terms being reduced to decimals will feand 
.thus; 

0.0100000000000000 
500000000000 

3333333333 

25000000 

200000 

1667 

14 


'The fum 0.0100503358535014=^*/*—AD. 


5 2 - 


Digitized .by LjOOQle 





96 He Method of Fluxions, 

52. Now if this difference of the Areas be added to, and fubtra&ed 
from,their fum before found, half the aggregate 0.1053605156578263. 
will be the greater Area Ad, and half of the remainder 
0.0953101798043248 will be the leffer Area AD. 

53. By the fame tables thofe Areas AD and Ad will be obtain’d 

alfo, when AB and A b are fuppos’d or CB=i.oi, and 

0 = 0.99, if the numbers are but duly transferr’d to lower places, 
as may be here feen. 

OO2OOOOOOOOOOOODC0. 

66666666666 
4OOOOC0 

_28 

Sum o 0200006667066695 ss bD. 

4 Aggr.0.0100503.3 58535014=A</,and 4-Refid.o.oo99 503 308531681 
=AD. 

54. And fo putting AB and Ab = -rd?n>> or CB =1.001, and 
0 = 0.999, there will be obtain’d Ad.= 0.0010005003335835, 
and AD = 0.0009995003330835. 

55. In the lame manner (if CA and'AF=i) putting AB and 
Ab = 0.2, or 0.02, or 0.002, thefe Areas will arife, 

A</=o.223i4355i3142097, and AD=o.i&232i5567939546, 
or A</=0.02020^707317 c 194, and AD=o.o 1980262.72961797, 
or A^= 0.002002 andAQ=o.ooi 

56. From thefe Areas thu 9 found it will be eafy to derive others,' 

by addition and fubtradtion. alone; For as it is ^ into ~ = 2,. 
the fum of the Areas 0.6931471805599453 belonging to the Ratio’s 
~ and (that is, inlifting upon the parts of the Abfcils 1.2—08 
and 1.2—o.9,)will be the Area AF<Tj8, C /3 being=2, as is-.known. 
Again, fince into 2 = 3, the fum 1.0986122886681097 of the 

Area's belonging to — and 2, will be the Area AF^/8, Cp being 3. 

Again, as it is = 5, and 2 x 5= 10, by a.due. addition of 
Areas will be obtain’d 1.6093379124341004 = AF/j 3 , when 
C£=5 j and 2.3025850929940457 =AF^/3, when C/8 = i>o. 
And thus, fince 10x10=100, and 10x100=1000, and y/5 

x 10x0.98 = 7 and 10x i.i = u, and - 00 -- 13, and 

• y - Xll 

100x0.998 .... . , 

- 2 ==: 499 > ls plain, that the Area AF/jS may be found by 

the compofition of the Areas found before, when Q8= 100 j 1000 j 

7 > 


0-0DOIOOOOOOOOOOOO 
50030000> 

_ 3^33 

Sdm 0.0001000050003333 A^‘— AD: 
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7; or any other of the above-mention’d numbers, AB = BF being 
ftiil unity. This I was willing to infinuate, that a method might 
be derived from hence, very proper for the confirmation of a Canon 
of Logarithms, which determines the Hyperbolical Areas, (from 
which the Logarithms may eafily be derived,) correfponding to fo 
many Prime numbers, as it were by two operations only, which are 
not very troublefome. But whereas that Canon feems to be deriva¬ 
ble from this fountain more commodioufly than from any other, 
what if I fhould point out its conftrudtion here, to compleat the 
whole? 

57. Firft therefore having affumed o for the Logarithm of the 
number 1, and 1 for the Logarithm of the number 10, as is gene¬ 
rally done, the Logarithms of the Prime numbers 2, 3, 5, 7, 1 r, 
13, 17, 37, are to be inveftigated, by dividing the Hyperbolical 
Areas now found by 2.3025850929940457, which is the Area cor- 
refbonding to the number 10: Or which is the fame thing, by mul¬ 
tiplying by its reciprocal 0.4342944819032518. Thus for Inftance, 
if 0.69314718, fee. the Area correiponding to the number 2, were 
multiply’d by 043429, &c. it makes a.3010299956639812 the Lo¬ 
garithm of the number 2. 

58. Then the Logarithms of all the numbers in the Canon, 
which are made by the multiplication of thefe, are to be found 
by the addition of their Logarithms, as is ufual. And the void 
places are to be interpolated afterwards, by the help of this 
Theorem. 

59. Let n be a Number to which a Logarithm is to be adapted, si 
the difference between that and the two neared: numbers equally 
diftant on each fide, whoffe Logarithms are already found, and let d 
be half the difference of the Logarithms. Then the required Loga¬ 
rithm of the Number n wiH be obtain’d by adding d* 4- “ *+• 

See. to the Logarithm of the leffer number. For if the numbers 
are expounded by C p, Cfi, and CP, the rectangle CBD or C&Paer, 
as before, and tne Ordinates pq and PQ^being raifed 9 if n be wfotd 

for C& and x for $p or jSP, the Area /jQP or ” 4 -~* 4- 
&c. wifi be to the Area or ; 4 - ~ 4* &c. as the diffe¬ 

rence between the Logarithms of foe extream numbers or 2 d t to' 
foe difference between foe Logarithms of foe lefier and of the middle 

O one; 
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dx 


one j which therefore will be 


dx* 

in* 


-4- — &c. 

3 »* 


n 3 

d+- + — 
“ 2 » ~ 12 >.» 


~ &C. 
5 «* 


, that is, when the 


&c. 


divifion is perform’d, 

60. The two firll terms of this Series d-\- — I think to be accu- 

in 

rate enough for the conftruftion of a Canon of Logarithms, even* 
tho’ they were to be produced to fourteen or fifteen figures’* pro¬ 
vided the number, whofe Logarithm is to be found, be not lefs 
than 1000. And this can give little trouble in the calculation, be- 
caufe x is generally an unit, or the number 2. Yet it is not necef- 
fary to interpolate all the places by the help of this Rule. For the 
Logarithms of numbers which are produced by the multiplication or 
divifion of the number laft found, may be obtain’d by the numbers 
whofe Logarithms were had before, by the addition or fubtrattion 
of their Logarithms. Moreover by the differences of the Loga¬ 
rithms, and by their fecond and third differences, if there be occa- 
fion, the void places may be more expeditioufly fupply’d * the fore¬ 
going Rule being to be apply’d only, when the continuation of fome 
full places is wanted, in order to obtain thole differences. 

6 k By the fame method rules may be found for the intercalation 
of Logarithms, when of three numbers the Logarithms of the lefier 
and of the middle number are given, or of the middle number and 
of the greater* and this although the numbers fhould not be in 
Arithmetical progreffion. 

62. Alfo by purfuing the fteps of this method, rules might be 
eafily difcover’d, for the conftrudion of the tables of artificial Sines 
and Tangents, without the affiftance of the natural Tables But nf 
thefe things only by the bye. 

63. Hitherto we have treated of the Quadrature of Curves which 

are exprefs’d by Equations confining of complicate terms * and that 
by means of their reduction to Equations, which confift of an infi 
nite number of fimple terms. But whereas fuch Curves may fome- 
times be fquared by finite Equations alfo, or however may be. com¬ 
pared with other Curves, whole Areas in a manner may be conli- 
der*d as known* of which kind are the Conic Sections: For this 
reafon I thought fit to adjoin the two following catalogues or tables 
of Theorems according to my promife, conftru<fted by the help of 
the ytb and 8 th aforegoing Propofitions. v 

64^ 



) 
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64. The firft of thefe exhibits the Areas of fuch Curves as can be 
fquared; and the fecond contains fuch Curves, whofe Areas may be 
compared with the Areas of the Conic Sections. In each of tnefe, ' 
the letters d, e, f g, and b> denote any given quantities, x and z 
the Abfciffes of Curves, v and y parallel Ordinates, and s and t 
Areas, as before. The letters * and G, annex’d to the quantity «, 
denote the number of the dimenfions of the fame z, whether it be 
integer or fractional, affirmative or negative. As if »=s 3, then 

z*s=;z* t z %n =s;s*, z—tssz—* or &•+’ ^=z*, and z*—‘ =:z*. 

65. Moreover in the values of the Areas, f or the fake of brevity, 
is written R inftea d of this Radical s/e-\~fz* y or \/ e-+-fz*-\-gz x *> 
and p inftead of s/ h~^-iz^ i by which the value of the Ordinate y is 
affeCted. 
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67. Other things'of thelame Itind might liave been added; but I 

IhaJl now pafs on to another fort of Curves, which may be com¬ 
pared with the Conic Sections. And in this Table or Catalogue 
you have the propofed Curve reprefented by the Line Q£#R, the 
beginning of whole At}lcifs is A, the Abfcifs AC, the Ordinate CE, 
the beginning pf the Area J z%, and the Area 
• defcribed a^ECt But the beginning of this 
Area, or the initial .term, (which com¬ 
monly either commences at the beginning q 
of the Abfcifs A/ or recedes to an infinite 
difiance,) is fpund by feeking the length of 
the Abfcifs A <*, when the value of the Q 
Area is nothing, and by eredting the per¬ 
pendicular eL%. A 

68. After the lame manner you have the Conic Sedtion repre- 
fented by the jLine EDG, whofe Center is A, Vertex a, redtangular 




Semidiameters Aa and AP, the beginning of the Abfcifs A, or a, 
or a, the Abfcifs AB, or aB, or «B, the Ordinate BD, the Tangent 
DT meeting AB in T, the Subtenfe aD, and the Rediangle infcribed 
or adfcribed ABDO. 

69. Therefore retaining the letters before defined, it will be 
A C — *s, CE=y, aj^EC = t, AB or aB=x, BD==v, and 
ABDP or aGDB =J. And befides, when two Conic Sedtions are 
required, for the determination of any Area, -the Area of the latter 
fhall be call’d the Abfcifs £, and the Ordinate T. Put p for 

s/ff—Vg' 


70: 
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71. Before I go on to illullrate by Examples the Theorems that 
are deliver’d in thele dalles of Curves, I think it proper to obferve, 

72. L That whereas in the Equations reprefenting Curves, I have 
all along fuppofed all the figns of the quantities </, e, f g> h , and / 
to be affirmative; whenever it fhall happen that they are negative* 
they mull be changed in the fubfequent values of the Abfcifs and Or- 
ninate of the Conic Section, and alio of the Area required. 

73. II. Alfo the figns of the numeral Symbols a and 0 , when they 
are negative, mull be changed in the values of the Areas. More¬ 
over their Signs being changed, the Theorems themfelves may ac¬ 
quire a new form. Thus in the 4th Form of Table 2, the Sign of « 

being changed, the 3d Theorem becomes =y, ~~ 


= *> &c. that is, =y, a** =*> y/fx -b ex' = v, - 

into 2x , u—3 s=?t. And the lame is to be obferved in others. 

74. III. The feries ofeach order, excepting the 2d of the ill Ta¬ 

ble, may be continued each way ad infinitum. F<?r in the Series of 
the 3d and 4th Order cf Table 1, the nometal co-effieienis of the' 
initial terms,. (2, —4, 16, —96, 768, &c.) are form’d by multi¬ 
plying the numbers— 2, —4, —hi —*-8, —10, &d. continually 
into each other j and the co-efficients of the fubfequent terms are de¬ 
rived from the initials in the 3d Order, by multiplying gradually by 
— 4, ——-J, — w { he 4th Order by multi¬ 
plying by ——b — fj —r» But the co-efficients' 

of the denominators 1, 3, 15, 105, ficc. arife by multiplying the 
numbers 1, 3, 5, 7, 9, &£. gradually into each other. 

75. But in the 2d Table, the Series of the i ft , 2 d , 3 d , 4 th , 9^ and 
io ,h Orders are produced in infinitum by divifion alone. Thus having 


, I 

-- =y» in the ill Order, if you perform the divifion to a con- 

. A , . ~ t . r d J»P-* de *.»—1 it' v,—1 

venient period, there will anfe j & — jp z — z — 


d£ j5 „_, 

J± g =. v. The firll three terms belong to the ill Order of 


*+fi? 

Table i, and the fourth term belongs to the ifl Species of this Order. 
Whence it appears, that the Area ls Jif Z — z " H- z? 
•— ^p s ‘t putting i for the Area of the Conic Section, whofe Abfcifs 

is x^z* 1 , and Ordinate v = e ~+]i' 

P 2 76. 
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76. But the Series of the 5th! and 6th Orders ma£ be infinitely 
continued* by. the help of the two Theorems in the 5th Order of 
Table 1. hy ; a d*^ addition or fubtoafikm,: As alfo the 7th and 8th 
Series* by means of the Theorems in the 6th Order of Table 1. and 
the .Series of the I'ltH* by thy Theorem in the loth Order of Table 1. 

For inftance, if the. Series/of. the, 3d Qrdfer of Table 2. beto be far¬ 
ther continued, foppofe 0 — 4a, and the ift Theorem of the 

5th Order of Table 1. will become— ■ 8 nez ~* , ~ t — 5 1 t fz~ 3 ’ t ~ l into 
tv/ erb~j)£=y. ^ -t. But according to the 4th Theorem of 


this Series to be produced, writing*—^for d y it is-— ~ fz> ** 
s/e+fa?=y\ -^_= *, ^/fx+exx=v r and — ~ /. 

So that fubtrafting’ fhe former values of / and /, there will remain 
4*** **“*>/ e +f s ? =!1 J> Thefe being mul- 

at 

d R* 

tiplied by— i and, (ifyoupleafe) for -tt writing xv*, there will arife 

T>* % 

» d - -- T I 

a- 5th Theorem of die Series tab^ produced, s/e-t-fz *-—^ x 

</fx -t- exx = v y and 

77. IV. Some of thefe Orders may alfo be otherwife derived From 
others. As in the 2d Table, the 5th, 6th, 7th, and nth, from the 
8ths and the 9th from the 10th: Sothait I might have omitted than, 
but that they piay be offome ufe, tho' not altogether necefiary. Yet 
I have omitted form Orders, which I might have derived from the rft, 
and 2d, as alfo from the 9th and 10th, becaufe they wee afledted' by 
Denominators that were mote complicate, and therefore can hardly be 
of any ufe. 

78- V. If the defining Equation of any Curve is compounded of 
feveral Equations of different Orders, or of different Species of the 
fame Order, its Area muft be compounded of the correfponding A- 
reas j taking care howeverj that they may be rightly connected with 
their proper Signs. For we muft not always add or fubtradl at the 
fame time Ordinates to or from Ordinates, or correfponding Areas 
to or from correfponding Areas j but fometimes the fum of thefe, 
and the difference of thofe, is to be taken for a new Ordinate, or to 
conftitute a correfponding Area. And this muft be done, when the ' 
conftituent Areas are pofited on the contrary fide of the Ordinate. 
But that the cautious Geometrician may the more readily avoid this 
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inconveniency, 1 prefix’d their proper Signs, to the federal Va¬ 
lues of the Areas, tho’ fometimes negative, as is done in the 5 th 
and 7th Order of Table 2. 

79. Vl. It is farther to be obferved-, about the Signs of the Areas, 
that + s denotes, either that the Area of the Conic Section, adjoin¬ 
ing to the Abfeifs, is to be added to the other quantities in the value 
of /} {fee the 1 ft Example following or that the Area on the other 
fide of the Ordinate is to be fubtra&ed. And on the contrary, — s 
denotes ambiguoufly, either that the Area adjacent to the Abfeifs is 
to be iubtradted, or that the Area on the other fide of the Ordinate 
is to be added, as it may feem convenient. Alfo the Value of t, if 
it comes out affirmative, denotes the Area of the Curve propofed ad¬ 
joining to its Abfcifs : And contrariwife, if it be negative, it repre- 
fents the Area on the other fide of the Ordinate. 

80. VII. But that this Area may be more certainly defined, we 
muft enquire after its Limits. And as to its Limit at the Abfcife, at 
the Ordinate, and at the Perimeter of the Curve, there can be no un- • 
certainty: But its initial Limit, or the beginning from whence itsde- 
fcription commences, may obtain various pofitioiis. In the following 
Examples it is either at the beginning of the Abfeifs, or at at) infinite 
diftance, or in the concourfe of the Curve with its Abfeifs. But it 
may be placed elfewhere. And wherever it is, it may be found, by 
feeking that length of the Abfeifs, at which the value of t becomes 
nothing, and there erecting an Ordinate. For the Ordinate fo railed 
will be the Limit required. 

81. VIII. If any part of the Area is pofited below the Abfeifs, 
t will denote the difference of that, and of the part above the Ab¬ 
feifs. 

82. IX. Whenever the dimenfions of the terms in the values of 
x, v, and /, fhall afcend too high, or defeend too low, they may be 
reduced to a juft degree, by dividing or multiplying fo often by any 
given quantity, which may be fuppos’d to perform the office of Uni¬ 
ty, as often as thofe dimenfions fhall be either too high or too low. 

83. X. Befides the foregoing Catalogues, or Tables, we might alfo 
conftrudt Tables of Curves relate d to other Curves, whi ch may be the 
molt A mple in th eir kind 3 as to </a-\-fx* =‘u > orto# v /V-f-yx* =1;, 
or to y/e-\-fx* =sv, &c. So that we might at all times derive the 
Area of any propofed Curve from the finipleft original, and know 
to what Curves it Hands related. But now let us illuftrate by Ex¬ 
amples, what has been already delivered. 

84. 
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84. Example I. Let QER be a 
Conchoidal of fuch a kind, that the Q 
Semicircle QH A being defcribed, and 
AC being erected perpendicular to K 
the Diameter A if the Parallelo¬ 
gram QACI be compleated, the Dia- F 
gonal AI be drawn, meeting the Se¬ 
micircle in H, and from H the per¬ 
pendicular HE be let fall to IC •, then the Point E will defcribc a 
Curve, whole Area ACEQjs fought. 

Sf-Therefore make AQ== a , AC==z, CE =y j and becaufe of the 
continual Proportionals AI, AQ^, AH,EC,’twill be EC or_>-= 

‘ ^ ow ^at ^is may acquire the Form of the Equations in the 
Tables, make » = 2, and for z* in the denominator write z1, and 

a l zf for a % or a 3 z\~ l in the numerator, and there will arife y = 
—r——, an Equation of the ift Species of the 2d Order of Table 2. 

a 

and the Terms being compared, it will bed=a 3 , e = a % , and 
/== 1 * that s/ === x > \fi a% — a * xt = “u, and xv — zs 

87. Now that the values found of x and v may be reduced to a 
juft number of dimen lions, choole any given quantity, as a, by 
which, as unity, a 3 may be multiplied once in the value of *, and 
in the value of v, a 3 may be divided once, and a % x* twice. And by 

this means you will obtain = .v, a* — x 4 = v, and xv 

— zs, = t: of which the conftrudlion is thus. 

88. Center A, and Radius AQ^ delcribe the Quadrantal Arch 
QDP ; in AC take AB = AH; raile the perpendicular BD *meeting 
that Arch in D, and draw AD. Then the double of the Sector 

ADP will be equal to the Area fought ACEQ^ For yfi -r^ i -—= 

(v/ADy — ABt=) BD, or<u jand xv — 2r=2A ADB—2ABDQ* 
or=2A ADB -f- 2BDP, that is, either =—2QAD, or=2DAP: 
Of which values the affirmative 2DAP belongs to the Area ACEQ^ 
on this fide EC, and the negative — 2QAD belongs to the Area 
RECR extended ad infinitum beyond EC. 

89. The folutions of Problems thus found may fometimcs be 
made more elegant. Thus in the prefent cafe, drawing RH the fe¬ 
rn idiame ter 



t 
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midiameter of the Circle QHA, becaufe of equal ArchesQH and DP 
the Sector QRH is half the Sedtor DAP, and therefore a forfrth Dart 
of the Surface ACEQ^ p c 

90. Example II. Let AGE be a Curve, which is defcribed bv the 
Angular point E of the Norma AEF, whilft one of the Legs AE 
being mterminate, pafles continually through the given point A 

and the other CE, of a given length, _ 1 

Aides upon the right Line AF gi- _ _ t. 

ven in pofition. Let fall EH per- c 
pendicular to AF, and compleat y\ \ 

the Parallelogram AHEC* and / \ 

calling AC = «, CE=y, and / \ \ 

EF == a y becaufe of HF, HE, HA Jk_ 1 1 1 \ 

continual Proportionals, it will be 1 r H r 

HA or y = —^ == -. 

' *V—** : 

91. Now that the Area AGEC may be known, luppofe2*=«s’* 

Jr* 


or 2 ss n, and thence it will be 


h 


ssry. Here Ance z in 


numerator is of a fra&ed dimenfion, deprcfs the value of y by di- 

•f—* 

viding by z^j and it will be — = /, an Equation of the 

2d Species of the 7th Order of Table 2. And the terms being com¬ 
pared, it is d = 1, e =s — 1, and f = a*. So that z* === 

x* >y /a* — x* = v, and s — xv = t. Therefore fince 

x and z are equal, and fince ^/a* — x* = v is an Equation to a 
Circle, whofe Diameter is a: with the Center A, and diAance a or 
EF, let the Circle PDQJjc defcribed, which CE meets in D, and let 
the Parallelogram ACDI be compleated} then will AC =c«, 
CD = v t and the Area fought AGEC = s*— xv = ACDP 
— ACDI=IDP. 


92. Ex- 
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92. Example III. Let AGE be the Ciffoid belonging to the 
Circle *ADQ^ defcribed with 
the diameter AQ^. Let DCE A& 

be drawn perpendicular to thfe I \. 

diameter, and meeting thfc / \ - 

Curves in D and E. And na- / 

ming AC = z> CE =y, and / j 

AQj= a •, becaufe of CD, j 

CA, CE continual Proportio- / : - 

nals, it will be CE or y = /KxT 

XX — , 

r~r: , and dividing by z, ’tis a..... 

* 6 7 7i ',Y\ k YY' 

y ="7 =t=". Therefore 1 / \w'\ /V’" 

* a%~ —1 rv^\ y>* * 

c=jc’ , > or—1 = it,and thence 

y= x ~* r ~ an Equation of A 


V ax'-\ 


the 3d Species of the 4th Order of Table 2. The Terms therefore 
being compared, *tis </== 1, e =ar— 1, and /==:*. Therefore 

l - ■ »■ « . 1 

JC= “ =*, n/** — *«*■ = r, and 3* — 2 aw = t. Wherefore 
, p * 

it is AC = x } CD=±= v, and thence ACDH=J; fo that 
3 ACDH — 4AADCa= 3J 2xv aar t as* Area of the Ciffoid 
ACEGA. Or, Which is the. fame thing, 3 Segments ADHA ins Area. 
ADEGA, or 4 Segments ADJI A ==. Area AHDEGA. 

93. Example IV. Let PE 
be the firft Conchoid of the 
Ancients, defcribed from Center 
G, with the Afymptote AL, 

•and diftance LE. Draw its 
Axis GAP, Mid let fall the Or- ; 
dinate EC. Then calling AC 
z=zZ } CE =y> GA=e>, and 
AP = c } becaufe of the Pro¬ 
portionals A C : CE — AL: : 

GC : CE, it will be CE or yt 

94. Now tbat its Area PEC may be found from hence, the 
parts of the Ordinate CE are to be confider’d feparately. And if 
the Ordinate CE is fo divided in D, that k is CD = 

and 
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«nd DE«sV<* — x* -, CD will be 'the Ordinate of a Circle de- 

96 

fcribed from Center A, and. with -the Radius AP. Therefore the 
part of the Area PDC is known, and there will remain the other 
part DPED to be found. Therefore fince DE, the part of the Or¬ 
dinate by which it is deftribed, is equivalent to e % — z *; lup- 

pofe 2 = », and It becomes -s/e* — z* = DE, an Equation of 

the 1 ft Species of the 3d Order of Table z. The terms therefore 
being compared, it is dz^b, e=zc % , and/sss— ij and therefore 

Ky 




y/— 1 -4- c % 4 ?* stts V, and zbc's — — s=s t. 


93. Theft things being found, reduce them to a juft number of 
dhnenfions, by multiplying the terms that are too deprels'd, and 
dividing thdfe that are too high, by fome given Quantity. If this 

be done by c, there will arifc sa=x, c* -f- x* = 4 t % and 

— — — tas t : The Conftrudtionof which is in (his manner. 

C CX ' .i k 

. 96. With the Center A, principal Vertex P, and Parameter 2 AP, 
defcribe the Hyperbola PK. Then from the point C draw the right 
Line CK, that may touch the Parabola in K: And it will be, as 
AP to 2AG, fo is the Area CKPC to the Ar e a -required D>PED. 

97. Example 5. Let the Norma GFE fo revolve about the Pole 
C, as that -its angular point F may continually Aide upon the right 
-Line AF given in pofition; then conceive the Curve PE tb be de- 
fcribed by any Point E in the 
'wfber Leg EF. Now that the 
Area of this Curve may be 
found, let frill GA and EH per- 
pendicelar to the right Line 
AF, and oompleating the Pa¬ 
rallelogram AHEC, call AC 
was Zy CE ==sy, AGsss#, and 
-EFsasr; and becanft of the 
Proportionals HF: EH:: AG : 

AF, we (hall have AF = 

kx Therefore CE or y 


i/cc— 





K m M 

t== '■ But whereas s/cc — zz is the Ordinate 

of a Circle deftribed with the Semidiameter c ; about the Center A 

let 
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let fucb a .Circle PDQ^be deferibed, which CE produced meets in 
Di then it will be DE = ^=*3 : By the help of which Equa¬ 
tion there remains the Area PDEP or DERQ^to be determin’d. 
Suppofe therefore and 8=^, and it will be DE=-t==» 

an Equation of the ift Species of the 4th Order of Table 1. And 
the Terms bei ng com pared, it will be b-=. d t cc ==*, and — 1 ==/} 

fo that — bs/ cc — zz = — bK = /. 

98. Now as the value of t is negative, and therefore the Area 
reprefented by t lies beyond the Line PE $ that its initial Limit 
may be found, feek for that length of z, at which t becomes no¬ 
thing, and you will find it to be C. Therefore continue AC to 
that it may be AQ=== c, and ereft the Ordinate QR; and DQRED 
will be the Area whole value now 1 found is — by/cc — zz. 

99. If you .fhouM defire to know the quantity of the Area 
PDE, pouted at the Abfcils AC, and co-extended with it, without 
knowing the Limit QR, you may thus determine it. 

100. From' the Value which t obtains at the length of the Ab- 
fcils AC, fu btradt its value at the beginning of the Abfcils j that is, 
from — by/cc — zz fubtrad t — be, and there will arife the defired 
quantity be — b*/ cc — zz. Therefore compleat the Parallelogram 
PAGK, and let fall DM perpendicular to AP, which meets GK 
in Mj and the Parallelogram PKML will be equal to the Area 
PDE. 

101. Whenever the Equation defining the nature of the Curve 
cannot be found in the Tables, nor can be reduced to fimplcr terms 
by divifion, nor by any other means; it mull be transform’d into 
other Equations of Curves related to it, in the manner (hewn in 
Prob. 8. till at laft one is produced, whofe Area may be known by 
the Tables. And when all endeavours are ufed, and yet no fach 
can be found,’ it may be certainly concluded, that the Curve pro?- 
pofed cannot be compared, either with rfdtilinear Figures, or with 
the Conk Se&ions. 

102. In the fame manner when mechanical Curves are concern’d, 
they muft firft be transform’d into equal Geometrical Figures, as is 
Ihewn in the lame Prob. 8. and-then the Areas of fuch Geometri¬ 
cal Curves are to be fo und front the Tables. Of this matter take 
the following Example. 

103. 
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103.' Example 6. Let It be propofed to determine the Area of 
the Figure of the Arches of any Conic Section, when they are 
m5de Ordinates on their Right Sines. As let A be the Center of 
the Conic Sedtion, 

AQ^and AR the 
Semiaxes, CD the 
Ordinate to the Axis 
AR, and PD a Per¬ 
pendicular at the 
point D. Alfo let 
AE be the laid 
mechanical Curve 
meeting CD in E 5 
and from its nature 
before defined, CE 
will be equal to the 
Arch QD. There¬ 
fore the Area AEC 
is fought, or com- 
pleating the parallelogram ACEF, the excels AEF is required. To 
which purpofe let a be the Latus redtum of the Conic Sedtion, and 
b its Latus tranfve rfum, or 2A Q. Alfo let AC=s, and CD=y t 

then it will be s/\bb-\- -zz ==y, an Equation to a Conic Sedtion, 



as is known. Alfo PC= ~z y and thence PD=v/ 

104. Now fince the fluxion of the Arch QD is to the fluxion of 
the Abfcife AC, as PD to CDj if the fluxion of the Abfcifs be fup- 
pos’d 1, the Fluxion of the Arch QD, or of the Ordinate CE 

, ,, bb+ab * 

^bb H- 2—zz 

will be s/ ** - . . Draw this into FE, „or z, and there 

it 



moving upon will be equal tp the Area AEF. .and the Curve. 

0^2 ag 
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AG; will be Geometrical Curve. Therefore the Area AGO' is 
foughtt To this purpofe let a*» he fubftatuted for &*' in the lad 

Equation, and it becomes ZF " 1 s/ —- -JS 1 — =5: CG, an Equa- 

a 

tion of the 2d Species of the 1 ith Order of Table 2. And from a. 
companion of terms it is d = 1, e = ^bb =g, f=s=z -jjf- , and 

b=^-, fo that </\bb -t- ~zz =?x, \/ — £ 4- ~- 6 *x===.v f and 

~s=s=t. That is, CD = x, DP = v, and And this j» 

the Conftrudtion of what is now found. 

10 5. At Qerett QK perpendicular and equal to QA, and thro* 
the point D draw HI parallel to it, but equal to DPI And the 
Line KI, at which HI is terminated, will be a Conic Section, and 
the comprehended Area HIKQ^will be to the Area fqught AEF, 
as b to a> or as EC to AC. 

106. Here obferve, that if you change the fign of b y the Conic. 
Se$ion, to whofc Arch the right Line.CE is equal, will become an. 
Hllipfis; and; befides, if you make £==.— a, the EUipfis becomes, 
a Circle, And in thiscafe the line KI becomes a right line parallel; 
to AQ^ 

107, After the Area.ofr any Gurychat> been, thus found and con- 
ftru<5ted, we ihould confider about the demonstration of the corj- 
ftruflion:} that laying afide alb Algebraical calculation, as much as 
maybe, theTihfioremmay.be adorned, and made elegant, fo.asto 
become ftt.fw pubUck, view. Afld there is a. general method of.de- 
n\onftrating, which I : foajl endeavour to illullrate by the follow¬ 
ing Examples. 

JDemonfiration of the Conflru&ion in Examfk. 5 . 

108.. In the Arch PQ^take a point d-indefinitely near to D, 
(Figure p. 1x3.;) and draw ds and dm parallel to DE and DM^ 
meeting DM and AP in f> and /. Then will; DEtd be the mo. 
ment of the Area. PDEP, ajubLM/p/rwilJ be the moment of the 
AVea LMKP. Draw the femidiameter AD, and conceive the inde¬ 
finitely frpall arch Dd. to. be as it.were a right line, and the tri r 
angles Dpd and ALD will be like, and therefore D p: pd:: AL : LD. 
But it is HF : EH :: AG : AF j that is, AL: LD:: ML : DE; and 
therefore Dpi fd ;; ML : DE. Wherefore- Dp x DEx=r pd x-ML. 

That 
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That is, the moment DEW is equal to the moment LM ml And 
fince this, is demonftrated indeterminately of any contemporaneous 
moments whatever, it is plain, that all the moments of the Area 
PDEP are equal to all the contemporaneous moments of the Area 
PLMK, and therefore the whole Areas compiled of thofe moments 
are equal to each other. Q^E. D. 

Demonftration of the ConfiruBtow in Example 3. 

109. Let DEW be the momentum of the fuperfides AHDE, and 
JLdDA be the contemporary 
moment of theSegment ADH. 

Draw the femidiameter DK, 
and let de meet AK in c and 
it is Qc : Dd :: CD : DK. 

Befides it is DC: QA (2DK} :: 

AC : DE. And therefore 
Cc : 2E >d :: DC : 2DK :: 

AC t DE, and Cc x DE 
zDd x AC. Now to the mo¬ 
ment of the periphery. Dd 
produced, that is, to the tan¬ 
gent of the Circle, let fall the 
perpendicular AI, and AI will 
be equal to AC. So that 
zDd% AC = 2 Dd x AI=* * 

Triangles ADd. So that 4 Triangles- ADd=rCc x DE =5= moment 
DEW. Therefore every moment of the ipace AHDE is quadruple 
of the contemporary moment of the Segment-ADH, and therefore 
that whole ipace is quadruple of the whole Segment. Q^E. D. 



JD monftratioTt 
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Demon/lration of the Conftruflion in Example 4. 

110. Draw ce parallel to CE, and at an indefinitely finall diftance 


from it, and the tangent of the 
Hypeibola ck, and let fall KM 
perpendicular to AP. Now 
from the nature of the Hyper¬ 
bola it will be AC : AP : 

AP: AM, and therefore AGq 
GL q :: ACq : LEy (or APy): 

AP^ : AM<7 j and divifim , AGq 
AL^ (DE^) :: APy : AM^— 

APq (MKy) ; And invent, AG: 

AP :: DE : MK. But the 
little Area DE ed is to the Tri¬ 
angle CKc, as the altitude DE is to half the altitude KM; that is, 
as AG to 4-AP. Wherefore all the moments of the Space PDE 
are to all the contemporaneous moments of the Space PKC, as AG 
to ^AP. And therefore thofe whole Spaces are in the lame ratio. 
QJZ. D. 



Demcnjlrathn of the ConJlruSfion in Example 6. 

Hi. Draw cd parallel and infinitely near to CD, (Fig. in p. 115.) 
meeting the Curve AE in e , and draw hi and fe meeting DC in p 
and q. Then by the Hypothefis D</= E^, and from the fimi- 
litude of the Triangles D dp and DCP, it will be Dp : (D</) 
E q CP : (PD) HI, fo that D p x HI = E q x CPj and thence 
Dp x HI (the moment HI/i>): Eq x AC (the moment EF/<?) :: 
Ey.x CP : Eq x AC :: CP : AC. Wherefore fince PC and AC 
are in the given ratio of the latus tranlverfum to the latus re£h»m 
of the Conic Settion OP, and fince the ‘moments HI ih and EF fe 
of the Areas HIKQ^and AEF are in that ratio, the Areas them- 
felves will be in the fame ratio. Q^E. D. 

112. In this kind of demonftrations it is to be obferved, that I 
aflame fuch quantities for equal, whole ratio is that of equality : 
And that is 40 be efteem’d a ratio of equality, which diners left 
from equality than by any unequal ratio that can be alfign’d. Thus 
in the laft demonftration I fuppos’d the rectangle Eq x AC, or FE qf t 
to be equal to the lpace EEef becaufe (by reafon of the difference 
Eqe infinitely lels than them, or nothing in comparifon of them,) 
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they have not a ratio of inequality. _ And for the lame reafon I 
made DP x HI ess HUB j and fo in others. 

113. I have here made ufe of this method oPproving the Areas 
. of Curves to be equal, or to have a given ratio, by the equality, or 
, by the given ratio, of their moments; becaule it has an affinity to 

the ufual methods in thefe matters. But that feems more natural 
which depends upon the generation of .Superficies, by Motion or 
Fluxion. Thus if the Conftrudtion in Example 2. was to be de- 
mon ft rated: From the nature of the Circle, the fluxion of the right 
line ID (Fig. p. 111.) is to the fluxion of the right line IP, as AI to 

ID j and it is AI : ID :: ID : CE, from the nature of the Curve 

• • ^ 

AGE ; and therefore CE x ID = ID x IP. But CE x ID = to 
the fluxion of the Area PDI. And therefore thole Areas, being ge¬ 
nerated by equal fluxion, muft be equal. Q. E D. 

114. For the lake of farther illuftration, Iihall add the demon- 
ftration of the Conftrudtion, by which the Area of the Cifioid is 
determin’d, in Example 3. Let the lines mark’d with points in the 
Icheme be expunged j draw the Chord DQ^ and the Afymptote 

of the Cifioid. Then, from the nature of the Circle, it is 
DQ^ = AQx CQ^, and 
thence (by Prob. 1.) 2DQjt 

Fluxion of DQj= AQ_x CQ. 

And therefore AQ^j DQj: 

2DQ^i CQo Alfo from the 
nature of the Cifioid it is ED : 

AD :: AQ^: DQ^ There¬ 
fore ED : AD :: 2 DQj CQ^ 
and ED x CQj== AD x 2DQ^, 

or4XrADxDQ^ Nowfince 1 
DQ^is perpendicular at the 
end of AD, revolving about 

A} and *ADxQD=to the fluxion generating the Area ADOQ^ 

its quadruple alfo ED x GQ^==s fluxion generating the Cifioidal Area 
QREDO. Wherefore that Area QREDO infinitely long, is gene¬ 
rated quadruple of the other ADO(^_ QUE. D. 

l 

Scholium. 
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Scholium. 


i i 5. By the'’foregoing Tables not only the Areas of Curves, but 
quantities of any other kind, that are generated by an analogous 
way of flowing, may be derived from their Fluxions, and that by 
the afliftancc of this Theorem: That a quantity of any kind is to an 
unit of the fame kind, as the Area of a Curve is to a fuperficial 
unity ; if fo be that the fluxion generating that quantity be to an 
unit of its kind, a6 the fluxion generating the Area is to an unit of 
its kind alio $ that is, as the right Line moving perpendicularly upon 
the Abfcife (or the Ordinate) by which the Area is deicribed, to a 
linear Unit. Wherefore if any fluxion whatever is expounded by 
fuch a moving Ordinate, the quantity generated by that fluxion will 
be expounded by the Area defcribed by fuch Ordinate; or if the 
Fluxion be expounded by the feme Algebraic terms as the Ordinate, 
the generated quantity will be expounded by the feme as the de¬ 
icribed Area. Therefore the Equation, which exhibits a Fluxion of 
any kind, is to be fought for in the firft Column of the Tables, and 
the value of t in the laft Column will (how the generated Quan¬ 
tity. _ 


116. As if \/1 -4- exhibited a Fluxion of any kind, make, it 
equal to y , and that it may be reduced .to the form of the Equations 
in the Tables, fubftitute z* for z, and it will be z~* %/1- 4- 
—an Equation of the firft Species of the 3d Order of Table 1. 
And comparing the terms,' it will be /=tc 1, rt=r *, /= — , 

• and thence 8a ~h l — y /i + ^-s^Rtss/, Therefore it is the 
quantity 8 ** -- y/i -+- ^ which is generated by the Fluxion 


4* 


117. And thus if V 1 -f- ~ reprefcnts a Fluxion, by a due re- 
dtrfticm, (or by extte&ag z* out of the radical, and writing ** 

% I ft) 

for there will be had y, an Equation of 

the 26. Species of the jth Order of Table 2. Then comparing the 

terms, 
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terms, it is d=s i, / = ^r, and/== i. So that z* = 

_ 9« 7 **—“**» 

r *6*X , . —24/ 

v 1+-^==t>, and *x ==—/==/. Which being found, the 

7 * 

quantity generated by the fluxion .+. *2! w iH known, by 

9a* 

making it to be to an Unit of its own kind, as the Area |x is to 
fuperficial unity } or which comes to the fame, by fuppofing the 
quantity t no longer to reprefent a Superficies, but a quantity of an¬ 
other kind, which is to an unit of its own kind, as that fuperficies 
is to fuperficial unity. , 

ji8 . Thus fuppofing >/ 14- ^ to reprefent a linear Fluxion, I 

imagine / no longer to fignify a Superficies, but a Line} that Line, 
for inflance, which is to a linear unit, as the Area which (accord¬ 
ing to the Tables) is reprefented by /, is to a fuperficial unit, or 
that which is produced by applying that Area to a linear unit. On 
which account, if that linear unit be made e, the length generated 

by the foregoing fluxion will be g. And upon this foundation 

thofe Tables may be apply’d to the determining the Lengths of 
Curve-lines, the Contents of their Solids, and any other quantit ies 
whatever, as well as the Areas of Curves. 

Of Queftions that are related hereto . 

f 

I. To approximate to the Areas of Curves mechanically . 

_ V 9 -. The method is this, that the values of two or more right- 
fined Figures may be fo compounded together, that they may verv 
nearly conftitute the value of the Curvilinear Area required 1 

120. Thus for the Circle AFD which is denoted by the Equa¬ 
tion x — xx== zz, having found the value of 
the Area AFDB, viz. ^ — 

, &c. the values of fome Rectangles are to 
be fought, fuch is the value xy/x _ xx, or x* 

“ t** — -rr**> &c. of the reCtangle 

BD x AB, and xfx, or x\ the value of AD x 
AB. Then thefe values are to be multiply’d by 
any different letters, that Hand for numbers indefinitely, and then 
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to be added together, and the terms of the fum are to.be. compared 
•with the correfponding terms of the valne of the Area AFDB, that 
as far as is poflible they may become equal. As if thofe Parallelo¬ 
grams were muhiplyM by e and/ the fom would be ex* — lex* 

. . 4 -/ 

— , &c. the terms of which being compared with theft: terms 

T* 5 *—r**—' -*T*\ &c. there arifes #+/«}, and — 
or?=p and/=-J.— r = T + T . So that -J.BD x AB-h VtAD x 
AB a=z Area AFDB very nearly. For £BD x AB+ ^AD xAB is 

equivalent to ^x* —* —■ft**—&c. which being fub- 

traded from the Area AFDB, leaves the error only -f- 
&c. 

121. Thus if AB were bifed ed in E, the value of die redangle 

AB x DE will be**/# ; —■£*’*> or x* — — 

fyn 1 -+■ * &c. And this compared with 

the redangle AD x AB, gives 8DB +* AD j nto 
AB css Area AFDB, the error being only 
-F &c. which is always lefe than 

ttb * * part of the whole Area, even tho’ AFDB 
Here a quadrant of a Circle. But this Theorem may be thus pro¬ 
pounded. As 3 to 2> fo is the redangle AB into DE, added to a 
fifth part of the difference between AD and DE, to the Area AFDB 
very nearly., * 

122. And thus'by compounding two redangles ABxED and 
AB x BD, Qr ah the three redangles together, or hy takin g in ftill 
more redangles, other Rules may be invented, which will be fo 
fnueh the more exad, as there are more Redangles made ufe of_ 
And the fame is to be underftood of the Area of the Hyperbola, or 
of any other Curves. Nay, by one only redangle the Arcamay 
often be very commodioufly exhibited, as in the foregoing Circle 
by taking BE to AB as */io to 5, the redangfe AB x ED will be 
to the Area. AFDB, as 3 to 2, the error being only tjt** 1 

II. Tie Area being given, to determine the Abfcifi. And Ordinate. 

123. When the Area is express’d by a finite Equation, there can 
be no diffietilty: But when it is exprefs’d by an infinite Series dm 
affeded root is to be extruded, which denotes the Abfcifi, So foe 

' - the 
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the Hyperbola, defined by the Equation = z, after we have 

found zs=tbx — -+• that from the ^given Area 

the Abfcils x may be known, extract the affe&cd Root, and there 
will arife x a j* 4- £3; -f- ^ And 

moreover, if the Ordinate z were required, divide ab by a 4-x, 
that is, by a -h J ■+. — .+. , &c. and there will arife »=£— 


* ** «* 

« ' t&b 6a*i* 


— &c 

24*44* J ccc * 


vw 

124. Thus as to the Ellipsis which is exprefs'd by the Equation 

Zxx s=r zz, after the Area is found z ess ■UV — - ^ . 

c 

«*** _fl£, &c. write *u» for —,, and / for jc*, and it becomes 

a72** 

ss /* -— ~ — —j, &c. and extracting the root /=v«+- 


v* 

•l* . flOJ* „ H71« 7 • /• . . V4 aiV* 8230;* 

^ ' *“• -whofefquarc^ + -+—,+ 

&c. is equal to x. And this value being fiibftituted inftead of x in 
the Equation ax — pvx = 22, and the root being extruded, there 

arifes z = a?v — !f!z? — — fSZfjg , ficc. So that from 

5 c l 7 S c% 2250 ct 

2, the given Area, and thence v or the Abfcils x will be 

given, and the Ordinate z. All which things may be accommo¬ 
dated to die Hyperbola, if only the fign of the quantity c be changed, 
wherever it is found of odd dimenfions. 


R 2 
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The Method of Fluxions, 


P R O B. X. 

To fiiod as many Curves at we pleafe y whofe Lengths, 
may be exprefsd by finite Equations. 

1. The following pofition9 prepare the way for the folution of 
this Problem. 

2. I. If the right Line DC, ftanding perpendicularly upon any 
Curve AD, be conceived thus to move, 
all its points G, g, r , &c. will defcribe 
other Curves, which are equidiftant, and 
perpendicular to that line: As GK, gk, 
rs, &c. 

3. II. If that right Line is continued 
indefinitely each. way,, its extremities will 
move contrary ways, and therefore there 
will be a Point between, which will have 
no motion, but may therefore be call’d, 
the Center of Motion. This Point will 
be the fame as the Center of Curvature, 
which the Curve AD hath at the point D, 
as is mention’d before. Let that point 
beC. 

4. III. Ifwe foppofe the line AD not 
to be circular, hut unequably curved, ,fup- 
pofe more curved towards and lefs toward A; that Center will 
continually change its place, approaching nearer to the parts-more 
curved, as in K, and going farther off at the parts lefs curved, as in 
k, and by that means will defcribe fome line, as KGt. 

5. IV. The right Line DC will continually touch the line de- 
feribed by the Center of Curvature. For if the Point D of this 
line moves towards its point G, which in the mean time pafles 
to K, and is fituate on the fame fide of the Center C, will move 
the fame way, by pofition 2. Again, if the fame point D moves 
towards A, the point g, which in the mean time pafles to k, and 
is fituate on the contrary fide of the Center C, will move the con¬ 
trary way, that is, the fame way that G moved in the former cafe, 
while it pafe’d to K. Wherefore K and k lie on the feme fide of 
the right Line DC. But as K and k are taken indefinitely for any 

points. 
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points; it is plain that the whole Curve lies on the lame fide of the 
right line DC, and therefore is not cut, but only touch’d by it, 

6. Here it is fiippos’d, that the line #DA is continually more 
curved towards and lets towards. A j for if its greateft or leaft 
Curvature is in D, then the right line DC will cut the Curve KC £ 
but yet in an angle that is left than any right-lined angle, which is 
the lame thing as if it were laid to touch it. Nay, the point C. in 
this cafe is the Limit, or Cu&id, at which the two parts of the 
Curve, finilhing in the moft oblique concourfe, touch each other; 
and therefore may more juftly Be laid to Be touch’d, than to be cut^ 
by the right line DC, which divides the Angle of contact. 

7. V. The right Line CG is equal to the Curve CK. For con- 
ceivc all the points r, 2 r, 3 r, 4 r t &c. of that right Line to deferibe 
the arches of Curves rs, 2r2s, 3 r$s, ficc. in the mean time that they 
approach to the Curve CK, by the motion of that right line j and 
fince thofe arches, (by pofition 1.) are perpendicular to the right 
lines that touch the Curve CK, (by pofition 4.) it follows that they 
will be alfo perpendicular to that Curve. Wherefore the parts of 
the line-CK, intercepted between thole arches,, which by reafon of 
their infinite finallnefs may be confider’d as right lines, are equal to 
the intervals of the lame arches j that is, (by pofition 1.) are equal 
to lb many parts of the right line CG. And equals being added 
to equals, the whole Line CK, will"be equal to the whole Line 
GG. 

8. The lame thing would appear by-, conceiving,- that every part 
of the right Line CG, as it moves along, will apply itfelf fuccef- 
fiyely to every part of the Curve CK, and. thereby will mealure 
them j juft as the Circumference of a wheel, as it moves forward by 
revolving upon a Plain, will meafure. the diftance that the point of 
Contact ^continually deferibes. 

9. And hence it appears, that the Problem may be refolved, by 
afi'uming any. Curve at pleafure. Aj'DA, and thence by . determining 
the other Curve KC£, in' which the Center of Curvature of the 
aflumed Curve is always found. Therefore letting fall the perpen¬ 
diculars DB and CL, to a right Line AB given in pofition, and in 
AB taking any point A, and calling AB=x and BD=yj to 
define the Curve AD let any relation be afiiimed between x and 
and then by Prob 5. the point C may be found, by which, may be 
determined both the Curve KC, and its Length GC. 


10. 
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io. Example. Let tut s^yy be the Equation to the Curve, 
which therefore will be the Apollonian Parabola. And, byProb. 5. 
will be found AL= 4 <* -+- 3*, CL= 

— , and DC= >/%aa 4- ax. 

Which being obtain’d, the Curve KC 
is determin’d by AL and LC, and its 
Length by DC. For as we are at 
liberty to afiume the points K and C 
any where in the Curve KC, let us 
fuppofe K to be the Center of Cur¬ 
vature of the Parabola at its Vertex; 
and putting therefore AB and BD, or 
x and y, to be nothing, it will be 
DC = 4*. And this is the Length 
AK, or DG, which being fubtradted 
from the former indefinite value of 

DC, leaves GC or KC = s/l^aa -f- ax — 4 a. 

ti. Now if you defire to know what Curve this is, and what is 
its Length, without any relation to the Parabola } call KL = z, 
and LC = <u, and it will be *=r AL— \a=z 3*, or *.* = #, and 

^ =5 ax =yy. Therefore 4*/— = ^ = CL ssa v. ot^* = 
v * $ which fhews the Curve KC to be a Parabola of the fecond kind. 
And for its Length there arifes H y/^aa 4- 4 aa — 4 a, by 
writing for x in the value of CG. 

12. The Problem alfo may be refolved by taking an Equation, 
which fliall exprefs the relation be¬ 
tween AP and PD, luppofing P to 
be the interfedtion of the Abfcifs and 
Perpendicular. For calling AP=— x, 
and PD = J, conceive CPD to move 
an infinitely finall fpace, fuppofe to 
the place Cpd, and in CD and G i ta¬ 
king CA and C^ both of the fame 
given length, fuppofe = 1, and to 
CL let fall the perpendiculars Ag and 
fy, of which A g, (which call =z) 
may meet Cdinf. Then compleat 
the Parallelogram gyte, and making 

x,y, ands the fluxions of the quantities x, y, and z, as before ; 

it 




Digitized by LjOOQie 



and IwPittiT* 127 

it will be A* : Af :: Ar\*: 571 *:: ; c 2 T[*:: §-* : CA. 

And A/*: Vp :: CA : CP. Then ex aquo, Ae : Pp :: ** * * : cp. 

But P 'p is the moment of the Abfcifs AP, by the acccflion of which 
it becomes Ap ; and Ae is the contemporaneous moment of the per¬ 
pendicular Ag, by the decreafe of which it becomes £y. There¬ 
fore Ar and Vp are as the fluxions of the lines A g (z) and AP (#), 

that is, as z and x. Wherefore z : x:: : CP. And fince it 

» Cgl* = CAT — Ag~f = 1 — ««, and CA= 1 } it will be 

CPs= ~ ~'/ rz . Moreover fince we may afiiune any one of the 

three x t y, and z for an uniform fluxion, to which the reft are to be 
referr’d, if a? be that fluxion, and its value is unity, CP .at*. 

I — *« 

• • 

13. Befid es it is CA (1) : Ag (*) :: CP : PL; alio CA (1) : Cg 

(S l <— zz) :: CP : CL; therefore it is PL os IZIZL , and CL =r 
_ 1 * 
y/i — zz. Laftly, drawing pq parallel to the infinitely finoll 

Arch Dd, or perpendicular to DC, Py will be the momentum of 
DP, by the acceffion of which it becomes dp, at the fame time that 
AP becomes Ap. Therefore I *p and P q are as the fluxions of AP 
(*) and PD (j), that is, as 1 and y. Therefore becaufe of fimilar 
triangles P pq and CAg, fince CA and A g, or i and », are in the 

feme ratio,, it will be y ess z. Whence we have this folution of 
the Problem. 

14. From the propofed Equation, which exprefles the relation 
between, x and 7, find the relation of the fluxions x and- y, (by Prob.i.) 
and putting x sx r, there will be had the value of y y to which z 
is equal Then fobftiumng « for y, by the help of the laft Equa¬ 
tion find the relation of the Fluxions x f y, and z, (by Prob. 1.) and 
again fthftfcaimg r for *, there will be had the value of z. Thefe 
being found make LzJl-=CP, *fxCP=rPL, and CPxv/i —"yy 

am CL* and € wiB be a Point in the Curve, any part of which 
KC is equal to the right Line CG, which is the differed cx of the- 
tangents, drawn perpendicularly to the Curve Ud from the points 
G and K. - 

J 5« 
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15. Ex. Let<M?=yy be the Equation which exprefles therela- 
tion between AP and PD; and (by 
Prob. 1.) it will be firft ax=z 2 yy, or 
a=2yz. Then lyz -f- 2 yz =o, or 

s— z. Thence it is CP = 

* .. 

’.HI! == y— - , PL ass z x CP s 

t*—^, and CL= aa ~ M — y/ \yy — aa. 

And from CP and PL taking away y 
and x, there remains CD = — — , 

and AL = \a — ~ . Now I take 

away y and x, becaufe when OP and 
PL have affirmative values, they fall on the fide of die point P to¬ 
wards'© and A, and they ought to be diminifhed, by taking away 
the affirmative quantities PD and AP. But when they have negative 
values, they will fall on -the -contrary ‘fide of the point F, and then 
they muft be encreafed, which is alio done by taking away the affir¬ 
mative quantities PD and AT. 

16. Now to know the Length of the Curve, in which the point 
C is found, between any two of its points K and C; we muft feck 
the length of the Tangent at the point K, and fubtradt it from CD. 
As if K were the point, at which the Tangent is terminated, when 
CA and Ag, or 1 and z, are made equal. Which therefore is fituate 
in the Abfcifs itfelf AP; write 1 for * in the Equation a = 2yjB, 
Whence a= 2y. Therefore for y write \a in the value of CD, 

that is in — ^ , and it comes out — ±a. And this is the length 
of the Tangent at the point K, or of DG ; the difference between 
which and the foregoing indefinite value of CD, is ^ — ±a, that 

is GC, to which the part of the Curve KC is equal. 

17. Now that it may appear what Curve this is, from AL (hav¬ 
ing firft changed its fign, that it may become affirmative,) take AK, 

which will be £4, and there will remain KL = ~ — %a, which 
call t y and in the value of the line CL, which call v, write for 

A and there will arife ^ n/^at = v, or s= w, which 
is an Equation to a Parabola of the fecond kind, as was found before. 

18. 
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18. When the relation between t and v cannot conveniently be 
reduced to an Equation, it may be fufficient only to find the lengths 
PC and PL. As if for the relation between AP'and PD the Equa¬ 
tion 2 a%x -hS a 'y —y* =0 were aflumed; from hence (by Prob. 1.) 
firft there arifes a*~i-a*z —_y*z=o, then aaz 2yyz —y*i;=o, 

and therefore it is and z=-^~. Whence are 

given PC= - f , and PL= z x PC, by which the point C is 

determined, which is in the Curve. And the length of the Curve, 
between two fuch points, will be known by the different 0 f ^ 
two correfponding Tangents, DC or PC— y. 

19. For Example, if we make az=. 1, and in order to determine 
lome point C of the Curve, we take 7 = 25 then AP or x becomes 

*=t> *=—y> PC=—-2, and PL=^~- 
Then to determine another point, if we take y = 3, it will be 

AP = 6, z — tj &^"" ttt) PC= — 84, andPL=—10J. 

Which being had, if y be taken from PC, there will remain_4 

in the firll cafe, and ■— 87 in the fecond, for the lengths DC ; the 
difference of which 83 is the length of the Curvt^ between the two 
points found C and c. v ... 

20. Thefe are to be thus underftood, when the Curve is coati- 
nued between the two points C and c, or between K and C, with¬ 
out that Term or Limit, which we call’d its Cufpid. . For when 
one Or more fuch terms come between*thole points, (which terms 
are found by the determination of the greateft or Jeaft PC or DC ) 
the lengths of each of the parts of the Curve, between them and the 
points C or K, muft be feparately found, and then added together. 

PROB. XI. 

3b find as many Curves as you pleafe ,, whxrfe Lengths may 
be compared with the Length of any Curve propofed\ 
or with its Area applied to a given Line* by the help of 
finite Equations* 

1. It is performed by .involving the Length, or the Area of the 
propofed Curve, in the Equation which is aflumed in the foregoing 
Problem, to determine the relation between AP and PD (Figure 

Art. 12. pag. 12b.) But that so and so may be thence derived, (by 

S Prob. 
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Prob. i.) the fluxion of the Length, or of the Area, nmft be firft 

difcover’d. 

2. The fluxion of the. Length, isidetfirinin’d by putting jt equal to 
the fljuare-root of'the fum of the.fquares of the fluxion of the Abo 
fcifs and of'the Ordinate. For let RN fie the perpendicular OrdL 
hate, moving upon the Abfcifs MN, and 
let QR be tne propofcd Curve, at which 
RN is terminated. Then calling MN 
st=i, NR=rf, and QRsrs-u, and their 
Fluxions s, t, and t> relpedlively •, con¬ 
ceive the Line NR to move into me place 
nr infinitely near the former, and letting 
fall R s perpendicular to>«r, then Rr, sr, 
and Rr will be the contemporaneous moments of the lines MN, 
NR,, and QRj by the acceffipn of which they.'heeome Ms, nr, and 

Qr.. And as thele are to each other as the fluxions of the lame 

^ t— r 

fipes, and bec aufe of the right Angle Rrr, it will he V Rr * -f- 7 r* 
Rr, or */s' •+■ i* = v. 

■ 3. Rut to determine the fluxions s and.f there are two Equations 
tequkddoneof which is *6 define the relation between MN ahdNR, 
or s and f, from whence the relation between the flukions r and i 
ia to be derived > and another which may define the relation be¬ 
tween MN or NR in the given Figure, and of AP or x in that re¬ 
quired,- frbm whence the relation of the fluxion s or i to tihe fluxion 
jcw 'i may, be difcover’d. ' 

' 4. Then 'v being founds the fluxions y and a; are to be fought 
by a third aflumed Equation, by which the length PD or ^ 

defined. Then we are to take PC = PL =_y x PC, and* 

' k. 

DC = PC— y, as in the foregoing Problem. 

5, Ex. 1. Let as- — isss^stt'be an Equation to the given Curve 
QR, which will be a Circle; xx=as the relation between the 
fines AP and MN, and %vc=sy, the relation between the length of 
the Curve given QR, and the right Line PD. By the firft it wilL 

be as — 2ssz=2tt, or -s =zi. And thence ^ = v ^ 

By die fecond it is 2X zxz as, and therefore j =r v. And by the 

third =s y, that is, ^ = z, and hence ^ — ~ = z. Which; 

being 
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being fond, yon rnuft take PC= 1-^2 , PL = y* xPC, and DC 

—- PT. —y, or PC—--j-QR. Where it appears,, that the length of 
the given Carve QR cannot he found, but at the fame time the 
length of the right Line DC muft be known, and from thence thp 
length of the Curve, in which the point C is found; and foon the 
contrary. > 

6. Ex. 2. The Equation as—ss = tt remaining, make x=iS, 

and w—t{ax=z\ay. And by the firft there will be found—^=«y, 
as above. But by the fecond i = s, and therefore £ = v. And 
by the third 2W — 4a =3*407, or (eliminating ij J — i = z. 

Then from hence ~ ^ *= *. 

7. Ex. 3. Let mere be fuppos’d three Equations, oases e, 0+ 
= x, and x -f-v =-y. Then by the firft, which denotes an 

Hyperbola, it is o=s sst+ts, or —and therefore >/ ss-\-tt 

= v /ss tt = v. By the fecond it is 3* == 1, and therefore 
+ */ss -+- tt = v. And by the third it is 1 + vwqz y, or K-t- 

— s/ss r/ = z ; then it is from hence w ='x, that is, putting w 
^ • 

for the Fluxion of the radical - */ss -{- ft, which if k be made 

v 

equal to w, or »*+-•— '— ww, there will arife from thence —» 
^x= 2m And firft iubftituting y for , i } tljten for s, and 

dividing by 2w, there will arife ~~~[ === w == z. Now y and Js 

being found, the reft is perform’d as in the firft Example. 

8. Now if from any point Q^of a Curve, a .pefpesndicqlar QV is 
let.fall on MN, and a Curve is to be found, yvhofe length may be 
known from the length which arifesby, applying foe Area QRNY 

to any given line j let that given Line be Calfd E, the.letigth ^fi? 

which is produced by fuch application be call’d, v, and fis^fluxion <0. 
And tfnee foe fluxion of the Area C£RNV is to tfie Fluxion of the 
Area<of a rectangular parall^ogram made upori VN, with the, height 
E, at the Ordinate or moving line NR ss=*‘t f ' by Whidh tlijS is ,de r 
ibribed, to the moving Lifte E, by which the Other' is deiefibed in 
• S 4 1 - - : the 
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the fame tipne; and. the fluxions v and s of the lines v and MN, 
(or s,) or of the lengths which arife by applying thofe Areas to the 

given Line E, are in the lame ratio-; it will be g. Therefore 

by this Rule the value of v is to be inquired, and the reft to be 
performed as in the- Examples aforegoing. 

9. Ex. 4. Let.QR he an Hyperbola which is defined by this 

Equation, aa -+- ™ = tt ; and thence arifes (by Prob. 1.) — =tf, 
or = i. Then if for the other two Equations axe affirmed x=zs 
and y=V > the firft will give 1 = s r whence v ==g = -g ; and 
the latter will give y = v, or z = g, then from hence z = ^ , 
and fubftitutihg ~ or ^ for /, it becomes z =s ~ . Now y and z 

being found, make = CP, andy X CP = PL, as before, and 

thence the Point C will be determin’d, and the Curve in which all 
foch points are fituated: The length of which Curve will be known 
from- the length- DC, which is equivalent to- CP — *n, as is fuffi- 
ciently fhewn before. 

10. There is alfo another method, by which the Problem may 
be refolded ;.and>that is by finding Curves whofe fluxions are either 
equal to the fluxion of the propofed Curve, or are compounded of 
the fluxion of that, and of other Lines. And this may fometimes 
be of ufe, in converting mechanical Curves into equable Geometri¬ 
cal Curves; of which uiiog there is a remarkable Example in fpiral 
lines. 

11. Let AB be a right Line given in pofition, BD an Arch mov¬ 
ing upon AB as an Abfcifs, and yet re¬ 
taining A as its Center, ADd a Spiral; at 
which that arch is continually terminated; 
id an arch indefinitely near it, or the place 
into which the arch BD by its motion next 
arrives, DC a perpendicular to the arch bd y 
dG the difference of the arches, AH an¬ 
other Curve equal to the Spiral AD, BH a. 
right Line moving perpendicularly upon 
AB, and terminated at the Curve AH, A6the 
nestplace into which that right Line moves. 
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lb. And in the infinitely little triangles DG i and HK£, fince DC 
I and HK arc equal to the fame third Line Band therefore equal 

to each other, and D d and H h (by hypothecs) are correfpondent 
parts of equal Curves, and therefore equal, as alfo the angles at C 
and K are right angles; the third fides dC and will be equal 
alfa Moreover fince it is AB : BD :: A A :6C:: Ah — - AB (B£) : 

1 3C—BD (CG) j therefore—55— = GG. If this be taken away 

’ from dG, there will remain dG —■ BP A X ^ —* = dC = £K. Call 

* therefore AB = 2, BD = v, and BH =y, and their fluxions 

1 z, v y and y refpedtively, fince B h, dG, and bK are the contempora¬ 

neous moments of the fame, by the acceffion of which they become 
Id, and bb y and therefore are to each other as the fluxions. 
Therefore for the moments in the laft Equation let the fluxions be 
fobftituted, as alfo the letters for the Lines, and there will arife v— 

—s«. Now of thele fluxions, if z be fuppos’d equable, or the 

X * 

unit to which the reft are refer’d, the Equation will be v —J==y. 

12. Wherefore the relation between AB and'BD, (or between z 
and v,) being given by any Equation, by which the Spiral is defined, 
the fluxion v will be given, (by Prob. i.) and thence alfo the fluxion 
y, by putting it equal to v — j . And (by Prob. 2.)' this will give 
the line y, or BH, of which it is the. fluxion. 

13. Ex. *. If the Equation were given, which is to the 

Spiral of Archimedes^ thence (by Prob.. 1*) “ == v. From hence 
take ~ » °r ~ > and there will remain ~ =y, and thence (by Prob'. 2.) 

52 =y. Which fhews the Curve AHj to-which the Spiral AD is 

equal, to be the Parabola of Apollonius,. whofe Latus re flu m is 2a-, 
.or whole Ordinate BH is always equal to half the Arch BD. 

14. Ex. 2. If the Spiral be propofed which is- defined by the 

Equation z v =av % , or v = ~, there arifes (by Prob, 1.) 

- 2a* . 

T * 

from which if-you take ~, or there will remain — and 

* *** , 

thence (by Prob. 2.) will be produced ~=sy. That is, £BD:=s= 

3 a* 

BH, AH being a Parabola of the fecond kind. 15. 
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i 5. Ex. 3. If the Equation to the Spiral be =a=-u, thence 


(by Prob. 1.) 


2 a •+- 3* 


v 


, there will rerhain 


i from whence if you take away or 
^===z =y '. Now Alice the quantity 


generated by tshis fluilon y caAnot be found by Prob. 2. unfefs it be 
reiblved into an infinite Series; accordirtg to the tenor of the Scho¬ 
lium to Prob. 9. I reduce it to the form of the Equations in the firft 
column of the Tables, by fubftituting z H for c j then it becomes 


* — =y, which Equation belongs to the 2d Species of the 4th 

2 V ac -f- esc* 

Order of Table 1. And by comparing the terms, it is d= 4, e=zac, 
and f = Cy fb that ~~ >/ac -\-cz = t =y. Which Equation 

belongs to a Geometrical Curve AH, which is equal in length to the 
Spiral AD. 


PROB. XII. 

To determine the Lengths of Curves. 


1. In the foregoing Problem we have Ihewn, that the Fluxion of 
a Curve-line is equal to the lquare-root of the fum of the fquares of 
the Fluxions of the Abfcifs and of the perpendicular Ordinate. 
Wherefore if we take the Fluxion of the Abfcifs for an uniform and 
determinate meafure, or for an Unit to which the other Fluxions 
are to be refer’d, and alfo if from the Equation which defines the 
Curve, we find the Fluxion of the Ordinate, we fhall have the 
Fluxion of the Curve-line, from whence (by Problem 2.) its Length 
may be deduced. 

2. Ex. 1. Let the Curve FDH be propofed, which is defined by 

the Equation ^ ^ } making the Abfcifs AB =s z, and the 


moving Ordinate DB =sy. 'Then 
from the Equation will be had, 

(by Ptob. 1.) ^ =), the 

fluxion of z being 1, and y being 
the fluxion of y. Then adding the 
fquares of the fluxions, the lum 

=s ti, and 


will be £ 


a 4 

« 44* 4 



extrading the root, ~~ 4- 
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ti 


*35 

Here / ftands for the 


aat 'fy and Whence (by Frob. 2.) 

fluxion of the Curve, and t for its Length. 

3. Therefore if the length dD of apy portion of this Curve w-ere 
required, from the points a and D let fall the perpendiculars db and 
DB to AB, and in die value pf t fubftitute the quantities Ab and 
AB feverally for z, and the difference of the refults will be dD the 
Length required. As if Ab ==: \a } and AB == writing \a for z, 
it becomes / = — ^ . then writing a for z, it becomes r= — , 
from whence if the firft value be taken away, there will remain 

for the length dD. Or if only Ab be determin’d to be ±a, and 

AB be look'd upon as indefinite, there will remain — — ~ 

for the value, of dD. 

4. If you would know the portion of the Curve which is repre¬ 
sented by t y ftppoie the value of t to be equal to nothing, arid there 

.urileSjS^Fs; — » or Pr=r ~r~ • Therefore if you take AB==~ >. 

and eredt the perpendicular bd x the length ©f the Arch dD will be 
f or — —*• — • And the lame is to be underftood of all. Curves 

1 aa it* 

in general. 

5. After the fiu?ie manner by which we have determin'd the: 
length of this Curve,, if the Equation £ -fi. —y be propofed,. 
for defining the nature of another Curvej there will be deduced 

- _fl ss= /} or if tfos.Equation be propofqd, ~ 

it* 

there will ariie L /. Or in general, if it is ce* •+• 

a 1 

% x j e 

_1_ z=y, where 6 is tiled for reprefenting any number, either 

Integer or £«£tion, we foall have cz« — ==/. 

6. Ex. 2. Let die Curve be propofed which is defined by this 

.Equation ^£±J 5 * =y j then (by Erob. i.) will *be had 

= ***** +**. or exterminating y, y == ^ \/da-$- zz. 




To the fqjiare of which, add i, and the fum mil he i.-h -d- j? 


4 z4 
'aft * 

and. 


a 
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and its Root 1 -f. ^ — t. Hence (by Prob. 2.) will be ob¬ 
tain'd Z -+- t , 

7. Ex. 3. Let a Parabola of the fecond kind be propofed, whole 
Equation is z 1 = ay*, or ^ and thence by Prob. 1. is derived 

= v. Therefore */ i-j-^ = \/1 -+- yy = t. Nowfiflce flie 
2** 4* 

length of the Curve generated by the Fluxion t cannot be found by 
Prob. 2. without a reduction to an infinite Series of fimple Terms, I 
confult the Tables in Prob. 9. and according to the Scholium belong¬ 
ing to it, I have t = 8 f + l8 f v' 1 ^ . And thus you may find 

the lengths of thefe Parabolas z* = ay*, z 1 = ay*, z* = ay*, 

See. 

8. Ex. 4. Let >the Parabola be prepoled, whole Equation is z* 

i I 

sssay*, or L. =y; and thence (by Prob. 1.) will arife 5 L = jr. 

a 1 

Therefore </ 1 -f- ~ = */yy ■+■ 1 .= i. This being found, I 

9« 7 

confult the Tables according to the aforelaid Scholium, and by com¬ 
paring with the 2d Theorem of the 5th Order of Table 2, I have 

& ss x, 1 «+• =rv, and | s =/. Where x denotes the Ab- 

lcils, y the Ordinate, and s the Area of the Hyperbola, and t the 
length which arifes by applying the Area is to linear unity. 

9. After the fame manner the lengths of the Parabolas z*^say>, 
z* = ay\ z tc = ay*. See. may aim be reduced to the Area of the 
Hyperbola. 

to. Ex. 5. Let the Cifioid of the Ancients be propofed, whole 
Equation is =sy, and thence (by Prob. 1.) “ 

s/ az — zz sssy, and therefore ~ —- y/yy x —— 1\ 

which by writing z* for 1 or z~', becomes ^ s/az' 1 -f- 3 = f, 
an Equation of the ill Species of the 3d Order of Table 2 ; then 
comparing the Terms, it is ^ = d, 3 =: e, and a = f ; fo that 

Zs=z-=-x % ,s/a~\-ixx-=.v, and 6 s — 51 * —-t^into —— s=t. 

♦t K 2*X 

And 
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And taking a for Unity, by the Multiplication or Divifion of 
which, thefe Quantities may be reduced to a juft number of Di- 

menfions, it becomes az = xx, •>/aa 4- 3*# —= «y, and -_ 

z=t: Which are thus conftrudked. 

•. j 1. The Cifloid being VD, AV the Diameter of the Circle to 
which* it is adapted, AF its Afymptote, and DB perpendicular to 
AV, cutting the Curve in D with the 
Semiaxis AF = AV, and the Semipara¬ 
meter AG = yAV,Jet the Hyperbola 
F£K be deicribea; and taking AC a mean 
Proportional between AB and AV, at C 
and V let Ci and VK drawn perpendi¬ 
cular to AV, cut the Hyperbola in k, 
and K, and let right Lines it and KT 
touch it in thofe points, and cut AV in 
t and T j and at AV let the ReCtangle' 

AVNM be defcribed, equal to the Space 
TK kU Then the length of the Cifloid 
VD will be fextuple of the Altitude VN. 

12. Ex. 6 . Suppofing A d to be an Ellipfis, which the Equation 
y/az — 2zz —y reprefents j let the mechani¬ 
cal Curve AD be propofed of fuch a nature, that 
if Bd, or y, be produced till it meets this Curve 
at D, let BD be equal to the Elliptical Arch Ad. 

Now that the length of this m ay be deter¬ 
min’d, the Equation az —2 zz=xjr will give 

t6 the of which if I be added, there arifes 

the f£ l uare of the fluxion <* the arch Ad. To which 
if 1 be added again, there will arife whofe fquare-root 

^ is the fluxion of the Curve-line AD. Where if * be'ex¬ 
tracted out of the radical, and for z ” 1 be written z", there will be 
had ^===, a Fluxion of the ill Species of the 4th Order of 

Tables. Therefore die terms being collated, there will arife d=zja t 
£x— 2, andfo that z = — 

SC 9 

, Xs Axv , $de . • ' fu 

and —-h ^ = -r into s — ixv — — == /. 

a a * 4 / 

T ,3. 
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i ?. The Conftruftion of which is thus; that the right line dC 
being drawn to the center of the Ellipfis, a parallelogram may be 
piade upon AC, equal to the feftor AG i, and the double of its 
height \vill be the length of the Curve AD. 

14. Ex. 7. Making A^= <p, (Fig. 1.) and ab being an Hypw- 
bola, whofe Equation is s/ — a- -f- Jiff 3=5 ( 3 and its tangent J^T 
being drawn ; let the Curve 
Y^D be propqfed, whole 

A,b^ifs is and its per¬ 
pendicular Ordinate is the 
length m whjch arifes by 
applying t^e Af ea *lTa to 
lipear unity. Now that the 
length 4>f this, Curve VD 
may be i determin’d, I feek 
tl^e fluxion of tnj? Area a.# T* r 
wfhen A|B flows uniformly, 

and I. find it. to be ~ 

_ , • -‘t t. * T'* 

Vb — az t putting AB =3=2, 
arid its fluxion unity. For 

’tis AT = j f = j s/z^ and its fluxion is , whqfe half drawn 

intp the altitude (8/, or >/ ~ -4-- , is the fluxion of the Area 
■a^T, defcribed ^ by the Tangent. <tT. Therefore that fluxion is 
this apply’d to unity becomes the. fluxion of the 
Ordinate BO. To the fquare of this add 1, the fquare of 

the fluxion BD, and there arifes T«*f + whofe root 

s/afb-r-naiz-jp- \bfaz. % is the fluxion of the Curve VD. But this 
is a fluxion of the ill Species of the 7th Order of Table 2 ; and 

the terms being collated, there will be ^ = d x aab =r, -—**==/; 

\tb % ==g, and therefore z and s/a x b —<2^+ ibb'x* = v t 

.(arT Equation to one Conic Section, luppofe HG, (Fig. 2.) whole 
Area EFGH is s, where EF s=j= x, and FG = v ;) alfo ^ sssxf, 

and V =s T, (an Equation to another Gome 

Sedition, 
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SfSttoir, (oppoft ML {Ftg, j,)'whofe Area 1 KLM It », »h*re IK 
w=$,.*ni KL= T>) iaftiy 

- ft 1 S- Wherefore-that the length , of any portion D d pf the Curve 
VL> may c be knoWh, lei Kill do perjpendictffar to AB, and make Kb 
a±k te; arid therfCe, By what’ is jiow found) feek the v^ltfe of a 
Then anakeAB =&> and thence alfo feek for t. And the diffe¬ 
rence oftheie two values of / tyill Ije the. length D d required. 
i*6. Ex, Let the Hypeihola be propos’d, whole Equation is 

\/aa -j -ibzz ==y, &rid thence* (by Prob. i.) Will be hady == ^ > 0 r 
■■;■■■ — / . To the fqfaire of this add” i, and the root of the ftuh 

y\ma + bzx i * • . 

^riil be ~~ = *• Now as this fluxion is riot to be found 

th the Tables, I r edkite' it to an infinite Series; fi nd firft by divifidn 
H becomes./ = \/r + 1 — rU® >& c * an ^ extra&ibg 

See. And 


. i* ii*+h* 

the root, t = i H- —zz* — ■ „ . - z 4 


Sl 4 + 4 i’+i*~ t 

- X* , 


2 a % ~ Sa 4 ~ I &a* 

hence (by Prob. 2.) may be had the length of the Hyperbolical Arch, 

i% + M . 8t*+4f + l* . c 

or / = * + g .a' - Z£r*’ + - !&- ' ■» % &C. 

17. If the Ellipfis s/ aa — bam =/ were propofed, the Sign of 
/ ... an( j t jj ere w iH be had z •+. 


b ought to be every where changed, 

** . 4 *» — l +~t . + 

bZ z -1- ^ 4 ~ z "* THZ z » 


6a 1 ' 

Arch. 


&c. for the length of its 




And likewife putting Unity for b, it will be 2 + + 

¥l~ , See. for‘the length of the Circular Arch* Now the 

n um eral coefiicients of this ferkrs may be found ad infinitum , by mul- 
tiplying continually the terms of this Progreflion ~ > 

2 £ 2 , See. 

18. Ex. 9. Laftly, let the Quadratrix VDE be propofed, whole 
Vertex is V, A being the Center, and AV 
the femidiameter of the interior Circle, to 
which it is adapted, and the Angle VAE 
being a right Angle. Now any right Line 
AKD being drawn through A, cutting the 
Circle in K, and the Quadratrix in D, and 
•the perpendiculars KG, DB being let fall 
to AE i call AV = a, AG = z> VK = x, and BD = y y and it 

T 2 will 



1 
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will be as in the foregoing Example,. x ssxz -+• ~ -fi. ~ -f. ^ 

&c. Extrad the root #, and there will arife z s= Af-— ~ -+■ JLl- 

6a* * i2oaf 

' v7 1 j 1 • *" 

~ > &c. whofe Square lubtrad from AKy, or a*, and the 

root of the remainder *— £ + ~ — ^}» &c. will be GK. 

Now whereas by the nature of the Quadratrix ’tis AB = VR = a:, 
and fince it is AG : G.K :: AB : BD(y), divide ABxGK by AG; 

and there will arife= a -— x ~ — -~ v — -~‘ t ,, &c. And thence^ 
(by Prob. i.) y = — ~ — ^ — ~- r , &c. to the fquare of 
which add i, and the root of the lum will be i-t- — _i_ ilfi. 
-4- ■ 6 ° 4J:6 - < . 0 &c. = i. Whence (by prob. 2.) / may be obtain'd* 


‘ *27S7S^ *-•.. ' 7 . • 

or the Arch of the Quadratrix y vie, YD 

&H* 7 ... 


2x1 

\~X~ 1 - * 1" 


14** 

aSTJaV*" 
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THE 

METHOD of FLUXIONS 

\ 


AND 

INFINITE SERIES. 


Annotations on the Introduction: 

o 

The Refolution of Equations by Infinite Series. 


Sect. I. Of the Nature and ConflruStion of Infinite 

or Converging Series, 



HE great Author of the foregoing Work begins 
it with a fhort Preface, in which he lays down 
his main defign very concifely. He is not to be 
here underltood, as if he would reproach the mo¬ 
dem Geometricians with deferting the Ancients, 
or with abandoning their Synthetical Method of 
Demonftration, much lets that he intended to dilparage the Analy¬ 
tical Art; for on the contrary he has very much improved both 
Methods, and particularly in this Treadle he wholly applies himfelf 
to culdvate Analyticks, in which he has fucceeded to univerial ap- 
plaufe and admiration. Not but that we lhall find here fome ex¬ 
amples of the Synthetical Method like wile, which are very mafterly 
and elegant. Almoll all that remains of the ancient Geometry is 
indeed Synthetical, and proceeds by way of demonftrating truths 
already known, by lhewing their dependence upqn the Axioms, and 

other 
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other firft Principles, either mediately or immediately. But the 
bufmefs of Analyticks is to inveftigate iuch Mathematical Truths as 
really are, or may be fuppos’d at Icaft to be unknown. It aflumes 
thofc Truths as granted, and argues from them in a general man¬ 
ner, till .after a Series of argumentation, in which the feveral fteps 
have a neceflkry > connexion with each other, it arrives at the know¬ 
ledge of the propofition required, by comparing it with fomething 
really known or given. This therefore being the Art of Invention, 
it certainly deferves to be cultivated with the utmoft induftry. Many 
of our modern Geometricians have been perfuaded, by confidering 
the intricate and labour’d Demonftrations of the Ancients, that they 
were Matters of an Analyfis purely Geometrical, which they ftudi- 
oufly conceal’d, and by the help of which they deduced, in a diredt 
and .fcientifical manner, thofe abftrufe Propolitions we fo much ad¬ 
mire in fome of their writings, and which they afterwards demon- 
ttrated Synthetically. But however this may be, the lofs of that 
Analyfis, if any fuch there were, is amply compenfated, I think, 
by ,our prefent Arithmetical or Algebraical Analyfis, efpecially as it 
is now improved, I might fay perfected, by our fagacious Author in 
the Method before us. It is not only render’d vaftly more univerfaf 
and extenfive than that other in all probability could ever be, but is 
likewife a moft compendious Analyfis for the more abftrufe Geome¬ 
trical Speculations, and for deriving Conftrudtions and Synthetical 
Demonftrations from thence j as may abundantly appear from the 
enfuing Treatife. 

2. The conformity or correfpondence, which our Author takes 
notice of here, between his new-invented Dodtrine of infinite Series, 
and the commonly received Decimal Arithmetick, is a matter of con- 
fiderable importance, and well deferves, I think, to be let in a fuller 
Light, for the mutual illuftration of both $ which therefore I fhall 
here attempt to perform. For Novices in this Dodtrine, tho’ they 
may already be well acquainted with the Vulgar Arithmetick, and 
with the Rudiments of the common Algebra, yet are apt to appre¬ 
hend fomething abftrufe and difficult in infinite Series whereas in¬ 
deed they have the fame general foundation as Decimal Arithmetick, 
efpecially Decimal Fradtions, and the lame Notion or Notation is only 
carry’d ftill farther, and render'd more univerfal. But to fhew this 
in fome kind of order, I muft inquire into tbefe following particulars. 
Firft I muft fhew what is the true Nature, and what are the genuine 
Principles, of our common Scale of Decimal Arithmetick. Secondly 
what is the nature of other particular Scales, which have been, or 

may 
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may be, occafionally introduced. Thirdly, what is the nature of a. 
general Scale, which lays the foundation for the Do&rine of infinite* 
Series. Laftly, I lhall add a word or two concerning that Scale of 
Arithmetick in which the Root is unknown, and therefore propofed 
to be found; which gives occafion to the Doftrine of Affedted Equa¬ 
tions. 

Firft then as to the common Scale of Decimal Arithmetick, it is 
that ingenious Artifice of exprefling, in a regular manner, all con¬ 
ceivable Numbers, whether Integers or Fradlions, Rational or Surd, 
.by the feveral Powers of the number Ten, and their Reciprocals; 
with the afliftance of other fmall Integer Numbers, not exceeding 
Nine, which are the Coefficients of thofe Powers. So that Ten is 
here the Root of the Scale, which if we denote by the Character X, 
as in the Roman Notation, and its feveral Powers by the help of this 
Root and Numeral Indexes, (X* =s 10, X* = 100, X* = 1000, 
X 4 = 10000, &c.) as is ufual; then by afluming the Coefficients 
o, 1, 2, 3,4, 5, 6, 7, 8, 9, as occafion (hall require, we may form or 
jexprefs any Number in this Scale. Thus for infiance 5X 4 -f- yX* 4- 
4X 1 4- 8X* 3X 0 will, be a particular Number express'd by this 

Scale, and is the lame as 57483 in the common way of Notation. 
Where we may obierve, that this laft differs from the other way of 
Notation only in this, that here the feveral Powers of X (or Ten) 
are fupprefs’d, together with the Sign of Addition and are left 

to be fupply’d by the Underftanding. For as thofe Powers alcend 
regularly from the place of Units, (in which is always X®, or 1, 
multiply’d by its Coefficient, which here is 3,) the feveral Powers 
will eafily be undetfiood, and may therefore be omitted, and the 
Coefficients only need to be let down in their proper order. Thus 
the Number 7906538 will fiand for yX* 4- 9X S 4- 0X 4 -f-6X J 4- 
5X 1 -f- 3X* 4- 8X% when you fupply all that is underftood. And 
the Number 1736 (by fuppreffing what may be eafily underftood,) 
will be equivalent to X J 4- 7X 1 4- 3X 4- 6; .and the like of all other 
Integer Numbers whatever, express'd by this Scale, or with this 
Root X, or Ten. 

The fame Artifice is uniformly carry’d on, for the expreffing of 
all Decimal Fractions, by means of the Reciprocals of the feveral 

Powers of Ten, fuch as £ = 0,1; ^- = 0,01 ; ~ =x>,ooi; &o. 
which Reciprocals may be intimated by negative Indices. Thus the 
Decimal Fraftion 0,3172 Hands for 3X“* 4- iX’ r_& 4- 7X 4- 2X~ 4 ; 
and the mixt Number 526,384 (by fupply ing what is underftpod) 

U ' becomes 
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becomes 5 X« 4- 2X ' 4 - 6X 8 4- 3X7* -f- 8X~* 4- 4X“* J and the 
infinite or interminate Decimal Fraction 0,9999999, ^ cc< fowds for 

$X~ l - 4 - 9X" 1 9X"* 4- 9X"" 4 4- 9X _s 4- 9X -< , &c, which infi¬ 

nite Series is equivalent to Unity. So that by this Decimal Scale, (or 
by the feveral Powers of Ten and their Reciprocals, together with 
their Coefficients, which are all the whole Numbers below Ten,) all 
conceivable Numbers may be exprefs’d, whether they are integer or 
framed, rational or irrational} at leaft by admitting of a continual 
progress or approximation ad infinitum. 

And the like may be done by any other Scale, as well as the Deci¬ 
mal Scale, or by admitting any other Number, befides Ten, to be 
the Root of our Arithmetick. For the Root Ten was an arbitrary 
Number, and was at firft affirmed by chance, without any previous 
confideration of the nature of the thing. Other Numbers perhaps 
may be affign’d, which would have been more convenient, and which 
have a better claim for being the Root of the Vulgar Scale of Arith¬ 
metick. But however this may prevail in common affairs, Mathe¬ 
maticians make frequent ufe of other Scales; and therefore in the 
fecond place I fhall mention fome other particular Scales, which 
have been occafionally introduced into Computations. 

The moil remarkable of thefe is the Sexagenary or Sexagefimal Scale 
of Arithmetick, of frequent ufe among Aftronomers, which exprefles- 
all poffible Numbers, Integers or Fractions, Rational or Surd, by the 
Powers of Sixty, and certain numeral Coefficients not exceeding fifty- 
nine. Thefe Coefficients, for want of peculiar Characters to repre- 
fent them, muft be exprefs’d in the ordinary Decimal Scale. Thus 
if | Hands for 60, as in the Greek Notation, then one of thefe Num¬ 
bers will be 530 * 4- 9^' 4- 34^®, or in the Sexagenary Scale 53”, 9^ 
34®, which is equivalent to 191374® in the Decimal Scale. Again, 
thq Sexagefimal Fraction 53®, 9', 34", will be the feme as 53^4- 
9^*4- 34f”*, which in Decimal Numbers will be 53,159444, &c. 
ad infinitum. Whence it appears by the way, that feme Numbers 
may be exprefs’d by a finite number of Terms in one Scale, which 
in another cannot be exprefs’d but by approximation, or by a pro- 
greffion of Terms in infinitum. 

Another particular Scale that has been confider’d, and in fbme 
meafure has been admitted into practice, is the Duodecimal Scale, 
which exprefles all Numbers by the Powers of Twelve. So in com-* 
mon affairs we fey a Dozen, a Doajen of Dozens or a Grofs, a Dozen 
of Grofles or a great Grofs, &c. And this perhaps would have been 
the moft convenient Root of all others, by the Powers of which 

to 
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to conftruCt the popular <Scale of Arithmetick ; as not being fb big 
but that its Multiples, and all below it, might be eafily committed 
to memory ; and it admits of a greater variety of Divifors than any 
Number not much greater than itfelf. Befides, it is not fo fmall, 
but that Numbers exprefs’d hereby would fufficiently converge, or 
by a few figures would arrive near enough to the Number required; 
the contrary of which is an inconvenience, that mull neceflarily 
attend the taking too fmall a Number for the Root. And to admit 
this Scale into practice, only two fingle Characters would be wanting, 
to denote the Coefficients Ten and Eleven. 

Some have confider’d the Binary Arithmetick, or that Scale in 
which Two is the Root, and have pretended to make Computations 
by it, and to find confiderable advantages in it. But this can never 
be a convenient Scale to manage and exprels large Numbers by, be- 
caufe the Root, and confequendy its Powers, are fo very fmall, that 
they make no difpatch in Computations, or converge exceeding (lowly. 
The only Coefficients that are here necefiary are o and i. Thus 
1x2* -f- ix2 4 •+* 0x2* H- 1x2* -4- 1x2* ox2'° is one of thefe 

Numbers, (or compendioully iio no,) which in the common No¬ 
tation is no more than 54. Mr. Leibnits imagin’d he had found 
great Mylleries in this Scale. jSee the Memoirs of the Royal Academy 
of Paris, Anno 1703. 

In common affairs we have frequent recourle, though tacitly, to 
Millenary Arithmetick, and other Scales, whole Roots are certain 
Powers of Ten. As when a large Number, for the convenience of read¬ 
ing, is dillinguilh’d into Periods of three figures: As 382,735,628,490. 
Here 382, and 735, &c. may be confider’d as Coefficients, and the 
Root of the Scale is iooo. So when we reckon by Millions, Billions, 
Trillions, &c. a Million may be conceived as the Root of our Arith¬ 
metick. Alfb when we divide a Number into pairs of figures, for 
the Extraction of the Square-root; into ternaries of figures for the 
Extraction of the Cube-root; &c. we take new Scales in efieCl, whole 
Roots are 100, 1000, &c. 

Any Number whatever, whether Integer or Fraction, may be made 
the Root of a particular Scale, and all conceivable Numbers may be 
exprefs’d or computed by that Scale, admitting only of integral and 
affirmative Coefficients, whole number (including the Cypher o) 
need not be greater than the Root. Thus in Quinary Arithmetick, 
in which the Scale is compoled of the Powers of the Root 5, the 
Coefficients need be only the five Numbers o, 1, 2, 3, 4, and yet all 
Numbers whatever are expreffible by this Scale, at leall by approxi- 

U 2 mation. 
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mation, to what accuracy we pleafe. Thus the common Number 
2827,92 in this Arithmetick would be 4 * 5* -4- 2 * 5* -f- 3 x 5* | 
o X5 1 - 4-2 X5 0 4-4 x 5 _I - 1 - 3 x S~*> or if we may fupply the feveral 
Powers of 5 by the Imagination only, as we do thofe of Ten in the 
common Scale, this Number will be 42302,43 in Quinary Arithme¬ 
tick. 

All vulgar Fradions and mixt Numbers are, in feme meafure, the 
expreffing of Numbers by a particular Scale, or making the Deno¬ 
minator of the Fradion to be the Root of a new Scale. Thus - is 
in efied o x 3 0 H- 2 x3 —1 ; and 84 is the fame as 8 X5 0 -4- 3 x 5—*-• 
and 2 54 reduced to this Notation will be 25 x 9 0 -4- 4 x 9-*, or ra¬ 
ther 2x9’ -4-7x9° -4-4x9”’. And fo of all other Fradions and 
mixt Numbers. 

A Number computed by any one of thefe Scales is eafily reduced 
to any other Scale affign’d y by fubftituting inftead of the Root in one 
Scale, what is equivalent to it exprefs'd by the Root of the other 
Scale. Thus to reduce Sexagenary Numbers to Decimals, becaufe 
60 = 6x10, or§=6X, and therefore $*= 36X 1 , —» t*X* 
&c. by the fubftitution of thefe you will eafily find the equivalent 
Decimal Number. ^And the like in all other Scales. 

The Coefficients in thefe Scales are not neceflarily confin’d to be 
affirmative integer Numbers lefs than the Root, (tho’ they ffiould be 
Inch if we would have the Scale to be regular,) but as occafion may 
require they may be any Numbers whatever, affirmative or negative, 
integers or fradions. And indeed they generally come out promill 
cuoufly in the Solution of Problems. Nor is it necefiary that the 
Indices of the Powers ffiould be always integral Numbers, but may 
be any regular Arithmetical Progreffion whatever, and the Powers 
themfelves either rational or irrational. And thus (thirdly) we are 
come by degrees to the Notion of what is call’d an univerfal Series 
or an indefinite or infinite Series. For fuppofing the Root of the 
Scale to be indefinite, or a general Number, which may therefore 
be reprefented by x, or y, &c. and affirming the general Coefficients 
a, 6 , c, d, &c. which are Integers or Fradions, affirmative or nega¬ 
tive, as it may happen j we may form fuch a Series as this, ax* -f. 
bx* -4- ex* -4- dx x -+- ex°, which will reprefent fome certain Number, 
exprefs’d by the Scale whofe Root is x. If fuch a Number prol 
ceeds in infinitum , then it is truly and properly call’d an Infinite 
Series, or a Converging Series, * being then fuppos’d greater than 
Unity. Such for example is x -4- -+- 4*-* + 4 *-* f &c. where 

the reft of the Terms are underftood ad infinitum , and arc infinuated 

. b y» 
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by, &c. And it may have any defending Arithmetical Progreffion 
for its Indices, as at-—!*- 1 -f- »-+- f#—*, &c. 

And thus we have wen led by proper gradations, (that is, by 
arguing from what is well known and commonly received, to what 
before appear’d to be difficult and obfcure,) to the knowledge of 
infinite Series, of which the Learner will find frequent Examples 
in the fequel of this Treatife. And from hence it will be eafy to 
make the following general Inferences, and others of a like nature, 
which will be of good ufe in the farther knowledge and practice of 
thefe Series; viz. That the firft Term of every regular Series is al¬ 
ways the mod confiderable, or that which approaches nearer to the 
Number intended, (denoted by the Aggregate of the Series,) than 
any other fingle Term: That the fecond is next in value, and fo on: 
That therefore the Terms of the Series ought always to be difpofed 
in this regular descending order, as is often inculcated by our Author: 
That when there is a Progreffion of fuch Terms in infinitum , a few of 
the firft Terms, or thole at the beginning of the Series* are or fhould 
be a fufficient Approximation to the whole j. and that thefe may 
come as near to the truth as you pleafe r by taking in ftill more 
Terms: That the fame Number in which one Scale may be exprefs’d 
by a finite number of Terms, in another cannot be exprefs’d bnt by 
an infinite Series, or by approximation only, and vice vend r That 
the bigger the Root of the Scale is, by fo much the fbfter, cateris 
paribus, the Series will converge $ for then the Reciprocals of the 
Powers will be fo much the left, and therefore may the more fafely 
be negle&ed: That if a Series converges by increafing Powers, fuch 
as ax -+- bx % -f- cx* -+-dx+, &c. the Root x of the Scale mud be un¬ 
derstood to be a proper Fra&ion, the lefler the better. Yet when¬ 
ever a Series can be made to converge by the Reciprocals of Ten, 
or its Compounds, it will be more convenient than a Series that 
converges faftcrj becaufe it will more eafily acquire the form of the 
Decimal Scale, to which, in particular Cafes, all Series are to be ul¬ 
timately reduced. Laftly, from fuch general Series as thefe, which 
are commonly the refult in the higher Problems, we mud pafs (by 
fubftitution) to particular Scales or Series, and thole are finally to be 
reduced to the Decimal Scale. And the Art of finding fuch general 
Series, and then their Reduction to particular Scales, and laft of all 
to the common Scale of Decimal Numbers, is almoft the whole of. 
the abftrufer parts of Analyticks, as may be feen in a good meafiire by 
the prefent Treatife. 
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I took notice in the fourth place, that this Dodtrine of Scales, and 
Series, gives us an eafy notion of the nature of affedted Equations, 
or (hews us how they ftand related to fuch Scales of Numbers. In 
the other Inftances of particular Scales, and even of general ones, 
the Root of the Scale, the Coefficients, and the Indices, are all fiip- 
pos’d to be given, or known, in order to find the Aggregate of the 
Series, which is here the thing required. But in affedted Equations, on 
the contrary, the Aggregate and the reft are known, and the Rcot of 
the Scale, by which the Number is computed, is unknown and re¬ 
quired. Thus in the affedted Equation 5* 4 -+- 3* s -f- o;e* -f- yx = 
53070, the Aggregate of the Series is given, viz. the Number 
53070, to find x the Root of the Scale. This is eafily dilcern’d to 
be 10, or to be a Number exprds’d by the common Decimal Scale, 
-efpecially if we fiipply the feveral Powers of 10, where they are un- 
derftood in the Aggregate, thus 5X 4 -J-^X* -f-oX* ~hjX‘ -+- oX* 
5=53070. Whence by comparifon ’tis jrc=X= 10. But this 
will not be fo eafily perceived in other inftances. As if I had the 
Equation 4* 4 -f- 2x* -f- 3** 4- ox 1 -+- 2x° -f- 4-+- 3#“*= 2827,92 
1 ffiould not fo eafily perceive that the Root x was 5, or that this is 
a Number exprefs’d by Quinary Arithmetick, except I could reduce 
it to this form, 4*5 4 -t-2x5 s -t-3X5*H-oxj? + 2x 5 0 •+• 4x5-* 

3 x t -2 = 2827,92, when by comparifon it would prdently ap¬ 
pear, that the Root fought mult be 5. So that finding the Root of 
an affedted Equation is nothing elfe, but finding what Scale in Arith¬ 
metick that Number is computed by, whofe Refult or Aggregate is 
given in. the common Scale; which is a Problem of great ufeand 
extent in all parts of the Mathematicks. How this is to be done, 
either in Numeral, Algebraical, or Fbaxional Equations, our Author 
will inftrudt us in its due place. 

Before I difinifs this copious and ulefiil Subjedt of Arithmetical 
Scales, I ffiall here make this fiirther Obfervation; that as all con¬ 
ceivable Numbers whatever may he exprefc’d by any one of thefe 
.'Scales, or by help of an Aggregate or Series of Powers derived from 
any Root.; fo likewife any Number whatever may be exprefs’d by 
fome fingle Power of the lame Root, by affuming a proper Index; 
integer or fradled, affirmative or negative, as occafion fball require. 
■Thus in the Decimal Scale, .the Root of which is 10, or X, not 
only the Numbers 1, 10, loo, 10 op, or 1,0.1,0.01, 0001, &c. 

that is, the feveral integral Powers of 10 and their Reciprocals, may 
be exprefs’d by the fingle Powers of X or to, viz. X'°, X*, X*, X J , 
or X=°, X’" 1 , X“», X~ s , Qfc. refpedtively, but alfo all the inter¬ 
mediate 
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mediate Numbers, as 2, 3,4, &c. 11, 12, 13, &c. may be exprefe’d 
by fuch Angle Powers of X or 10, if we affume proper Indices. 
Thus 2 = X°>* 0, ° 3 > &t -, 3 =X°>477 «*.«m. 4 = X°> 6<nwS > *“• See. or n 

—y,o4u>,*c 12 a— X 1 *® 7918 ***• 456 = X t,<58 > 5 »**• And the like of 
all other Numbers. Thefe Indices are ufually call’d the Logarithms of 
the Numbers (or Powers) to which they belong, and are fo many 
Ordinal Numbers, declaring what Power (in order or fucceffion) any 
given Number is, of any Root aflign’d : And different Scales of Lo¬ 
garithms will be form’d, by affirming different Roots of thole Scales. 
But how thefe Indices, Logarithms, or Ordinal Numbers may be 
conveniently found, our Author will likewife inform us hereafter. 
All that I intended here was to give a general Notion of them, and 
to fhew their dependance on, and connexion with, the feveral Arith¬ 
metical Scales before deferibed. 

It is eafy to obferve from the Arenarius of Archimedes , that he 
had fully confider’d and difeufs’d this Subject of Arithmetical Scales, 
in a particular Treatife which he there quotes, by the name of his 
«/>£*), or Principles j in which (as it there appears) he had laid the 
foundation of an Arithmetick of a like nature, and of as large an 
extent, as any of the Scales now in ufe, even the moft univerfak It 
appears likewife, that he had acquired a very general notion of the 
Doctrine and Ufe of Indices alfb. But how far he had accommo¬ 
dated an Algorithm, or Method of Operation, to thofe his Princi¬ 
ples, muff remain uncertain till that Book can be recover’d, which 
is a thing more to be wifh’d than expeded. However it may be 
fairly concluded from his great Genius and Capacity, that fince he 
thought fit to treat on this Subjed, the progrefs he had made in it 
was very confiderable. 

But before we proceed to explain our Author’s methods of Ope¬ 
ration with infinite Series, it may be expedient to enlarge a little 
farther upon their nature and formation, and to make feme general 
Reflexions on their Convergency, and other circumftances. Now 
their formation will be beft explain’d by continual Multiplication 
after the following manner. 

Let the quantity a ~\~bx ~\~cx* -+- dx* -f- ex* } &c. be affumed as 
a Multiplier, confifting either of a finite or an infinite number of 

Terms; and let alfb £ -f. x = o be fuch a Multiplier, as will give 
the Root x=—-. If thefe two are multiply'd together, they 
will produce - -+- £+ 5*8 .4. &c. 

111 “ * - 1 L__ 0 . 
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— o • and if inftead of x we here fubftitute its value — ~ , the Series 

••I *P h+fJ .. P , ‘I’+h .. t % J P + e q tp+Jq p* 

will become --— x -H- - x ^-— *f, H-- x- » 

&c. = o j or if we divide by -, and tranfpofe, it will be —— 


which Series, 


x £ ^ — t±± x £ See. = which Series, 

thus derived, may give us a good infight into the nature of infinite 
Series in general. For it is plain that this Series, (even though it 
were continued to infinity,) muft always be equal to a, whatever 
may be fuppofed to be the values of p } q, a, b y c t d t &c. For 

- , the firftpart of the fir ft T erm, will always be removed or deftroy’d 

by its equal with a contrary Sign, in the fecond part of the feepnd 

Term. And - x- , the firft part of the fecond Term, will be re- 
q q 

moved by its equal with a contrary Sign, in die fecond part of the 
third Term, and fo on : So as finally to leave —, or a, for the 

Aggregate of the whole Series. And here it is likewife to be obferv’d, 
that we may flop whenever we pleafe, and yet the Equation will be 
^ood, provided we take in the Supplement y or a due part of the next 
Term. And this will always obtain, whatever .the nature of the 
Series, may be, or whether it be converging or diverging. If the 
Series be diverging, or if the Terms continually increafe in value, 
then there is a neceflity of taking in that Supplement, to preferve 
the integrity of the Equation. But if the Series be converging, or 
if the Terms continually decreafe in any compound Ratio, and there¬ 
fore finally vanifh or approach to nothing; the Supplement may be 
fafely negledted, as vanifhing alfo, and any number of Terms may 
be taken, the more the 'better, as an Approximation to the Quan¬ 
tity a. And thus from a due confideration of this fictitious Series, 
the nature of all converging or diverging Series may eafily be appre¬ 
hended. Diverging Series indeed, unlefs when the aforemention’d 
.increafing Supplement can be affign’d and taken in, will -be of no 
fervice. And this Supplement, in Series that c-ommonly occur, will 
-he generally fo entangled and complicated with the Coefficients of 
,the Terms of the Scries, that altho’ it is always to be underftood, 
neverthelefs, it is often impoffible to be extricated and affign’d. 
But however, converging Series will always be of excellent ufe, as 
•^affording a convenient Approximation to the quantity required, when 
it cannot be otherwife .exhibited. ,In thefe.the Supplement .aforefaid, 

tho* 
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tho’ generally Inextricable and unaffignable, yet continually decreaies 
along with the Terms of the Series, and finally becomes leis than any 
amgnable Quantity. 

The fame Quantity may often be exhibited or exprefs’d by feveral 
converging Series; but that Series is to be moll efteem’d that has the 
greateft Rate of Convergency. The foregoing Series will converge 
fo much the fafter, cateris paribus , as p is lefs than q t or as the 

Fraction • is lels than Unity. For if it be equal to, or greater than 

Unity, it may become a diverging Series, and will ^diverge fo much 
the falter, as p is greater than q. The Coefficients will contribute 
little or nothing to this Convergency or Divergency; if they are 
fuppos’d to increafe or decreafe (as is generally the cafe) rather in a 
fimple and Arithmetical, than a compound and Geometrical Propor¬ 
tion. To make fome Eftimate: of the Rate of Convergency in this 
Series, and by analogy in any; other of.* this kind; let k and / re- 
pfefent two Terms indefinitely, which immediately iucceed each 
other in the progreffion of the Coefficients of. the Multiplier a 
bx -f- cx s -+- dx i i &c. and let the numbers reprefent the order or 
place of k. Then any Term of the Series indefinitely may be repre- 

fented by -f- where the Sign muft be -f- of • 


accor- 


7 

ding as n is an odd or an even Number. Thus if »=i, then 
k = a t l = b y and the firft Term will be - — — . If n =2, 

then k = by /=£*, and the fccond Term will be —— - 9 p. And 

pro- 


fo of the reft. Alfo if m be the next Term in the a/orefaid 


greffion after /, then -f- ■+• -- ^— p" will be any two fuc- 

ceffive Terms in the fame Series. Now in order to a due Conver¬ 
gency, the former Term abfolutely confider’d, that is fetting afide 
the Signs, Ihould be as much greater than the fucceeding Term, as 

conveniently may be. Let us fuppofe therefore that —i$ 
greater than or (dividing all by the common factor £ y j 

that is greater than —, or ( multiplying both by pq >) 

that Ipq kq 1 is greater than mp* Ipq, or (taking away the com¬ 
mon IpqP) that kq 1 is greater than mp*, or (by a farther Divifion,) 

that - x is greater than unity ; and as much greater as may be, 

m X This 
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This will take effeft on a double account ; firft, the greater k is in 
refpeft of m, and fecondly, the greater q* is in refpedt of p*. Now 
in the Multiplier a -\-bx -f- cx % -\-dx*, &c. if the Coefficients b, 
c, &c. are in any decreafing Progreffion, then k will be greater than 
4 which is greater than m j fo that a fortiori k will be greater than 
m. Alfo if q be greater than p, and therefore (in a duplicate ratio) 
q* will be greater than p*. So that (ceeteris paribus) the degree of 
Convergency is here to be eftimated, from the Rate according to 
which the Coefficients a, b, c, &c. continually decreafe, compounded 
with the Ratio, (or rather its duplicate,) according to which q ffiall 
be fuppos’d to be greater than p. 


The fame things obtaining as before, the Term ZjT l JL will be 

q* 

what was call’d the Supplement of the Series. For if the Series be 
continued to a number of Terms denominated by n, then inftead of 
all the reft of the Terms in infinitum, we may introduce this Sup,- 
plement, and then we ffiall have the accurate value of a, inftead of 
an approximation to that value. Here the firft Sign is to be taken 
if n is an odd number, and the other when it is even. Thus if 


«== i, and consequently a, and Iz=? b, we ffiall have b M^*l 
= Or if n 2, and /= r, then — t±Il x 
c £=za. Or if *== 3 , /=</, then x *-+ ^2 

X L—j; = a. And fo on. Here the taking in of the Supple¬ 
ment always compleats the value of a, and makes it perfedt, 
whether the Series be converging or diverging ; which will always 
be the befi way of proceeding, when, that Supplement can readily 
be known. But as this rarely happens, in fuch infinite Series as ge¬ 
nerally occur, we mail have recourfe to infinite converging Series, 
wherein this Supplement, as well as the Terms of the Series, are 
infinitely diminiffi’d and therefore after a competent number of 
them are collected, the reft may be all neglected in infinitum. 

Frotri this general Series, the better to affift the Imagination, wc 
will defeend to a few particular Inftances of converging Series in 
pure Numbers. Let the Coefficients a, b, c, d, &c. be expounded by 

i, 4, I., 4, &c. refpe&ively; then _ 7 ? "tl lf x ~ x 

■ _. i_ A ^ ^ . 7 


^ xS, &c. 


t &c _ t or t±Il_2±2! x i. _4£+5f V & 

4*’ *17 ’ iL a 1 - U 2X3f *• 4*Sf J»* ■ 

s= i. That the Series hence arifing may converge, make p lets 

than 
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fuppofe j or p = i, £ = 2 , then 

, — | x 4 4- 4 t x T — tV x T> &C. == i. That is, this Series of 
Fractions, which is computed by Binanr Arithmetick, or by the 
Reciprocals of the Powers of Two, if infinitely continued will 
finally be equal to Unity. Or if we defire to Hop at thefe four 
Terms, and inftead of the reft ad infinitum if we would introduce 
the Supplement which is equivalent to them, and which is here 
known to be 4 * T ' r , or T V, we fhall have £ — -j- - 4 - fr—rfo -+~ 
— I} as is eafy to prove. Or let the fame Coefficients be ex 


1 

VS" 


pounded by i, — 4, 4, 4 » &c * then ' li will be 


*i—p 

iq 




“jf 




41 — X$ + 


&c. 


i. This Series may either 

~ q 1 3 * 4? * 4*5??*' - cm 

be continued infinitely, or may be fum’d after any number of Terms 


xxprefs’d by n, by introducing the Supplement 
the reft. 


-iL- inftead of all 




n+ixf 

Or more particularly, if we make q= $p, then •— 

21 • 25 — &c. = I, which is a Number 


12 _ _ 

6x5* ” T_ 12x5* “ T ” 20x54 _r ’ 30x5* * . 

ax press’d by Quinary Arithmetick. And this is ealily reduced to the 
Decimal Scale, by writing ttt for 4 -, and reducing the Coefficients ; 
for then it will become 0,99999, &c. = 1. Now if we take thefe 
five Terms, together with the Supplement, we fhall have exactly 
2 _ 1 _Li_ 1 —LZ_ 1 __ ii- j_ -rfi— sss 1. Again, if 

»*< T 6x5* ' i2Xc» ' eoxj 4 “ 30x5* ”6x5* o > 

J ^ 200 m 4 I 

we make here 3ya±s loop, we fhall have the Series - — — -f- 


300—6 


4QO — 9 


500-^ 12 


27 


IOO 

&c. = 1, 


2x3 '"1O000 3x4 ioooooo 4x5 ixytcooaoo 

which converges vely faft. And if' we would reduce this to the re¬ 
gular Decimal Scale of Arithmetick, (which is always fuppos’d to be 
done, before any particular Problem can be laid to be compleatly 
folved,) we muft let the Terms r when decimally reduced, orderly 
under one another, that their Amount or Aggregate may be difco- 
ver’d j and then they will ftand as in the Margin. Here the Ag¬ 
gregate of the firft five Terms is 0,99999999595, 0,985 

which is a near Approximation to the Amount of the '*29315 

whole infinite Series, or to Unity. And if, for proof- 3 

fake, we add to this the Supplement -Tt ,. = 

£= 0,00000000405, the whole will be Unity exactly. 

X 2 


6588 

'jm 

0^9999999595 

_405 

I ,ooooocooooo 

There 
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There are alfo other Methods of forming converging Series, whe¬ 
ther general or particular, which (hall approximate to a known quan¬ 
tity, and therefore will be very proper to explain the nature of Con- 
vergency, and to fliew how the Supplement is to be introduced, when 
it can be done, in order to make the Series finite ; which of late 
has been call’d the Summing of a Series. Let A, B, C, D, E, &c. 
and a, b, c, d, e, See. be any two Progreffions of Terms, of which 
A is to be express'd by a Series, either finite or infinite, compos’d 
of itfelf and the other Terms. Suppofe therefore the firft Term of 
the Series to be a, and that p is the fupplement to the value of a. 

Then is A = a ~\-p, or p = A ~~ a . As this is the whole Supple¬ 
ment, in order to form a Series, I fhall only take fuch a part of it 
as is denominated by the Fra&ion - , and put q for the fecond Sup¬ 
plement. That is, I will aflixme = (/>=) A - - x g -j-y, or 


q = x i —1=) x • Again, as this is the whole 
value of the Supplement q , I fhall only afiume fuch a part of it as is de¬ 
nominated by the Fradtion and for the next Supplement put r. 
A —a B— h , v A— a - B —b /A—* 


B 


That is, 

b —b ~ c \ 

T XI “c= ) 


, V A— a a — o /j 

*—=( 9 =) ~J-x—c + r, or r= 

Q 

x —- . Now as this is the whole 


A— a B — h C —t 

' b' x “ 


1 v / « V/ I 

value of the Supplement r, I only affume fuch a part of it as is denominated 

by the Fradtion ^ , and for the next Supplement put s. That is, 

B-A x C—r_ ^J A — a x ~ ~ 


b C—r 
— X 


B —b C—c J 


or s\ 


A-~j 

B 


B- 
C 

as 

where the Supplement p = -+- q, where the fecond Supple- 

A“a B— b • A—a B—i C —c , 

ment q = —g— x —q~c *+■ r, where r = —5— x —— x -r-d 


C—c d A —a B— b C—c D-d . , - - 

—— xi — = —g- x x -jj- x —j— . And io on a? far 

we pleafe. So that at laft we have the value of A = a -§- p t 


B ^ (j 

A—vt B —b C —c D —d 
where s = —g- x — jr- x -jj- x -£-e -f -1 

That is finally A= a -fr -g-b x ^-rr-c 


B * c ~ o " , J > 

And fo on ad infinitum. 

A—a B —b C— c j 

c •'-r—x — x—* 

■+■ ~ 1 T x ~zr x -gp x &c. where A, B, C, D, E, &c. and a, 
b, c , d, e, &c. may be any two Progreffions of Numbers whatever, 
whether regular or defultory, afeending or defeending. And when 

it 
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it happens in thefe Progrefiions, that either A = a, or B = b, or 
£ — r l Sec. then the Series terminates of itfelf, and exhibits the 
value of A in a finite number of Terms: But in other cafes it ap¬ 
proximates indefinitely to the value of A. But in the cafe of an 
infinite Approximation, the laid Progrefiions ought to proceed re- 
(xularly, according to fome Hated Law. Here it will be ealy to ob- 
ferve, that if K and k are put to reprefent any two Terms indefi- 
.nitely in the aforefaid Progrefiions, whole places are denoted by the 
number n, and if L and / are the Terms immediately following 5 
then the Term in the Series denoted by « -f-1 will be form’d from 

the preceding Term, by multiplying it by /. As if n = i, 
then K = A, k = a, L = B, /= b, and the fecond Term will 
be a-\-~ = If » = 2, then K=B, k-=b, L=C, 

/ = c, and the third Term will be —j^b* ~j£ c== ~ir *~E~ C > 

and fo of the reft. And whenever it lhall happen that L = /, then the 
Series will ftop at this Term, and proceed no farther. And the 
Series approximates fo much the lafter, cateris paribus , as the 
Numbers A, B, C, D, (Sc. and a y b r c y d y &c. approach nearer to 
each other relperftively. 

Now to give fome Examples in pure Numbers. Let A, B, C, D, 
(Sc. = 2, 2, 2, 2, &c. and a y b , c, a , See. =±= 1, 1,1, j, (Sc. then we 
lhall have 2 =i-1-t + t'1 - v+-iVi And fo always, when 
the given Progrefiions are Ranks of equals, the Series will be a 
Geometrical Progreflion. If we would have this Progrefiion ftop at 
the next Term, we may either luppofe the firft given Progreflion 
to be 2, 2, 2, 2, 2, i, or the fecond to be 1, 1, 1, 1, 1, 2, ’tis all 
one which. For in either cafe we lhall have L= /, that is F =/J 

and therefore theJaft Term mull be multiply’d by -y , or -y = 1. 

Then the Progreflion or Series becomes 2= i + i + ^ + T + T< 
-F tV' Again, if A, B, C, D, (Sc. = 5, 5, 5, 5, (Sc. and a , b , c y d y 
&c. —- 4,4, 4,4, &c. then 5 — 4 -l - t "b tV -F ttt “F ttt> 
or ^ = -J- + tt ~F ttt “F ttt> If A, B, C, D, &c. =4> 

4, 4, 4, &c. and a , c, </, &c. = 5, 5, 5, 5, &c. then 4=5 — 

t “F tV rV “F ttt) &o. If A, B, C, D, &c. = 5* 5> 5» 5> 
and <z, c , */, &c. = 6, 7, 8, 9, &c. then 5 = 6 — £7 -t_ ^ * |8 

““t x t x t 9 + t x t x t x t io > &c. If we would have the Series 
ftop here, or if we would find one more Term, or Supplement, 
which Ihould be equivalent to all the reft ad infinitum , (which in¬ 
deed 


Digitized by LrOOQle 



* 5 8 


The Method of Fluxions, 


deed might be defirable here, and in fuch cafes as this, becaufe of the 
flow Convergency, or rather Divergency of the Series,) fuppofe F =■/] 

and therefore = — i muft be multiply’d by the lafl: 

Term. So that the Series becomes 5 =t= 6 —-4-7-+-f x4.8 —*x x t 

x f 9 + Txfx-r x T 10 — t x t x t x tJ* If A, B, C, D, &c. = 2, 
3, 4, 5, &c. and a, b , c, d t See. = 1, 2, 3, 4, &c. then 2 = 1 
j -2 -f- y x 4.3 —j- y x 4- x -j -4 ”h* 4 - 5 > See. If A, B, C, D, See, 

= i, 2, 3, 4, &c. and a, b , c, d, See. = 2, 3,4, 5, &c. then 1 =» 

2 — t3 + t x j4 — t x t x t5 ■+■ t x t x t x t^> & c - And from 
this general Series may infinite other particular Series be eafily de¬ 
rived, which fliall perpetually converge to given Quantities; the chief 
ufe of which Speculation, I think, will be, to fhew us the nature 
of Convergency in general. 

There are many other fuch like general Series that may be readily 
form’d, which (hall converge to a given Number. As if I would 
conftruft a Series that fhall converge to Unity, I fet down 1, toge¬ 
ther with a Rank of Fractions., both negative and affirmative, as 
here follows. 


a 

A 


c 

C 


4 ,&c. 


a b c d e c 

•+■ a + b + c + D + E’ ^c. 


A-\-a 

A 


A/> — Ba 
AB 


Be— Ci 
BC 


Cd — De . Dt—Ed 

CO "d” d£ > ° cc *—-*• 


Then proceeding obliquely, I colledt the Terms of each Series toge¬ 
ther, by adding the two firft, then the two fecond, and fo on. So 
that the whole Series thus conftrufted muft neceflarily be equal to 
Unity; which alfo is manifeft by a bare Infpeftion of the Series. 
From this Series it is eafy to defeend to any number of particular 
Cafes. As if we make A, B, C, D, &c. =5= 2,3, 4, 5, &c. and a y b y 

c, i, lie. = 1, 1, I, &c. then . _ jf 3 _ 

&c=l. Or,i= 777 -t- — + + r^6• *“■ And fo in all 

other Cafes. The Series will flop at a finite number of'Terras, 
whenfoever you omit to take in the firA part of the Numerator of 
any Term. As here j.- 1 - — — 1 — — — 1 — — — •* — T 

Laftly, to conftrudt one more Series of this kind, which lhall 
.converge to Unity } I fet .down 1, with a .Rank of Fra&ions along 

with 
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with it, both affirmative and negative, luch as are feen here below j 
which being added together obliquely as before, will produce the 
following Series. 


abc abed 

ABC ABCD 

abc abed 

ABC ABv_D 


abede 

ABCDE » 
abede 
ABCDE 9 


&CC. 

60 C. 


B-* b 

— 




ABv.DE 


abed, Sec. = 1. 


This Series may be made to ftop at any finite number of Terms, 
if you omit to take in the latter part of the Binomial in any Term. 
Or you may derive particular Series from it, which lhall have any 
Rate of Convergency. 

For an Example of this Series, make A, B, C, D, &c. = 3,3, 
3, 3, &c. and a , b, c,d , Sec. = 1, 1, i, 1, Sec. then ! H-i-+- T y ■+* tV, 
&c. = 1, or j. -j- -j- T l j -f- T V, &c. = Ana whenever A, B, 

C, &c. and a, b, c, &c. are Ranks of Equals, the Series will be a 
Geometrical Progreffion. 

Again, make A, B, C, D, &c. 5=2, 3,4, 5, &c. and a, b, c, d, &c. 


i,i, 1, i,&c.thenH- 


3 

2X3X4 


2X3X4X5 ~ 2X3X4X5X6 


&c. = i. Or in a finite number of Terms 4 -- 4 - 4 -H- - -1-J— 

a 3 2X4 1 2x3x5 

■+* ~ x 3 X4X s = 1. And the like may be obferved of others in an 
infinite variety. 

And thus having prepared the way for what follows, by explain¬ 
ing the nature of infinite Series in general, by difcovering thpir origin 
and manner of convergency, and by (hewing their connexion with 
our common Arithmetick; I (hall now return to our Author's Me¬ 
thods of Operation, or to the Reduction of compound Quantities 
to fuch infinite Series. 


Sect. II. Ibe JHefolution of jimple Equations , or pure 
PowerSy by Infinite Series. 

3 » 4 ’ r TPHE Author begins his Redu&ion of compound Quan- 
JL titles, to an equivalent infinite Series of Ample Teims, 
firft by (hewing how the Procefs may be perform’d in Divifion. 
Now in his Example the manner of the Operation is thus, in imi¬ 
tation 
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tation of the ufual praxis of Divifion in Numbers. In order to ob¬ 
tain the Quotient of aa divided by b -+- x, or to refolve the com¬ 
pound Fraction into a Series of fimple Terms, firft find the 

Quotient of aa divided by b , the firft Term of the Divifor. This 
is , which write in the Quote. Then multiply the Divifor by 

this Term, and fet the Produdt aa ~ under the Dividend, from 

whence it mull be fubtradted, and will leave the Remainder — ~ . 

Then to find the next Term (or Figure) of the Quotient, divide 
the Remainder by the firft Term of the Divifor, or by b t and put 

the Quotient — ~ for the fecond Term of the Quote. Multiply 

the Divifor by this fecond Term, and the Produdt — ~ — 
fet orderly under the laft Remainder j from 'whence it muft be fub- 
tradted, to find the new -Remainder -+- . Then to find the 

next Term of the Quotient, you are to proceed with this new 
Remainder as with the former j and fo on in infinitum. The Quo- 

tient therefore is j — — -f- —-, &c. (or y into i —* 

* b -f- ~ ~, &c.) So that by this Operation the Number or 

Quantity , (or a % is reduced from that Scale in 

Arithmetick whofe Root is b -+- x, to an equivalent Number, the 
Root of whofe Scale, (or whofe converging quantity) Js j . And 

this Number, or infinite Series thus found, will converge fo much 
the fafter to the truth, as b is greater than x. 

To apply this, by way of illuftration, to an inftance or two in 
common Numbers. Suppofe we had the Fradtion f, and would 
reduce it from the feptenary Scale, in which it now appears, to an 
equivalent Series, that fhall converge by the Powers of 6. Then 

we Ihall have f = ; and therefore in the foregoing general 

Fradtion , make a= i, b = 6, and x=i, and the Series 

will become f — dj -{- d. } — J. } &c. which will be equivalent to 
f. Or if we would reduce it to a Series converging by the Powers 
of 8, becaufe f = , make a = i, b = 8, and x = — i, 

then 
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theft r = t + ^ -f- ^ which Series will converge fella 

than the former. Or if we would reduce it to the common Denary (or 
Decimal) Scale, becaufe f , make a = i, b = io, and 

x — 3 * t ] ien -+■ t4t + TiU + r tVa a ■+■ T ff66go > &C. 

= 0,1420, &c. as may be eafily collected. And hence we may 
obferve, that this or any other Fraction may be reduced a great va¬ 
riety of ways to infinite Series j but that Series will converge fefteft 
. to the truth, in which b lhall be greateft in refpc^t of x. But that 
Series will be moll eafily reduced to the common Arithmetick, 

• which converges by the Powers of io, or its Multiples. If we 
Should here refolve 7 into- the parts 3-4-4, or 2 + 5, or 1 -f- 6, 
&c. inllead of converging we Ihould have diverging Series, or fuch 
as require a Supplement to be taken in. 

And we may here farther obferve, that as b Divifion of com¬ 
mon Numbers, we may Hop theproceis of Divifion whenever 'we 
pleafe, and inftead of all the reft of the Figures (or Terms) ad in¬ 
finitum, we may write (he Remainder as a Numerator, and the 
Divifor as the Denominator of a Fraction, which FraAion will be 
the Supplement to the Quotient: fo the feme will obtain in the 
Divifion of Species. Thus in the prefent Example, if we will Hop 

at the firjt Term of the Quotient, we lhall have , 

b + x b bxb+x * 

Or if we will ftop at the lecond Term, then s=s j — ~ .4. 

Or if we will flop at the third Term, then ~~ =— ^ J— 

77 *+• “77 — • •^ n< ^ & ihe fucceeding Terms, in which 

thele Supplements may always be introduced, to make the Quotient 
-compleat. This Obiervation will he found of good ufe in fome of 
the following Speculations, when a complicate Fraction is not to 
be intirely tefolved, hut only to be deprefe’d, or to be reduced^ to a 
fimpler and more commodious form. 

Or we may hence change Divifion into Multiplication. Por hav¬ 
ing found the firft Term of the Quotient, ana its Supplement, or 

the Equation = j — -~- x} multiplybg it by f, we lhall 

have — h ~ +i* x > & that fubftituting this value of 


b the firft Equation, it will become =5 y —• -^7 -f- 

j * T -» where the two firft Terms of the Quotient are now known. 

Y Multiply 
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Multiply this by g, and it will become 


6 + 


a*a4» 


being fubftitutedin the laft Equation,, it will become 

7+x = 7 7T'+ 7T— 7T- + * where the four firft 

Terms of the Quotient are now known. Again, multiply this 

Equation by g , and it witt become ^ = ^ - 

— —h which being fiibftituwd in the laft Equation,. 

•* - 1 "»*** 

+— 


«*** 




it will become ^= j— 7 +i5T m .- — i« 

gg— + ? 4 k »• w bere eight of the firft Terms are now 

known. And lb every lucceeding Operation will double the num¬ 
ber of Terms, that were before round in the Quotient*. 

Tbip method of Redudtion may be thus very conveniently imi¬ 
tated in Numbers, or we may thus change Divilion into Multipli¬ 
cation. Suppofe (for inftance}' I would find the Reciprocal of the 
Prime Number 29, or the value of the Fraction T ' 7 in Decimal 
Numbers X divide i,qooo, &c^ by 29, in the common way, Co 
far-as to. find two or three ofthe firlt Figures* or till the Remainder be¬ 
comes a fingle Figure, and. then I aflume the Supplement to cpmpleat 
•the Quotient. 1 ' Thus Ilhall ha*ve t= 0,03440^ for the compleet 
Quotient which Equation if 1 multiply by the Numerator 8„ it will 
give T * T =± 0,2758444, or rather T * 7 = 0,27586/3-. I fubftitute 
•mis inltead of the Fraction in the firfi Equation, and I Ihall hia've 
x ‘ 7 == o,o 3 44827 586/3-. Again,. I multiply this Equation by 6 , 
and it will'give / 7 =o, 2068 96 $ ^ry/y, andthen by Subitimtioni T * T ±s= 
0,03448 27 5862068965517// Again, I finritiplythisEquationby 7, 

and it becomes /y=o,24137931034482 7 586204$, and thenbySuhfti- 
tutlon ^=8=50,0344827 5862068965517241379310344827586204-$, 
where every Operation will leaffc tioubie die. number OfFigurfes 
found by the preceding Operation^' And this will be iai tafy Expe¬ 
dient for converting Divilion into Multiplication in all Cates.. For 
the Reciprocal of the Ehvifor being thus found, it iriiy. be multi- 
•pip ,’4 into the Dividend to produce the Quotient 

'i , Now as it is here found, that^ rars 7 — 7? ■+• ^ 77“, 

See, which Series will converge when b is greater than x lb when 
■ it happens to be otherwife, or When X is greater than A, thact the 
Powers of x may be in the Denominators we mull have recourfo to 

the 
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tfhc other Cafe.qf Divifion, in which we fhall find =pp ^ 7— 
___ 1 _ fee. ami where .the Divifion : 

X* a4 


.X 

''before. 


a 'b % aHi and where the Divifion is perform'd as 


■ uiu wv • 

5, 6. In thffe Examples of our Author, the Procef6 df piyifiqn 
‘(for the exeircife of the Learner) may he thus exhibited 

»+* 2X*-\-2X — 6)S 


. o—»x*+-o 

X» — x4 


d' + x 4 +‘° 

+ X4 + X* 


o •—x*+o 
0 + *• 


—2X+5* X ’ 

. * — ZX-~ 2 X^+ 6 x* . 

+7*i^- 6 x 9 

+ 7 * 1 + ?x*—*ix‘ 
—I 3 x*+ 2 ix* 


^Now in order to a due Convergency, in each of thefe Examples, 
ive mufi: fuppofe at to be leis than Unity ; and if x be greater than 

: Unity, we muft invert the Terms, and then we Ihall have 

= r.-h + i - - zJtxr, %**+♦- 


u 

* 7 *" 




7,8,9, to. This Notation of Powers and Roots by Integra! and 
fractional, affirmative and negative, general and particular Indices, 
.was certainly a very .happy Thought, and an admirable Improve¬ 
ment of Analyticks, by which the practice is render*d eafy, regular, 
nod nniverfal. It was chiefly owing to our Author, at feaft he car- 
ried on the Analogy, and made it more general. A Learner fhould 
be well acquainted with this Notation, and the Rules of its fcveral 
Operations fhould.be very familiar to him, or other wife he will often 
find himfelf involved in difficulties. I /hall not enter into any far¬ 
ther difaiffion of it here, as not properly belonging to this place, 
<?r fcbjedt, but rather to the vulgar Algebra. 

11. The Author proceeds to the Extraction of the Roots of puce 
^Equations, which he thus performs, in imitation of the ufiial Pro¬ 
cess in Numbers. To extract the Square-root of aa -+- xx; firfl: the 
Root of aa is a, which mail be put in the Quote. Then the Square 
of this, or aa, being fubtraCted from the given Power, leaves -+-xx 
fgr a Refplrend. Divide this by twice the Root, or 2a, which is 

Y 2 the 
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'the firft part of the Divifor, and the Quotient ^ tnuft be made the 
fecond Term of the Root, as alfo the fecond Term of the Divifor. 
Multiply the Divifor thus compleated, or 2a-+-~ f by the fecond 

Term of the Root, and the Product muft be fubtra&ed 


from the Refolvend. This will leave —- for a new Refolvend, 
which being divided by the firft Term of the double Root, or za> 
will give — for the third Term of the Root. Twice the Root 

before found, with this Term added to it, or 2a — -— — , be¬ 
ing multiply’d by this Term, the Product — 0 — £ -+■ — t mu{h 
be fubtra&ed from the laft Refolvend, and the Remainder -1. 

8«4 


will be a new Refolvend, to be proceeded with as before, 
for Ending the next Term of the Root j and fo on as far as you 
pleafe. So that wefhallhave y/aa+xx = a -+• 


■- ... . 

It 1 s eafy to ojjferve from..hence, that in the Operation every new 
Column will give a new Term in the Quote or Root ; and therefore 
no more Columns need be form’d than it is intended there fhall be 
'Terfns in the Root. 'Or when any number of Terms are thus ex- 
traded, as many more may be found by Divilion only. Thus hav- 

ing found the three firft Terms of the Root, a 4- —• — — , by 
their double 2* <4- — *— ~ , dividing the third Remainder: or >Re- 
folvend -+- 4 ~. — r—; , the three firft Terms of the Quotient 

ofil 0^° 164! 

— j— t; -+- ~~ 9 will be the three fiicceeding Terms of the Root/ 

The Series a ~h ~ ^ H- 7^7, > & c * thus found for the fquai*o- 

root of the irrational quantity aa xx, is to be underftood in the 
following manner. In order to a due convergency a is to be fuppos’d 


greater than x, that the Root or converging quantity ~ may be left 

than Unity, and that a may be a near approximation to the fquare- 
,'rpot required. , But as this is too little, it is encreafed by the finall 

quantity ~ , which now makes it too big. Then by the next 

Operation 


Digitized by LjOOQle 



end Infinite Series. 


'Operation it i$ diminiffi’d by the (till (mailer quantity ~ } which 
diminution being too much, it is again encreas’d by the very (mall 
quantity , which makes it too great, in order to be farther di- 

minifh’d by the next Term. And thus it proceeds in infinitum , the 
Augmentations and Diminutions continually correcting one another, 
till at lad they become inconfiderable, and till the Series (fo far con* 
tinued) is a diffidently near Approximation to the Root required. 

12. When a is lew than x, the order of the Terms muft be in¬ 
verted, or the (quare-root of xx -f- aa muft be extracted as before} 

in which cafe it will be *■+• ^ — , &c. And in this Series 

the converging quantity, or the Root of the Scale, will be Thefe 

two Series are by no means to be underftood as the two different Roots 
of the quantity aa+xxt for each of the two Series will exhibit thole 
two Roots, by only changing the Signs. But they are accommodated 
to the two Cafes of Convergency, according as a or x may happen to 
be the greater quantity. 

I (hall here refolve the foregoing Quantity after another manner 
the better to prepare the way for what is to follow. Suppole then 
yy =saa-h xx, where we may find the value of the Root y by the 
following Procels: yy=- aa -f- xx= (i fy =<*+/) aa-\~zap -f. pp- t 

or zap +pp ss xx = (if p = *£ 4- q) xx 4- zaq ■+• ~ 4- — f 

+ qqi or zaq^ x -l 4-4- 

Sb 4 - 2 ar —~ 4 -^ 4 -~ -+- r 1 i or zar 4 - — — — -s- 

rr = h — =?= ( if r = 7ZT* + J ) &c * wbich Proc efe may 

be thus explain’d in words. 

In order to find >/ aa xx, or the Root y of this Equation 
yy=:aa-\-xx, fuppofe y a -4- p„ where a is to be underftood as 
a pretty near Approximation to the value of y, (the nearer the bet¬ 
ter,) and p is the (mail Supplement to that, or the quantity which 
makes it compleat. Then by Subftitution is derived the firft Sup¬ 
plemental Equation zap pp = xx, whole Root p is to be found. 
Now as zap is much bigger than pp, (for za is bigger than the Sup¬ 
plement pi) we (hall have nearly p x — , or. at leaft we fhall have 

exaCtiy /= ■- 4 * q, fuppofing q to reprtfent the fecond Supple¬ 
ment 
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ment of the Root. Then by Subftitution zaq ~q qq =— 
^ will bc lhe feeond Supplemental Equation, whofe Root q is the 
4 Jecond Supplement. Therefore ~q will be a little quantity, and qq 
.much lefs, fo that we fhall haye nearly q=s=> —g- a , or accurately 
q =— ^ + r, if r be made the third Supplement to the Root. 

t od> 

And therefore aar -+■ ~ r — ~ r + r* = £ — ~ wiU be the 

third Supplemental Equation, whofe Root is r. And thus we may 
go on as far as we pleafe, to form Reiidual or Supplemental Equa¬ 
tions, whofe Roots will continually grow lefs and lefs, and there¬ 
fore will make nearer and nearer Approaches,to the Rooty, to which 
.they always converge. For ys= a 4 - p , where p is the Root of this 

Equation zap-\-pp = xx. Ory z=a-+- ~ -+- q, where q is the 
Root ,of this Equation zaq <4- ~q ^qq -rr , — ~ . Orj sss a -+- 
^ 4- ?, whereir is the Root of this Equation 2ar 4- • 

~ rr=.~ — And fo on. The Refolution of any one 

of thele Quadratics Equations, in the ordinary way, will give. th e 
.reipedtive Supplement, which will compleat the value of y. 

I took notice before, upon the Article of Divifion, of what may 
be call’d a Companion of Quotients; or that one Quotient may be 
.exhibited by the help of another, together with a Series of known 
.or Ample Terms. Here we have an Inftaoce of a like Comparifon 
of Roots; or that the .Root of one Equation may be exprels’d by 
the Root of another, together with a Series of known or limple 
Terms, which will hold good in all Equations whatever. And to 
carry on the Analogy, we fliall hereafter fend a like Comparifon. of 
Fluents; where one Fluent, (fiippofe, for inftance, a Curvilinear 
Area,) will be exprels’d by another Eluent, together with a Series 
©f firnple Term* This I thought fit ,to infinuate here, by way ©f 
anticipation, that I might Ihew the conftant uniformity and har¬ 
mony of Nature, in thefe .Speculations, when they are duly and re¬ 
gularly pqrfued. 

But 1 fhall here give, ex abundantly another Method for this, and 
filch kind of Extractions, tho’ perhaps it may more properly be¬ 
long to the Refolution of AfFedtcd Equations, which is fopn to fol¬ 
low; however it may ferve as an Introduction to .their Solution. 

i The 
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The firft Refidual or Supplemental Equation in the foregoing Pro- 
ecfs was zap -\-pp = xx, which may be refolved in this manner. 

Becaufe p== it will be by Divifion p =*£ — + ifr — 

^l£L + &c. Divide all the Terms of this Series (except the 

firft) by p, and then multiply them by the whole Series, or by ^the 

value of/, and you will have p = ~ 4 * — 32^ 

} See. where the two firft Terms are clear'd of p. Divide all the 

Terms of this Series, except the two firft, by p, and multiply them 
by the value of p y or by the firft Series, and you will have a Series 
for p in which the three firft Terms are clear’d of p. And by re¬ 
peating the Operation, you may clear as many Terms ofp as you 

pleafe* So that at kft you will have p == £ —jjj* •** i 5 T» — 7 ^ 8 ? 

I 5cc. which will give the lame value of y as before. 

,‘tL t r, 16, 17,18. The feveral Roots of thefe Examples, and: 
of a u other pure Powers, whether they are Binomials, Trinomials,, 
©r any other Multinomials, may be extra&ed by purfumgthe Me¬ 
thod of the. foregoing Procefi) or by imitating, the like Fraxes u> 
Numbers. But they nay be perform’d much mere readily bjMgeae- 
tal Theorems computed for that purpofe. And as there will be fre¬ 
quent occafion, in the eniuing Treatife, for certain ^eral Opera¬ 
tions to be perform’d with infinite. Series, fuch as Multiplication,. 
Divifion, railing of Powers, and esctnuJbng of Roots j h Inall nere 
derive forire Theorems for thofe purpofes. 

1Let A-hB-kC+D + E, tax. P+<^4-R+S-KT. ^ 

«.+ 0 + , +,+ ,, &c. reptefent the Terms of three feveralSerjes 
•tefptaively. and let A-t-B+C+D+E, &c. into P-KfcjrR-J-!H-T,, 
&e. == .+R+ y +1 •+-«. «ec. Then by the known Rules of 
Multiplication,, by which every Term of one Fadtor is to be multi- 
plv’d into every Term of the other, it will be «.= AP, /3 = AQ^H- 
BP, >=AR-4-B(i-hCP, <T =kAS- f- BR -+- CQ^f-DP, *==AT-^ 
BS -v- CRh-PQ+ ^P; andfoon. The n by Subfhtution it will be. 
. x Fr«=aAf ** 

■ . 

! -f A T 


And! 
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And this will be a ready Theorem for the Multiplication of any 
infinite Series into each other > as in the following Example* 

(A) (B) (C) (D) (E) (P) (QJ (R) (S) (T> 

-+*»+ $+£+0. &c ' “*»—#•+ 7- 7 - + =.**■ 
- t ax-lx>-*±-■£ 

+t**+£+# 

xl *4 


And fo dn all other .cafes. 

II. "From the fame Equations above we fhall have A e= — > 

t, 8—AQ. ^ y — BQ_—AR ^ /—CQ — BR —AS ^ 

tS sac p i ^ — p ) === ^ , E t* " 


,-DQ. CR BS AT )&c And then by Subftitution 
_(A+B + C+D + E, &c. =) i 

• -—-h ! -^—y——■—&c. This Theorem 

will ferve commodioufly for the Divifion of one infinite Series fay 
another. Here for con veniency-fake the Capitals A, B, C, D, 6cc. 
are retained in the Theorem, to denote the firft, fecond, third, fourth, 
'&c. Terms of the Series refpedively. 

M lg) 

• Thus, for Example, -if we would divide the Series a* -i- Lax -4- 

<»> W) <.f (P) (Qj m (sT m 

by.theSenes«»+ + 
the Quotient will be a .4- p**~p** —A— f-*B 


”£_4 a_ £b — f*c 

1260a* 4^* _^ * 


ii22S-j£l ^ , &c. Or reftoring the Values of 

A, B, C, D, &c. which reprefent the feveral Terms as they (land-in 
order, the Quotient will become a — f x -f- ^ ~ 

And after the fame manner in all other Examples. 
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III. In the laftTheorem make a=i, j8=o, y=o, j 0 

>fc,. n --J_--I _BQ>AR CQ^-BR4-AS 

tnen p+q+r+s+t,**. — p p-p-p-X-„ 

D - *~ + - y~ - - ---— * & c * which Theorem will readily find the Recipro¬ 
cal of any infinite Series. Here A, B, C, D, &c. denote the feveral 
Terms of the Series in order, as before. 

Thus if we would know the Reciprocal of the Series 
<R) (S) (T) r ^ 

— -f- -h 7^ > &c. we fhall have by Subftitution 1 _ ifA__ 


fA+ixB ^AH-gB+f^C gA + ^B + i-C+^D 

- ”* . .« ~ ' a * 

&c. And reftoring the Values of A, B, C, D, &c. it will be - —. 

x* x* ' a 

Ta* TiZ for the Reciprocal required. 


Ex. 2. 


" TS* 


i t y fi -»— 1 *+■ 4 ^*» &c. And 


- r t l — i x + i** 

Jo of others. 

IV. In the firft Theorem if we make P=A, Q*—B, Ru=C, 
S=D, &c. that is, if we make both to be the lame Senes; we fhall have 
A+B+C+D+E+F : p.G,^,|* tp AM-iAB + 2 AC 4.2 AD -J- 2AE 4- 2AF -f-aAG.t*. 

+ B* +2BC -f-sBD-f-sBE-f-iSF 
+’C* +2CD4-2CE 
+ D* 

which WiU he a Theorem for finding the Square of any infinite 
jSerieSi 

118 


Eat.i. 


*4 




M 8* J 7 fta* 128 a 1 ' 2 ^6«4 


. ** ** . 5 ** y* 1 * 

’ 4«* 8a 4 ' 64a* "*'* 128 a* 


»+ AT* 

4** 8a4 l6a* 


S* 1 * . 7 *“ 


*5 
<^ XI 


1284ft 

, jg , fli , >»- 

4 


2ltf»* 




512a 


,I 9 > 


&C. 


Ex - 2 . —• 4**—jx* — T^v^, &C.1 * = Jx* -f- fx* -I- &c* 


El. 3. 5 _£ 

b'x* 
8a» 


text 

Ibat 


.&c.|* 


a 2 T ** . S*» «0*»* “ » 

4- 3^*! + s^T- w /*’- = 


*«• 

b*x* 

8*4 


2** 


9*4 274’“^243a* 0 729W 


*4 

3&»*4 

8*4 

17^4*4 

648*4 

1J*** 


, &c. 


3 © 4 f** 


.av. 


V. 
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V. In this laft Theorem, if we make A»=P, 2 AB=Qj 2AC 
_j_B*=R, 2AD-h2BC = S, 2AE -f- 2BD -+- C* = T, &c. we 

(hall have A=Pi, B = i, C = £=i\ D =: “75— » E= 

■ T-.B-D-q ( ^ Q[ p + yj. K+ S-(-T+U, &c.|i = pS 


iA 

CL' 

zA “ 


R — B* S — 2BC T—2BD —C a , U—zBE — 2CD „ 

+ -—- , &C.. 


2A ■" zA ” zA . 1 2A 

By this Theorem the Square-root of any infinite Series may eafily be 
extradled. Here A, B, C, D, &c. will reprefent the feveral Terms of 
the Series as they are in fnccefiion. 

Ex.i.tf*— 2ax-i-2a*-~ 6cc.|— a- f-- a4 


■p x4 x+ e;x* “ 7* to 

4a* 8fl4"hb4 a* 12 8a® 


» 

64a* 


21 *11 &c * _ .-^1 . 


2 A? 


8 x 3 


* &e.. 




7 X* 




5I2« 1W I 2 *~~ 8 * 3 ~i 6 *g 1 280^ 256 a * 

VI. Becaufe it is by the fourth Theorem J'H-e,8cc. | 4 

sss eu % ■+- 2aj8 -f- 2 a.y -f- iaj' -+- 2«s> in -the third Theorem for- 
‘ H-/ 3 * -f2^ + 2j8J' 


P, R, S, T, &c. write a 1 , 2 a/ 3 , 2ay -+- 2a<f‘ -f- 2fiy } 2a$ 

+tfi*+y> ? *c. refpvaivcly. Theajj—^i—— 

i . gatflB x A _____ gagC Hr +3* x B + 3 a/+ ag>, x A ^ 

** «* * 

And this will, be a Theorem for finding the Reciprocal of the Square 
of any infinite Series. Here A, B, C, D, &c. Rill denote the Terms. 
of the Series in their order. 

VII. If in the.,firfl Thporem-for.F^-Q^,-Rj.-Si-^se. we*'write 
A», aAg, 2AC .-f> By -2AD -+- 2BC, &c. rdpeOivcly, ( that i s 
A+B+C+Dj&c. I 1 , byTheor.4.) we fhall have A+B+C+D+E 4 -F,&c.|*. 
=s A* Hh 3A*B ■+• 3AB* -+* 3A*D -f- 3AC* -+- 3BO* &c. 

-f. 3A*C 6ABC H- 3B*C -h 3B*D 
' 4- 6ABD4- 6ACD 

•' ’ •• ■ *■* - 

..... - 4 - 3 AF ; 


Ex.i. 


X* 


** .i-s* 9 


io*‘ 


3 a* 243a 1 


‘ -h: 


X* 

27a* 


2 1 * 

*7«» 


243a** - 243a' 5 * '* v *- 




‘81* 1 * *" 

729a" 


IOX x8 • 

243a 1 *"" 

"729a** 

X ,S 

* E" 

^729a 1 * 


Ex^_ 
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Ex. 2. t# 1 4’TTr* , +TTT* 4 > 1 F = f* < +tV' , 4 , TTT* , > 

VIII. Ia the laft Theorem, if we make A* = P, 3 A*B = O, 

A‘C=R, B* -f* 6ABC-f* 3A*D=§, Sec. then As=:Ph 

Ca= —rrr— . Dssss — - . &C. that 


is 


B _1 

. - 3 A* » ~ 3A 1 ' » *" ; 3 A* 

f+Qj-R+S-hT, tec. | i = PT+^+^i^ + s —^x, 6 * 80 

T— 3 AC*— 3 B*C—6ABD 


3 A* 


See. 


3A*" 1- 3A» 3 A* 

And by this Theorem the Cube- 


root of any infinite Series may be extracted. Here alfo A, B, C, D, 

MI . r . .1 r*n .1 _ n. _J • _ J _ 


Ex. 1. 


X? 

x l% a 8x* 5 


27a 6 

27a* 1 * 43« 11 

243 * 15 " 1 


** 


Jn* 9 a 


x*. 5 «» 


2 43 * 


IX. Becaufe it is by the feventh Theorem «-+■ #•+■ y-h Sc c. J * 

a* -+- 3 «. 1 j 3 -I- 3«/S* -f- / 3 s , ,&c. in the third Theorem; for P, 

+ ■+* 6«/Sy ' 

‘ H~ 3 a *^ 

R, S, T, &c. write a*, 3a 1 /?, 3«j8* +3**y, / 3 * -f- 6aj8y-J- 3**^, 
-f.6«/3* + 3**fo &c - refpedtivelyj then 

•_ I 3-x*S A 3 a«flB-H<tB*+3«*> xA 3«»*gC-4:3*3*+3<>*>' x B4-T>+6^4-^/xA»«. 

— , «o* ‘ . ** ' ' 1 „»• • # ' 

This Theorem will give the Reciprocal of the Cube of any infinite 
Series; where A, B, C, D, &c. Hand for the Terms in order. 

X. Laftly, in the firft Theorem if we make P=A*, Q=r 3A*B, 
, R=3AB > -f-'3A»C, S=B»h-6ABC4-3A*D, &c. we mall have 
A4-B-4-C4-D, See. | * ssA^H" 4A*B-f , 6A*B*«^>j,AB* ) fee. which 

4-4A*C 4-i2A*BC 
H-4A s D 

will be a Theorem for finding the Biquadrate of any infinite Series. 

And thus we might proceed to find particular Theorems for any 
other Powers or Roots of any infinite Series, or for their Recipro¬ 
cals, or any fractional Powers compounded of thefe; all which will 
be found very convenient to have at hand, continued to a competent 
number of Terms, in order to facilitate the following Operations. 
Or it may be fufficient tq lay before you the elegant and general 
Theorem, contrived for thjs purpofe, by that fkilful Mathematician, 
and my good Friend, the ingenious Mr. A. De Moivre, which, was 
firft publifh’d in the Philofophical TranfaCtions, N° 2 30, and which 
will readily perform all thefe Operations. 


Z 2 


Or 
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Or we may have recourfe to a kind of Mechanical: Artifice, by' 
which all the foregoing Operations may be perform’d in a very eafy 
and general manner, as here follows. 

When two infinite Series are. to be multipiy'd together, in order 
to find a third which is to be their Product, call one of them the 
Multiplicand, and the other the Multiplier. Write down upon your 
Paper the Terms of the Multiplicand, with their Signs, in a defeend- 
ing order, fo that the Terms may be at equal diftances, and jull 
under one another. This you may call your nxt or right-hand Paper.. 
Prepare another Paper, at the right-hand Edge of which write down 
the Terms of the Multiplier, with their proper Signs, in an amend¬ 
ing Order, fo that the Terms may be at the lame equal diftances - 
from each other as in the Multiplicand, and juft over one another. 
This you may call your moveable or left-hand Paper. Apply your 
moveable Paper to your fixt Paper, ft) that the firft Term, of youF 
Multiplier may ftand over-againft the firft Term of your Multipli¬ 
cand. Multiply thefe together, and write down the Product in its 
place, for the firft Term of the Product required. Move yottr move* 
able Paper aftep lower, fo that two of tbe firft Terms of the Mul¬ 
tiplier may ftand over-againft two of the firft Terms of the Multi¬ 
plicand;- Find the two Prddu&s, by multiplying each pair of the 
Terms together, that ftand over-againft one another; abbreviate 
them if it may be done, and fet down the Refult for the fecond 
Term of the Product required. Move your moveable Paper a ftep 
■lower, fo that three of the firft Terms of the Multiplier may ftand 
over-againft three of the firft Terms of the Multiplicand. Find the 
three Produdfcs, by multiplying each pair of the Terms together that 
ftand over-againft one another; abbreviate them, and fet down the 
Refult for the third Term of the Produdt. And proceed in the fame 
manner to find the fourth, and all the following Terms. 

I fhall illuftrate this Method by an Example of two Series, taken 
from the common Scale of Denary 01 Decimal Arithmetick; which 
will equally explain the Procefs in all other infinite Series whatever. 

Let the Numbers to be multiply’d be 37,528936, &c. and 
528,73041, &c. which, by fupplying X or 10 where it is under- 
ftood, will become the Series 3X -f- yX* -4- 5X _, -f- 2X - *-j- 8X"** 
-4- 9X —4 h- 3X~ s -4- 6 X~ 6 , &c. and 5X 1 -4- 2X -4- 8X° -4-7X _, -4- 
3X“*-4- oX~ } -f- 4X~ 4 -f- iX —5 , &c. and call the firft the Multipli¬ 
cand, and the fecond the Multiplier. Thefe being difpofed as is 
prefcribed, will ftand as follows. 

Multiplier, 
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Multiplier, Multiplicand Product 1X 4 ' ' 

&c. 3X 15X* - - - - - - - - 9X 1 

4 - iX~> 4 -7X 4 +4iX* - ---- 8X* • 

•.-H4X- 4 *4- 5X~‘ - 4-63X. 4 XL 

4— oX~* s ■+• 2X* - * — - +97X* - 2X 0 

-4- 3X— . 4- 8X-* -h 142X- 1 ------- 6X— 

4- 7X-* 4 -- 9X- 4 --H 133X - * - - - - - - 8X“*’ 

. 4* 8X* 4* 3X"* — 4* J38X - * — _8X”» 

'.4-2X 4-* 6X -4 -h 201X -4 ’-- — 1X-+ r 

5 X« &fc. : fifc-_ &c. r 


Now the firft /Perm of the movable Paper, or Multiplier, being, 
apply-d to the full Term of the Multiplicand, will give 5X* x 3X; 
=5 i5X } for the ftrft Term of the Product. Then the two firft- 
Terms of each being apply’d together, they will give 5X 1 X7X 4 
4-2X x 3X=s'4iX* for the fecond Term of the Product. Then- 
the three firft Terms of each being apply’d together, they will give 
5 X‘ x 5X—4-2X X7X 0 4- 8X* x 3X=63X for the third Term, 
of the Product And fo on. So that the Product required will be r 
15X* -F 4iX* 4- 63X4- 97 x ° ■+• i 4 * x “"+ 13 S x ~‘H- 138X-*' 
4- 2otX” 4 , &c. Now this will be a Number in the Decimal Scale* : 
of Arithmetick, becaufe X = 10. But in that Scale, when it is re¬ 
gular, the Coefficients muft always be affirmative Integers, lefs than-* 
the Root 10} and therefore to reduce thefe to fuch, fet them orderly* 
under one another, as is done here, and, beginning at -the loweft, cob 
led them as they ftand, by adding up each Column. The reafon of' 
which is, this,- Becaufe 2oiX~ 4 = 2oX — *4- 1X- 4 , we- muft fet 
down iX~ 4 , and-add 2oX"" J to theline aboye.- Then becaufe 2oX*~ J 
4- i38X"**= I58X” s = 15X"* 4- 8X*-», we muft fet down 8X*”*; 
2nd add 15X.—* to the line above. Then becaufe 1 4- 133X— 1 

s= i48X~* = i4X _, 4- 8X“*, we muft fet down 8X-*, and add 
14X~* to the line above. And lo we muft proceed through* the 
whole Number. So that at laft we lhail find the Plrodud to be iX-V 
4- 9X» 4- 8X * 4- 4 X 4 - 2X 0 4- 6X-> 4-.8XT-* 4- 8X-*&c. Or 
by fuppreffing X, or 10, and leaving it to be fupply’d by the Ima¬ 
gination, the Produd required will be 19842,680, &c. 

When one infinite Series is to be divided by another, write down 
the Terms of the Dividend, with their proper Signs, in a defend¬ 
ing order, lo that the Terms may be at equal diftances, and juft un¬ 
der 
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der one another. This is your fixt or right-hand Paper. Prepare 
another Paper, at the right-hand Edge of which write down the. 
Terms, of the Divifor in an afcending order, with all their Signs 
changed except the firft, fo that the Terms may be at the lame equal: 
distances as before, and juft over one another. This will be your 
moveable or left-hand Paper. Apply your moveable Paper to your 
fixt Paper, fo that the firft Term of the Divifor may be over-againft 
the firft Term of the Dividend. Divide the firft Term of the Di¬ 
vidend by the firft Term of the Divifor, and fet down the Quotient 
-over-againft them to the right-hand, for the firft Term of the Quo¬ 
tient required. Move your moveable Paper a ftep lower, Co that 
two of the firft Terms of the Divifor may be over-againft two of 
the firft Terms of the Dividend. Collett the fecond Term of the 
Dividend, together with the Produtt of the firft Term of the Quo¬ 
tient now found, multiply’d by the Terms over-againft it in the left- 
hand Paper; thefe divided by the firft Term of the Divifor will be 
the lecond Term of the Quotient required. Move your moveable 
'Paper a ftep lower, fo that three of the firft Terms of the Divifor 
may ftand over-againft three of the firft Terms of the Dividend. 
Collett the third Term of the Dividend, together with the twoPro- 
dutts of the two firft Terms of the Quotient now foftnd, each be* 
ing multiply’d into the Term over-againft it, in the left-hand Paper. 
Thefe divided by the firft Term of the Divilor will be the third 
Term of the Quotient required. Move your moveable Paper a ftep 
lower, fo that four of the firft Terms of the Divifor may ftand over- 
againft four of the firft Terms of the Dividend. Collett the fourth 
Term-of the Dividend, together with the three Produtts of the three 
firft Terms of the Quotient now found, each being multiply’d by 
the Term over-againft it in the left-hand Paper, Thefe divided by 
the firft Term of the Divifor will be the fourth Term of the Quo¬ 
tient required. And fo on to find the fifth, and the fucceeding 
'Terms. 

For an Example let it be propofed to divide the infinite Series 

f* -hitfATH- 4 - ~ ^ > &c * the Series a + t* 

,4.' f? -4- ~ 4- ~ , &c. Thefe being dilpofed as is preferibed, 
will ftand 'as here follows.' 

Divifor, 


Digitized by LjOOQle 



and Infinite Series. 


*75 



Here if we apply the firft Term of the Divifor a, to the firft 
Term of the Dividend a », by Divifion we fhall have a for the firft 
Term of the Quotient. Then applying the two firft Terms of the 
Divifor to the two firft Terms of the Dividend, we fhall have fax- 
to be collected with the Product tfx— >fx, or — fax, which will 
make — fax', and this divided by a, the firft Term of the-Divifor, 
will give — fx for the fecond Term of the Quotient. And fo of 
the other Terms; and in like manner for all other Examples. 

When an infinite Series is to be raifed to.any Power, or when 
any Root of it is to be extradted, it may be perform’d in all cafes- 
by a like Artifice. Prepare your fixt or right-hand Paper, by wri¬ 
ting down the natural Numbers o, i, 2, 3, 4, &c. juft under one an¬ 
other at equal diftances, refervirig places to the right-hand for the 
feveral Terms of the Power or Root, as they fhall be found. The. 
firft Term of which Series may be immediately known from the firft: 
Term of the given Series, and from the given Index of the Power 
or Root, whether that Index be an Integer or a Fraction, affirmative • 
or negative j and that Term therefore may be fet down in its place,. 
over-againft the firft Number o. Prepare your moveable or left- 
hand Paper, by writing down, towards the edge of the Paper at the 
right-hand, all the Terms of the given Series, except the firft, over 
one another in order, at the fame diftances as the Numbers in the • 
other Paper. After which, nearer the edge of the Paper, write juft 
over one another, firft the Index of the Power or Root to be found, 
then its double, then its triple, and fo the reft of its multiples,- 
with the negative Sign after each, as far as . the Terms of the Series 
extend. And alfo the firft Term of the. given Series may be wrote 
below- Thus Vffll the moveable Paper be prepared,. Tnefe multi¬ 
ples* together with the following negative Signs, ..and the Numbers • 
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o, i, 2, 3.4, &c. on the other Paper, when they meet together, will 
tom pleat the numeral Coefficients. Apply therefore the fecond Term 
of the moveable Paper to the uppermoft Term of the fixt Paper, 
and the Produdt made by the continual Mutiplication of the three 
>Fa£tors that Hand in aline over-againft one another, [which are the 
fecond Term of the given Series, the numeral Coefficient, (here the 
given Index,) and the ffirft Term of the Series already found,] di¬ 
vided by the firft Term of the given Series, will be the fecond Term 
of the Series required, which is to be let down in its place over- 
.againft 1. Move -the moveable Paper a ftep lower, and the two 
Products made by the multiplication of the Factors that Hand over- 
againft one another, (in which, and elfewhere, care muft be had to 
;take the numeral Coefficients compleat,) divided by twice the firft 
'Term of , the given Series, will be the third Term of the Series re¬ 
quired, which is to be fet down in its place over-againft 2. Move 
'the moveable Paper a ftep lower, and the three Products made by 
the multiplication of the Factors that (land Over-againft one another, 
divided by thrice the firft Term of the given Series, will be the 
.fourth Term of the Series required. And fo you may proceed to 
find the next, and the fubfequent Terms. 

It may not be amifs to give one general Example of this Reduc¬ 
tion, which will comprehend all particular Cafes. If the Series asz 
_l_ bz, % -f- czS -1- dz*y &c. be given, of which we are to find any 
Power, or to extrait any Root$ let the Index of this Power or Root 
be m. Then prepare the moveable or left-hand Paper as you fee 
below, where the Terms of the given Series are let over one another 
in order, at the edge of the Paper, and at equal diftances. Alfo 
after every Term is put a fuIPpoint, as a Mark of Multiplication, 
and after every one, (except the fitft or loweft) are put the feveral 
Multiples of the Index, as m, 2m, 3/0, 4/0, dec. wi|h the negative 
Sign — after them. Likewile a vinculum may be underftood to 
be placed over them, to connedt them with die other parts of the 
pumeral Coefficients, which are on the other Paper, and which 
make them compleat. Alf° the firft Term of the given Series is 
Separated from uie reft by a line, to denote its being a Divilor, or 
the Denominator of a Fraction. And thus is the moveable Papa: 
prepared. 

To prepare the fixt or right-hand Paper, write down the natu¬ 
ral Numbers o, 1, 2, 3,4, &c. under one another, at the fame equal 
diftances as the Terms in the other Paper, with a Point after them 
£$ a .Mirk of Multiplication j and over-againft the firft Term o 

’ vri» 
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•write a*z m for the firft Term of the Series required. The reft of 
.the Terms are to. be wrote down orderly under this, as they Ihall be' 
found, which will be in this manner. To the firft Term o in $hq 
fixt Paper apply the fepond Term of the moveable Paper, and they 

will then exhibit this Fraction fe* 1 a * x which being reduced 

AX. I 

to this rna m ~ t bz u + t , mull be fet down in its place, for the lecond 
Term of the Series required. Move the moveable Paper a ftep lower, 
and.you wilihdvc this Fra&ionexhibited 4- cz*. zm—o. a m z m 

■ ak: . z . 

which being reduced will become m x aF^b* x z m +*, 

ito be put down for the third Term .of-the. Series required. Bring 
down the movea ble ftaper a ftep lower, and you, will have the 
JFraCtion -f-dfe 4 . yn —o. a".z m ' 

-f. cz*. zm — 1. maP- 1 bz’* Jrt 

+ bz % . m — a. + m x a^b*- x z m +* 

~ 3 • ■ 

which reduc'd willbe a^bc+mx^-y^a—^ x2*+*», 

for the fourth Term of the Series required. And in the lame man¬ 
ner are all the reft of the Tetjns to be found. 



N. B, This Operation will .produce Mr. JOe Mahre'3 Theorem 
mentioned before, the Inveftigation of which may be feen in the 
place there quoted, and Ihall be exhibited here in due time and 
place. And this therefore will lufficiently prove the truth of the 
prelent-Procefs. In particular Examples tnis Method will be found 
very eafy and practicable. 

A a But 


/ 
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But now to llfew fomething of the ufe of thefe Theorems, anj 
at the fame time to prepare the way for the Solution of Affected and 
Fluxiorial Equations j we will- here make a kind of tetrofoeCt, and. 
relume our Author's Example^ of Ample Extractions, beginning 
with Divifion itfehf, which we {hah perform after a different and an 
eafier manner. 

Thus to divide. <ui byb-h x, or to refolve the Fraction 

into a Series of Ample Terms * make = y, or 'by-+. icyssaa. 

Now to find the quantity jr-dilpofe the Terms of this Equation after 
this manner j = and proceed in the Refolution as you fee. 

is done here. 



I---?* 

.... ,y= 


*y 


a*x, x . < t . a*x* 


b* 


.1 


^4 


>» 

rh TT" » ® CO - 


.1 


a‘x' 

~W ^ b* • * ' i4 

- *** ’ «v * «***. , «**♦ _. 

7"“'" l* f*** ** TT ■+" 7F » &c - 


Here by the difpoiition of tHe Terms aMs made the firft Term, 
of- the Series helongiog fyr^eqiuvaJentJTo and therefore, dividing 

byb t j. will be the firft Term of the Series equivalent toy, as is fet 
down below. Then w&l be the- firft Term of the ’Series 


rk-xy*. which Is therefore fet down over,-againft it: as.alfo it. is. fet 
down over-againft ^y,. buf.vaithia contrary Sign, tfo the. fecdhd 

Term of that Series* Then will — jr he the feconjd.Term of y,. 

to be fet down in its plate, which witf "give —i-^^.fbr the fe- 
feond Term of -}»- xyj_ and this’with a contrary:Sign rpuft he fet down 
jfor the third Term 6f by. ■ Then' %H 1 ^ b£ this third Term of 


y, and. therefore. + ~L\riU..be .the third. Term of +■ ary, which; 


with a contrary Sign muft be made the fourth Term of by, and there¬ 
fore wili : be-^e'fourth Termt of y-. Arid fo ott forev^f. 

\ Kpw the. Raffonak bf ^this^oeds, and of all that will here fol¬ 
low of the fame hind, may be manifefr from thefe Confideration& 
The unknown Terms of • the Equation, or thofe wherein y is found,, 
are (By the 'Hypotbefis J equal to' the known Term aa. And each of 

thole 
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thole unknown Terms;is refplved into its equivalent Series, the Ag- 
gtegato o^ W^h^auft-ftiH- he eqtK&t© the feme known Temv dia ; 
(or perhaps Terms.) Therefore all the fubfidiary and adventitious 
Terms* \v)iiclvafe_introduped ffito the£qua|ioft, tOf aflil l the Solution* : 
< or ' the Supplemental Terms,) mull mutually deftroy one-andther. 

Or we may refolve the lame Equation ; in ’the foUowing manner:'* 



iKA. 

TC* ‘ 


&c. 


ha * 
'x* 


lia x - 
' *• 3 
■ b*a* - • - - * 

““ - se.,;** 

*4 * 


*5 


^le^e : is madeth/e foil Tenp^ of ‘'O'*, at ?d therefore ^ mult 

beput down for the firll .Tdrtn <&'y. •This’will-give +~ fot* the 
firll Term of by, which wit*h a contrary Sign mud be the fecorid 
Term of -f-xy, and therefore mull be put down lor the le- 

cosdTermof^. Then ti^ill <—i-^-be the, febond Term, of hy % 
Which with a contrary Sigh willbe thethird Term of •+--tty, and' 
dfcerifore ’£p Will he' th£ third- Term' of y. And fd on.'' There¬ 
fore die FradtioA *proJ>olecl is refolvedf initb the feme two Series as 
were found above. * . \ j. . . 

ii-.the Fr^on ,--^ were gtven to be refolved, males';- " 

sas/i ory-f-x‘/x=r i, the Refolution .of which Equation is little 
more dun writing down the Terms, is the nunner following: 


y }=5i—x‘+x«~x < +x*,&c. y 1 -px-’—x^+jr^-x-^&c. 

+x % y\ -fx*-*x*+x*, &cc. x-sfAr-f-x- 4 , 6cc. 

Here in the firll Paradigm,' as i is made the fir(t Term of y, lb 
will x* be the firll Term of x*y, and therefore t- x* will be the 
lecond Term of y, and therefore — x* wiH be the fecond Term of 
x*y, and therefore -t-x* wifi be-tlyrd -Terfevof y ; &c. Allb in the 
lecond Paradigm, as i is made the firll Term of x % y, lb will -+- x— % 
, he the firll Term of y, apd rbefo&rex~* will be the lecond 
Term of x*y, or -rr-x“ 4 will be the fecond, Term of y t ,&c. . 

A a .2 To 
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Tie Method of Flux rows, 


To refolve the compound Fradion 






I 

*+**"— 3 * 


into fimple-Terms,, 


make 

»+«*—5* 
quation may be thus refolved: 


=/, or 2x i — x* =/ 4- **7 — 3*7 i which E- 


rrr 2 X* * — X* 


yl - 2 x* *— 2 x 4- 7 ** — 1 3*“ -+- 34 X l — 73 **, ^ 

4- x*y >-1- 2* —> 2** 4 - 7*‘ — 13^-+“ 34X*, &c. 

— 3 * y\r - - - -- - — 6xIh- 6x* — 2 ix* 4- 39X*, &c. 

Place the Terms of the Equation, , in which the unknown qnfcn-t- 
tit j y is found; in a regular defcending order, and the known Terms 
above,. as you fee is done here. Then bring down 2X* to be the-firft* 
Term of 7' which will give -+-.2X for the firft Term of the Scries 
4-x*/, which muft be wrote with a contrary Sign for the fecond 
Term of y. Then will the fecond Term of -4- be — 2X*, and - 
the firft Term of* the Series — 3x7 wilT be •*— 6x*,. which'* together 
make — Sx*. And this withacorithary Sign would have been wrote 
for. the third Term of7, had not the Term*—. x*been above, .which, 
reduces it to. 4-7** for the third Term of 7, Then win 4- yx* 
be the third Term of 4- x*y, and 4- 6x* will be the fecond Term, 
of 3 <77, which being colleded with a contrary Sign, will ... make 

4 . i3x* for the fourth Term of / j and fo on,‘as in the Paradigm. 

If* We would refolve this Fradion, or this Equation, fo .as?to ac¬ 
commodate it to the other cade of convergency,. we may invert, tho 
Terms, and proceed thus: 

es — x* * 4- 2 X* 

— 3*?1 -* 4 — i* H“T^ 4 4- ff, &c. 

+ -h^? 4 -t^f ~Tf, &C. . 

4-7 J-hfx* 4-1 > &c * 

7 = fx* 4-1 ~ — ttx~‘, &c. 


Bring down — x* tobrthe firft Term of — 3x7, whence 4-ftf* 
will be the firft Term of 7, to be let down in its place. Then the 

firft 
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4 ?=^.+ * + I + c+J + e*t>t 
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a. 
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Infinite Series. i8i 

firft Tom'of -+►**/ wilt be -f* fx, which with a contrary Sigft 
will be the fecond Term of — $xy, and therefore -f- will be the 
fecond Term of y. Then the fecond Term of -f- x*y will be 
and the firft Term ' of y being -f- fx*, thefe two collected with a 
contrary Sign would have made —for the third Term of — 2*f, 
had not die Term +2** been prefcnt above. Therefore uniting 
thefe K we fhkll have -+-~x* for the third Term of — 3 xy, which 

will give — for'the third Term of y. Then will the third 

Term of -h x*y be — *f, and the* Iecond Term of y being £ 
thefe two collected with a contrary Sign will make +tt for the 
fourth Term of —3^, and 4 therefore — will be tne fourth 

Jhrm of/»j and fo on. 

And thus much for Divifion; now to go on to the Author’s pure 
or Ample Extractions: 

To find the Square-root of aa -f- xx, or to extract the Root V of 
this Equation yysstaa+ xx; make y =s a -\-p, then we (hall nave 
by Substitution zap -\~pp = xx, of which affected-Quadra tick Equa¬ 
tion we may* thus- extract the Root p. Difpofe the Terms in this 
manner- zaphyssxx, the* unknown-Terms-in a defcending.-order on • 

«+■#]“ 

one fide, and the known Term or Terms on'thevother fide of the- 
Eqqation, and proceed in the Extraction as is here directed. 


■+-/M-h 


.* 

2a 



if! 


64a* 

_ii 

. 5 * # 

8*4 

+'64** 

>4 

x‘ 


16 a* ' 1 


jx to 

'z$6ar* 


&C. 


By this Difpofition of the Terms, x • is made the ’ firft' Term of 
the Series belonging to 2ap; then we fhall' have for the firft 
Term of the Series p, . as here fet down underneath. Therefore 


-- 

^ will be- the firft Term of the Series p x , to be put down inr i^s' 

p^a*c over-againft p % . Then, by what is-obferved before*, -it muft 
be put down'with a , contrary Sigi? as. the fecond Term of zap, > 

which will make the fecond Term of p to be ■ — . Having there¬ 


fore i 
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.7fa Mstlw!'if, Fa v XA'&k s> 


for© tli© two firft Terms of f '•—< , wo fh»U have,, (by ari^ 

of the foregoing Methods' for fiiiding'the Square of an infinite Se¬ 
ries.) the two firft Terms o'f /* = ^ • which laflt, Term 

tnufit_be wrote with a contrary Sign, as the, third' Term of 2/?/. 
Therefore the third Term of p is and the third Term of p* 

{by . the aforofoid Methods) will be which is to be wrote with 

a .contrary: §ign, as the fourth Term of zap. Then the fourth 
Teon;of p will be.-^ and therefore the fourth Term>of/*> is 

— , which k to be wrote with a contrary Sign for the fifth 


Term of zap. T^* s will give for the fifth Term of /j ( and fo 

we may proceed in the Extraction as far as we plealjb. ; ■ 

■ Or wo may difpofe the Terms of the Supplemental Equafij 


. zap! - -— H- 2<w — 2a* -+• ~ ~ , fine. 

-r+-i^ji^5PJr* -^.zax-tr 2 a*.— 

. a x *4 \ 


tus; 


't 1 


'Here x* is made the firft Term of the Series p* t and therefore 
c(or elfe —x,}. will be the firft. Term of p*. .Then will be the 
firft Term of zap, and therefore —• 2 ax will be the fetond Term of 
p ». So that becaufe^*=*# # — zaXf&cc. by extracting the Square-root 
of this Series by any of the foregoiug Methods, it will be found 
p = x r— a, j&c. or -—a will be the fecond Term of the Root p. 
Therefore the fecond Term of zap will be — za* t which muft be 
wrote with a contrary Sign for the tbkd Term of/*, and thence,(by 

Extraction) the third Term .of / will be •£., This will make the 
third Tdrm of .2 ap to be ~ t which makes the fourth Term of p* 

; tobe —ahd therefore t (by Extraction) o will be the fourth Term 
.’of /.. This jokes' the fpurth Term af zap to be o, as alfb of /•. 
\Then — £ will be the fifth Term 1 of /. Then the fifth Term of 

;i .2 ap 
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and Infinite Series. x 8£ 

zap will be which will make the fixth Term of p % to be 

; and therefore o will be the fixth Term of p, &c. 

Here the Terms will be alternately deficient j fb that in the given 
Equation yy= aa -h xx, the Root will be y sa a -\~x _ a ■+■ -, 

fee. that is y=sx «+• ~ -h 7^7, &c. which is the fame as 

if we fhould change the order of the Terms, or if we fhould chan ge 
a into x, and x into i. 

If we would extra# .the Square-root of aa — xx, or find the 
Rooty of the Equation yy~zaa — xx ; makey as be¬ 

fore; then 2tf/>+/>*■=—x*, which may be refolved as in the fol¬ 
lowing Paradigm 



** 

4 ** So 4 ~~ m> - 


7 * r * 
128 a 9 


x+ 

4 ** 


x+ 

8 a+ 


jw *T* 8«» L2&}T “" 25 


*4 

8«i 


16^; 


644* 




, &c. 

7 *** « 

I 28 «* » &C * 
7 *»o 


tlere if we fhould attempt to make —-x* the firft T^nh of-f-/* 
we'fhould have ^— *S or xy— 1 * for the firftTermof^-, which 
kdng itnpoffible,. thews no Series, can be form’d frpm that Supposi¬ 
To find the S^uare^oot ofx'—xk, or the Rbet-y in -this Equa¬ 
tion yy sifcx-—xx,; make yaw=sA^-(-/, thten *-*- 2#y + p*z=zx 

■*— or 2*^ -+- /‘i — which may be refbhed after, this, 
mahner 1 . 

2 X*/> 7 =S=—x 1 — ^x 5 — fx*, 8 cc. 

+ 5 .-+-fx» -t-fx 4 , &c. ‘ 7 , 

p s=fc u- *,** — ,V**, ifcbv v 

► ’ , : - 

■The Terms being rightly dHpofcd, make —i x*thej firft: Tertn- 
. •£ h the© wjU .jr-d-Affi be the M. Temi :of ^ ^Therefore 

H~ v* 3 will be dip firtt X c rp,qf^*,. Which! js alfq to be wrote with 
a'contrary Sign for the feebrid Term, of zx\p^ Vv.hich’will.give 
for the fecond Term of p. 'Then (by fqitaring) the iefcbhd'Term of 
will be "tx 4 , which will give —- fx* for the fecond- Term of 
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The Method of Fluxions, 


2a;*/, and therefore — T ‘ r x* for the. third Term, of p ; and fo on. 
Therefore in this Equation it will be y=X *— fx* — rV-^ 

. So to ex trait the Root y of this Equation yy ;= aa.-\—bx — xx, 
make/ = <*-*-/, then -zap H- p 1 = bx — xx, which may be thus 
relblved. 


.zap 


J........ 


bx -r~ X' -J-— , &<C. 

A*** A»*» 

4 ** 8a4 

A*** A** » 

> 4 *c. 


Jf* 


« ta ta ’ 4 a* * 

P-x % 


2 a* : 

A*** 

’ 8«4 


8a». 


£*£* 

i8*< 


Make £x.the Term, pf zap-, then will --be the fir ft Term 


za 


. of p. Therefore the firft “Term of p % will be h- —t, which is 
alio to be wrote with a contrary Sign, lb that the iecond Term of 

* t<x jg% 

t 2ap will be — x* — —, which will make the Iecond Term gf 
p to be — *— — jjj . Then by Iquaring, the -fecond Term of p- 

-will’ije *— “j — ^5 , which mulb.be wrote with , a contrary Sign 

for the third Term of zap. This will give--the third Term of p 
.as in the Example; and.io on. Therefore the Square-root of the 

.Quantity a' -|- bx — xx will be a -f- £ — ~b. 


A**» 

» 


Sec. 


Alfo if we would extr?& the-Square-root of \%*£' » wc “V ex¬ 
tract the Roots of the Numerator, and likewile of the Denomi¬ 
nator, and then divide one Series by the other, as before ; -but more 

diro&ly thus. 'Make, = yy, or j H- ax* ass yy — b-x-y-. 

. Suppofe y ass 1H- /, then ax- = zp -f- f>- — bx- — zbx-p—bx-p- t 
which Suppplemental Equation may be thus relolvtd. ' 


• 2 p 


i ... 
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and I h p i n j t* $ e r i E 8 .' 


4 l 


^aaX’-hiabx’-hiab’X 6 ^ C. 

+ b -V^b % -h-tf’ -+fb +if* + T s v t>* 

—fa 1 -—fa 1 ^ —f a* ~-rr a *'b ' 

-hi*’ : +rr*L . 

- -~—ab —iab % t &c. 

— b* —lb’ 

- 4 -f*‘* 

--d-f<**£, &c* 

4 -fa£ 4 -j^ 1 

4 -f*» .—fa* 

-*-bjc % P % }-. --- - -*fa*^> &c. 

*-**fA* 

Make a# 1 4- An* the firft Term of 2/>, then will fa*- 1 -f- *bx* 
be the firft Term of p. Therefore — abx* — b*x* will be the firft 
Term of —- 2 bx*p, and fa 1 * 4 -f- f abx* -1- j;bx* will be the firft 
Term of /*. Thefe being collected, and their Signs changed, muft 
be made the fecond Term of 2/,’ which will give fabx* 4 - ib’x* — 
■fa’x* for the fecond Term of p. Then the fecond Term of—2 b&p 
will be — fab*X s — ib’x 6 4- fa^Ax 1 *, and the fecond Term of p* 
(by fquaring) will be found fa*bx* -+- \ab % x 6 «*— fa* at 4 4- ib’x 6 , and 
the firft Term of — bx*p* will be — \a'bx’ —*iab % x t ■*— f b’x 6 ; 
•which being collected and the Signs changed, will make the third 
Term of 2 p, half which will be the third Term of pi and fo oh as 
far as you pleafe. 

And thus if we were to extraft the Cube-root of a* -f- at*, or the 
Root y of this Equation y’ = a* 4- x’ ; make y = a -hp, then by 
Subftitution a* 4- 3 a’p -4- 3 ap % 4- p’ = a* 4- x’ t or 3 a % p 4- 3a/* 
4-/* ss= x’ t which Supplemental Equation may be thus reiolved. 1 



*a’p\ =x* — J_ 4. if! _ &c 

3 "l- 3-* ^ *7«‘ 8ua» » ° tC * 

I , X* 2x9 jyc 1 * c 

4 - 3 a t f *“ £f 9^ + » **• 

f x9 x' % 4 

+t‘ I. + 5 *'- 7 &> tas - 

_*i ** . 5«» _ »o*** fc-p 

9 a 5 81* 8 *43«‘‘ * 
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r 86 3U Method cf Fluxkwns, 

The Terms being difpos’d in order, the firft Term of the Series 
3 a *p will be x*, which will make the firft Term of p to be This 

will make the firft Term of p 1 to be . And this will make the 

firft Term of 3 ap % to be ^ , which with a contrary Sign muft be 
the fecond Term of 3 a % p, and therefore the fecond Term of p will 
be — —,. Then (by fquaring) the fecond Term of 3 ay will be 

— ~ , and (by cubing) the firft Term of p i will be . Thefe 

being collected make — ~, which with a contrary Sign muft be 
the third Term of 3 a'p, and therefore the third Term of p will be 
_l_ ill. Then by fquaring, the third Term of 3 apt will be , 

and by cubing, the fecond Term ofp } will be — which being 

collected will make j and therefore the fourth. Term of 3 a*p 

will be — and the fourth Term of./ will be — . And 

fo on. 

And thus may the Roots of all pure Equations'be extra died, but 
in a more direct and fimple manner by the foregoing Theorems* 
All that is here intended, is, to prepare the way for the Refolution 
of afledted Equations,, both in Numbers and Species, as alfo of 
Pluxional Equations, in which this Method will be found to be of 
very extenfive ufe. And firft we fhall proceed with our Author to 
the Solution of numerical aftedted Equations. 

Sect. III. Tie Refolution of Numeral /IjfeSled Equations, 

19, VTO W as to the Refohitian of afifedted Equations, and firft 
in Numbers j our Author very juftly complains, that be¬ 
fore his time the exegejis Humerofa , or the Dodtrine of the Solution 
of affe&ed Equations in Numbers, was very intricate, defedtive, and 
inartificial. What had been done by Vieta, Harriot, and Qugbtred 
in this matter, tho’ very laudable Attempts for the time, yet how¬ 
ever was extremely perplex’d and operofe. So that he had good rea- 
fon to rejedt their Methods, efpecially as he has fubftituted a much 
better in their room. They affedted too great accuracy in purfuing 

exad^ 
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‘exaft Roots, which led them into tedious perplexities; but he knew 
very well, that legitimate Approximations Would proceed much morfe 
regularly and expeditioufly, and would anfwer the lame intention 
much better. 

20, 21, 22. His Method mav be ealily apprehended from this one 
Inftance, as it is contain’d in his Diagram, and the Explanation of 
it. Yet for farther Illuftration I (hall venture to give a Ihort rationale 
of it. When a Numeral Equation is propos’d to be refolved, he 
takes as near an Approximation to the Root as can be readily and 
conveniently obtain’d. And this may always be had, either by the 
known Method of Limits, or by a Linear or Mechanical Conftruc- 
tion, or by a few eafy trials and luppofitions. If this be greater or 
. lefs than tne Root, the Excefs or Deleft, indifferently call’d the Sup¬ 
plement, may be reprefented by p, and the affirmed Approximation, 
together with this Supplement, are to be fubftituted in the given 
Equation in Head of the Root. By this meafis, (expunging what will 
be fuperfluous,) a Supplemental Equation will be form’d, whole Root 
4 s now/, which will confift of the Powers of the aCumed Approxima¬ 
tion orderly defeending, involved with the Powers of the Supplement 
regularly alcending, on both which accounts the Terms will be con* 
tinually decreafing, in a decuple ratio or falter, if the affirmed Ap* 
proximation be fuppos’d to be at leaft ten times greater than the 
Supplement. Therefore to find a new Approximation, which fhall 
nearly exhauit the Supplement /, it will re fbfficient to retain only 
the two firft Terms of this Equation, and to feek the Value of p from 
the refulting Ample Equation. [Or fometimes the three firft Terms 
•may be retain’d, and the Value of p may be more accurately found 
from the refulting Quadratick Equationj &c.] This new Approxi* 
mation, together wim a new Supplement q, mull be fubftituted in* 
Read of p in this laft fupplemental Equation, in order to form a 
fecond, whole Root will be q. And the lame things may be obferved 
of this fecond fupplemental Equation as of the firfi; and its Root, or 
an Approximation to it, may be difeover’d after the lame manner. And 
thus the Root of the given Equation may be profecuted as far as 
we pleafe, by finding new fupplemental Equations, the Root of every 
one of which will be a correction to the preceding Supplement. 

So in the prefent Example^ 5 —2y — 5 = a,, ’tis eafy to perceive, 
that y = 2 fere j for 2x2x2 — 2x2 = 4, which fhould make 5. 
Therefore let p be the Supplement of the Root, and it will be y == 
2 -f-/, and therefore by-firbftitution — 1 -f-10/ -f- -f-/* s=so. 
As p is here lupposM to be much lefs than the Approximation 2, 

B b 2 by 
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i88 The Method. of Fluxions, 

by this fuhftitutioa an Equation will be form’d, in which the Term? 
will gradually decreafe, and fo much the falter, cateris paribus , as 
2 is greater than p. So taking the two firft Terms, i -+- io/>=o> 
fert, or p = ^ fere ; or afluming a fecond Supplement q, *tis 
p =3 T * T -4- q accurately. This being fubftituted for p in the lad 
Equation, it becomes o,6i -4- i 6,3^* ■+• y* =: O, which k 

a new Supplemental Equation, in which all the Terms are farther 
deprefs d, and in which the Supplement q will be much left than the 
former Supplement p. Therefore it is 0,61 -+- 11,23^ = o, fere t 

or fert, or qz 0=— 0,0054 -f- r accurate, by adorning 

r for the third Supplement. This being fubftituted will give 
0,00054155 -4- 11,162/*, ficc. =3.0, and therefore r=— 

-ssi — 0,00004852, fee. So that at laft y=2 -4-/> = 6tc. or/s= 
2,09455148, lee. 

And thus our Authors Method proceeds, for finding the Roots of 
affeded Equations in Numbers. Long after this was wrote, Mr. Rapt- 
Jon publifh’d his Analyjii Mquathnum unherj'alis y containing a Me¬ 
thod. for the Solution of Numeral Equations, not very much diffe¬ 
rent from this of oar Author, as may appear by the following C om- 
parifbn. 

To find the Root of the Equation y s — 2y=3= f Mr. Rapbjim 
would proceed thus. Hia firft Approximation he calls g, which he 
takes as near the true Root as he can, and makes the Supplement x, fo 
that he hasyxaag-f-#. Then by Subfthution g*H->3g*#-h3g#*-He*=:5,' 

•—■ 2g— 2 

or if gssa 2, ’tis 10# -4- x * =r 1, to determine the Supple* 

ment x. This being fuppofcd finall, its Powers may be rejofted, 
•and therefore to* = 1, or #3=0,1 nearly. This added tog-or 2, 
snakes a new £ = 2,1, and# being ftill. the Supplement, ’tkyssu 
2,1-4-*, which being fubftituted in the original Equation y* —• 2y 
=3 5, produce* 1 1,23# -f- 6,3#* ■+-** =3 — 0,61, to determine the 
Jiew Supplement #. He rejeds the Powers of #, and thence derives 
0^061 __ — 0,0054, and confequently y =3 2,0946, which 

not being exatt, becaufe the Powers of x were rejected, he make? 
the Supplement again to be x^ fo that y 3=2,0946 + #, which be¬ 
ing fubftituted in the Original Equation, gives 11,162#-4- &c. =3= 
— 0,00054155. Therefore to find the third Supplement #, he has 

# 3 = — 0,00004852, fo that y = 2,0946-1-#sac 

*,09455148, &c. and fo on. - 

• By 
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By this Procefs we may fee how nearly thefe two Methods agree, 
and wherein they differ. For the difference is only this, that our 
Author conftantly profecutes the Refidual or Supplemental Equations, 
to find the firft, fecond, third, &c. Supplements to the Root: But 
Mr. Rapbjen continually corre&s the Root itfelf from the lame fup- 
plemental Equations, which are formed by fubftituting the corrected 
Roots in the Original Equation. And the Rate of Convergency will 
be the fame in both. 

In imitation of thefe Methods, we may thus profecute this In¬ 
quiry after a very general manner. Let the given Equation to be 
refolved be in this form ay m f- dy"-'*, See. = o, in 

which luppofe P to be any near Approximation to the Root y, and 
the little Supplement to be p. Then is y = P+/. Now from 
what is (hewn before, concerning di e railing of Powers and extrac¬ 
ting Roots, it will follow that y m = P ~\-p ' *=P* &c. 

or that thefe will be the two firft Terms of and all the reft, 
being multiply’d into the Powers of p, may be rge&ed. And for, 
the lame reafon y m - l = P*— 1 -f- m — iP“”*/>, See. y* _l = P*" 1 -4- 
m — 2Y >m ~~ i p, &c. and fo of all the reft. Therefore thefe being fub- 
ftituted into the Equation, it will be 

— \bP m ~*p i &c. j 

-f- cP— 1 -f- m — 2 cP"“»A» &c * >=° i Or dividing by P"» 

-4- dP m * -f- m — 3^1?"-^, &c. 

&c. &c. j 

, See. +maV-tp+ m — ibP- % p-\-m —2cP 
-f- w—3</P~ 4 />, See. aso. From whence taking the Value of p r 

welhallhave*=- * + i?-'+c?-*+dP-i, v<. and 

ma? 1 — — 2rP~* + » — 3^P— 4 ,£sTr. 

confequently y=(P+a=P—_ a +* p ~ 1 ± fP ~‘*+ 4L _e-v 

_ __ __ +,&c. 

4^^ & c. 

-3, 

To reduce this to a more commodious form, make P= g , whence 

P” ,s *A“ , B, P _ *= At l B 4 , &C. which being fubftituted, and 
allb multi plying the Numerator and Denominator by A", it will be 

y - m —» a A**- 4 -<»— 2 ^A* , ~ i B +»—vA»-»B»4-»—4VA»-3B», &c. W JJJ 

ma A" -1 J+jm— 4B1-, 

be a nearer Approach to the Rooty, than j, or P, and So much 

the 
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the nearer as ~ is near the Root. And hence wc may derive a very 

convenient and general Theorem for the Extraction of the Roots of 
Numeral Equations, whether pure or affe&ed, which will be this. 
Let the general Equation ay m by m — x 4- cy m - % dy m ~~*, &c. 

=3 o be propofed to be folved ; if the Fraction ^ be afiiimed 
as near the Root y as conven iently may be, the Fraction 

m—iak' n -> r m—zb.\ m ~' 1 ^ + w — y A*~ 1 3 1 + m —faff. w ’jj ^ ^ 

m 1 A— 1 B A-~* 3 1 A*-J E 3 + 3< /A«-+B4, & c . 

nearer Approximation to the Root. And this Fraction, when com¬ 
puted, may be ufed inftead of the Fraction ^ , by which means a 

Dearer Approximation may again be had; and fo on, till we ap¬ 
proach as near the true Root as we pleafe. 

This general Theorem may be conveniently refolved into as many 
particular Theorems as we pleafe. Thus in the Quadratick Equa¬ 
tion y* -+- by = c, it will be y =3= B , ferb. In the Cubick 

Equation y* -f- by -4- cyz^d, it will be 7 = , 

ferh In the Biquadratick E quation y* -f- by* -f- cy % +Jy==e, it 

And the like of higher 

Equations. 

For an Example of the Solution of a Quadratick Equation, let 
it be propofed to extract the Square-root of 12, or let us find the 
value of y in this Equation y* # = 12. Then by comparing with 
the general formula , we lhall have b = o, and c = 12. And 

taking 3 for the firft approach to the Root, or making 5 =-f> 
that is, A = 3 and B = 1, we lhall have by Subfiitution y = 
= t> for a nearer Approximation. Again, making A = 7 

and B = 2, we fliall have y = = tt f° r a nearer Approxi¬ 

mation. Again, making A sss 97 and B = 28, we lhall have y s=c 
97 * 19^ I'Z *" = f° r a nearer Approximation. Again, 

making As=i8817 and 13=5432, we (hall have 7= 

= f° r a nc arer Approximation. And if we go on in the 

lame method, vte may find as near an Approximation to the Root as 
we pleafe. 

this 
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This Approximation will be exhibited in a vulgar Fradtion, which, 
if it be always kept to its loweft Terms, will give the Root of the 
Equation in the ffiorteft and fimpleft maijner. That is, it will al¬ 
ways be nearer the true Root than any other Fraction whatever, 
whole Numerator and Denominator are not much larger Numbers 
than its own. If by Divifion we reduce this laft Fraction to a De¬ 
cimal, we lhall have 3,46410161513775459 for the Square-root 
of 12, which exceeds the truth by lefs tnan an Unit in the tail place. 

For an Example of a Cubick Equation, we will take that of our 
Author y 1 • — 27 = 5, and therefore by Comparifon b = o, 
c = —2, and d= 5. And taking 2 for the firft Approach to the 

Root, or making j = 4, that is, A = 2 and B = 1, we lhall 


have by Subftitution y = == 44 for a nearer Approach to 

the Root. Again, make A = 21 and B = 10, and then we 
lhall have y = f° r a nearer Approximation. 

Again, ma ke A = 1 1761 and B = 5615, and we lhall have 

__ 3 x„ 7 6,|»+^—for a nearer Ap- 

_ jx 117611**5615 —2x 5615 1 * * 9759573 1 0495 * 

proximation. And fo we might proceed to find as near an Approxi¬ 
mation as we think fit. And when we have computed the Root 
near enough in a Vulgar Fradtion, we may then (if we pleafej re¬ 
duce it to a Decimal by Divifion. Thu* in the prelent Example we 
lhall have 7 = 2,094551481701, &c. And after the lame manner 
we may find the Roots of all other numeral affedted Equations, of 
whatever degree they may be. 


Sect. IV. The Refolution of Specious Equations by infinite 
Series ; and firfi for determining the forms of the 
Seriesy and their initial Approximations . 

23 . 24 . TT*ROM the Refolution of numeral affedted Equations, 
J 7 our Author proceeds to find the Roots of Literal, Spe¬ 
cious, or Algebraical Equations alfo, which Roots are to be exhibited 
by an infinite converging Series, confifting of Ample Terms. Or 
they are to be exprefs’d by Numbers belonging to a general Arithme¬ 
tical Scale, as has been explain'd before, of which the Root is de¬ 
noted by x or z. The afligning or chufing this Root is what he 
means here, by dillinguilhing one of the literal Coefficients from the 
reft, if there are leveral. And this is done by ordering or difpofing 


l 
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192 The Method of Fluxions, 

the Terms of the given Equation, according to the Dimen fions of 
that Letter or Coefficient. It is therefore convenient to chufe fueh a 
Root of the Scale, (when choice is allow’d,) as that the Series may 
converge as faft as may be. If it be the leaft, or a Fraction left 
than Unity, its amending Powers muft be in the Numerators of -the 
Terms. If it be the greateft quantity, then its afcending Powers 
muft be in the Denominators, to make the Series duly converge. 
If it be very near a given quantity, then that quantity may be con¬ 
veniently made the firft Approximation, and that fmafl difference, 
or Supplement, may be made the Root of the Scale, or the con¬ 
verging quantity. The Examples will make this plain. 

25, 26. The Equation to be refolved, for conveniency-iake, fhould 
always be reduced to the fimpleft form it can be, before its Refo- 
lution be attempted j for this will always give the leaft trouble. But 
all the Reductions mention’d by the Author, and of which he gives 
us Examples, are not always neceflary, tho’ they may be often con¬ 
venient. The Method is general, and will find the Roots of Equa¬ 
tions involving fractional or negative Powers, as well as cf other 
Equations, as will plainly appear hereafter. 

27,28. When a literal Equation is given to be relblved, in diftin- 
guiuiing or affigning a proper quantity, by which its Root is to con¬ 
verge, the Author before has made three cafes or varieties j all which, 
for the lake of uniformity, he here reduces to one. For becaufe 
the Series mult neceflarily converge, that quantity muft be as fmall 
as poffible, in refpeCt of the other quantities, that its afcending 
Powers may continually diminifh. If it be thought proper to chufe 
the greateft quantity, inftead of that its Reciprocal muft be intro¬ 
duced, which will bring it to the foregoing cafe. And if it approach. 
near to a given quantity, then their fmall difference may be intro¬ 
duced into the Equation, which again will bring it to the firft cafe. 
So that we need only purfue that cafe, becaufe the Equation is al¬ 
ways fuppos’d to be reduced to it. 

But before we can conveniently explain our Author’s Rule, for 
finding the firft Term of the Series in any Equation, we muft con- 
fider the nature of thofe Numbers, or Expreffions, to which thefe 
literal Equations are reduced, whole Roots are required ; and in this 
Inquiry we (hall be much affifted by what has been already difeourfed 
of Arithmetical Scales. In affedted Equations that were purely nume¬ 
ral, the Solution of which was juft now taught, the feveral Powers 
of the Root were orderly difpofed, according to a fingle or fimple 
Arithmetical Scale, which proceeded only in longum t and was there 

fufficient 
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fufficient for their Solution.: But we muft enlarge our views in tliele 
literal affected Equations, in which are found, not only the Powers 
of the Root to be extracted, but alfo the Powers of the Root of the 
Scale, or of the Converging quantity, by which the Series for the 
Root of the Equation is to be form’d} -on account of each of which 
ciceumftances .the Terms of the Equation are to be regularly difpofed, 
and therefore are to conftitute a double or combined Arithmetical 
Scale, which muft .proceed both ways, in latum as well as in hngum y 
ns k were‘in a Table. For the Powers of the Root to be extracted, 
fuppofe y, are to be dilpoled in longum, lb as that their Indices may 
conftitute an Arithmetical Progreffion, and the vacancies, if any, 
may be fupply’d by the Mark ». Allb the Indices of the Powers 
of-the Root, by which the Series is to converge, fuppofe. x, are to 
-be difoofed in latum , lo as to conftitute an Arithmetical Progreffion, 
and the vacancies may likewife be fill’d up by the lame Mark •, 
when it lhall be thought neceflary. And both thefe together will 
make a combined or double Arithmetical Scale. Thus if the Equa- 

tion y 6 — $xy’ + —y 4 — ya % x % y % -f- 6 a* x* -j- fax* =o, were given, 
to find the Root y, the Terms may be thus difpofed : 

y* y» y 4 y* y* f r 

x° 


X 

x*\ 

X* 
X 4 


* 


— 5 X J ’ 
# 


* 

* 

X* 

*-- a r 

* 


m 

« 


# 
’ * 
* 


* * 

* * 

* —ya x x*y x • * >• s= ou 

* * * -f-6 a*x* 

* • * -\-fax* j 

Alfo the Equation y* — by x Qbx % — x* =o Ihould be thus dif- 

/• t • i A ^ _ 


poled, in order to its Solution: 

I y* * * — by 


* 

• 9 ^ x *. 

• x * ’ 


|- 


o. 


-And the Equation y* axy a % y — x* — 2a* = o thus: 

y**H-<r‘y — 2a»- 
axy 


— 

•* 

— x* J 


O'. 


. And the Equation X*y* — %c*xy — c*x* -4- r*saso thus : 

• * • * * ■ * -h €* ? 

at*y* * m ■. .• * * 

Md the like of alTothef Equations. 

C c When 
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When the Terms of the Equation Are thus regularly cCfpos’d, ft 
is then ready for Solution; to which the following Speculation will* 
be a farther preparation. 

29. This ingenious contrivance of our Author, (which we may 
' call Tabulating the Equation,) for finding the firft Term of the 
Root, (which may indeed be extended to the finding all the Terms^ 
or the form of the Series, or of all the Series that may be derived 
from the given Equation,) cannot be too much admired^ or too care- 
folly inquired into: The reafon and foundation of which may be 
thus generally explain’d from the following Table, of which the 
Conftrudtion is thus. 


—lO-\- 6 b 

BH ! 






S~H* 

6446 * 

7 -+W 

— id+tjh 

—+ 5 ^ 


M*s* 

*»+s* 

34 + 5 * 

4 *+ 5 * 

5 «+ 5 * 

EE 

7 *+ 5 * 

—««+ 4 * 


+ 4 * 

«+> 4 * 

*«+ 4 * 

S«+ 4 * 

44 - 4 *. 

5 

|HS 

7 * 44 * 

^ jSESSQ 

■s, 

t 

+»» 

4 -»* 

mm 

*•+ 5 * 

W+J* 

? 4 -J* 

G 50 

ESI 

— la+lb 



* 4 »J 

iA+ib 

3 - 4 ** 

4 

544 - 2*1 

«* 4 af 

r« 4 a*[ 

— la-jrb 

—*+* 

+i 

*+i 

S3 

ajJii , 
J u \ 9 

- 4 *+* 


fm 1 

mm 


—la 

—a 

0 

a 

la 

3 « 

4 * 

S* 

9 

H 1 

' m *Za-*-b 

■ b 

— b 

a— b 

S3 

3 a**-b 

: 4 a—b 

54 —* 

f>a—b 

ja—b 

— ia-+ib 

-*-d 


a—lb 

ia—ib 

3 a—lb 

4 a—lb 

fa—lb 

6 a—lb 

ja—ifr 



—ji 


mm 

mm 


?*T 3 f 

6 a — 3 &. 

7 *— 3 * 


In a Plane draw any mnfttnrwf Lines, •parallel and equidiftant, and* 
others at right Angles to them, fo as to divide the whole Space, as 
farSB is i necefiafy, 4 nto little equal Parallelograms. Afiume any one 
of thefe, in whfch write the Term o, and the Terms a, za, 3/7,4^, 
&c. in t?ht fiseeeedhg ftnd l c fo gfl urts to the right hand, m alfo -the: 
Terms — t&y 3*, &c. to the left hand. Over the Term 
o, in the fame Gohu*fi, write the Terms b, zb, 3 b, 4 b, &c. fuc- 
Teffivtlyi, and the Terms -— 3 , — zb, — 3 b, &c. underneath. And 
thefe wfe may <all primary Terms. Now to infert its proper Term 
in any *otber -a&gn 4 ftttallshfr tm, wd& thenw yonamy Terms 
together that -ttamid orer-againfl k each way, and write the Sum 
in -the £wp PatalMegnun, And thus all the Parallelograms be¬ 
ing -Hi-far «ts there is aucafaon may way, the whole Space 
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will become » Table, Which «nay be cattad <* tomkimd Ariikmttkat 
pr+gnjkn infiam, oanpqfed of the twogeneral -Numbers * aW 
of whteh ttrife: following will be the chief ptupertiet. 

Any {Lori of Tertns, pdnifei to the primary .Scries », 4, jur, 34* 
Ac. risUnbcun.Arithmetical fin^rtllion, rihofe common ilti&refiao 
it c\ aqtfk asaybeany richPt-aguefiien at pleaAre. AnyRoriV 
Gorina -pnlU to thfe .primacy Series <?, A, 3d, &cL. anil he a* 
MkhowfigaiPtogr cffi e n , whaafecamnpm cbdenexUx is d; and itmef 
beafty foeh ffcogsedicMi. If a ftfok Haler be laid oh the Tsbri, 
the Edge of which frill pari dn’ the Xiht^r* of any two Patattftfo- 
grams whatever j ail the Trims of the Parallelograms, svhofe Cen* 
tors frill at the iknrcrinrelbbudi she Edge of the Haler, grab aaoriitute 
on Ambnotncal Prograffina, who&arminim difference wdl jconfidt of 
tiro pane,' the hf of which will be fame Multiple af u, and the ocher 
o'-Mnfeipfe of i. if thriProgreiian he fappeeVl to proceed, itderbra 
estrfm i or fan the upper Tenpi <orffriaUeiEgf»m .towards the lower 4 
pern putt of the common difference may her&parately found, by fob- 
ttnuftjng. the primary Trimbeloagbig to the lower. From the primary 
Trias be ringing aothe upper frinifelageam. If this common diffo- 
rtuce,. when found, be madexqoalto nothing, and thereby {he Re^ 
lattionof a and A rideseronoad!) rise Pcognafiion degeneratqs into * 
Hank 4>f Equals, cr^if ytniJglea&) 4 tigoaoaa :an Arithmetical ftoografi. 
Aon, whofeeonrisein difereoce ri'infrnitciy little. In which.cafe, if 
4jkeHukrbe nmvedhy^pamfid«ninoa,alldae Terms eftheHacalkhv 
grams, whofe Oanimriaalbat tbejCuneitimehe faundto loach die Edge 
«of die Ruler, drill be equal toxach oHset. And if the motion of 
the Ruler be continued, rich Terms as at cqml. dsftances from the 
fiflft Attrition <a»e fiiatdfivdfy found to touch the Ruler, ‘frill form 
«n Arithmesicul Progreffian. tLaftly, to cense nearer to the cafe in 
rind, if any number of thefe JParallehaigrains he mark’d out and di- 
^tinguifh’d from -the reft, or-affign’d promifbuoufly and .at plcafure, 
-through whofe Centers, as before, the .Edge of the Rider mall fuc- 
ceffively pafs in itsparallel motion, beginning from any 1 wo (or more) 
riitril or external Parallelograms, whdfe Terms ire. made .equal) an 
Arithmetical Progreflion Jtnay be found, which Oiall comprehend and 
take in all thole promifeuous Terms, without any .regard rid-to the 
Trams trit are to be omitted^ Thefe are iotne af the properties of 
-this Table,-or of a combined-Arithmetical Progrtflion in fkno^ hy 
whiah yrexnay wAlyuodwiltegdour Author’s expedient, of Tabu¬ 
lating the given Equation, and may derWe tri nsceftary .Confequen- 
• rtfs from it. 

C c a For 
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For when the Root y is to be extracted out of a given Equation r 
confifiing of the Powers of y and x any how combined together 
promifcuoufly, with other known quantities, of which x is to be 
the Root of the Scale, (or Series,) as explain’d before j fiich a value 
of y is to be found,, as when fubftituted in the Equation inftead of 
y, the whole fhall be deftroy’d, and become equal to nothing. And 
firft die initial Term of the Series,'orthe firft Approximation, is to be 
found, which in all cafes may be Analytically reprefented by Ax" t 
or we may always put y = Ax" , &c. So that we fhall have y*-=s 
A*x*", &c. y* = A*x 3 ", See. y* = A** 4 *, &c. And fo of other 
Powers or Roots. Thefe when fubftituted in the Equation, and by 
that means compounded with the feveral Powers of x (or x) already 
found there, will form fuch a combined Arithmetical Progreffion in 
piano as is above deferibed, or which may be reduced to liich, by 
making a-=rzm and £= 1. Thefe Terms therefore, according to 
the nature of the Equation, will be promifcuoufly difperfed in the 
Table ; but the vacancies may always be conceived to be fupply’d, 
and then it will have the properties before mention’d. That is, the 
Ruler being apply’d to two (or perhaps more) initial or external 
Terms, (for if they were not external, they could not be at the be* 
ginning of an Arithmetical Progreffion, as is neceffiuily. required,) 
and thole Terms being made equal, the general Index tn will thereby 
be determined, and the general Coefficient A will alio be known. 
If the external Terms made choice of are the loweft in the Table, 
which is the cafe our Author purfiies, the Powers of x will proceed 
by increafing. But the higheft may be chofen, and then a Series 
will be found, in which the Powers of x will proceed by decreafing. 
.And there may be other cafes of external Terms, each of which will 
commonly afford a Series. The initial Index being thus found,, the 
•other compound Indices belonging to the Equation will be known 
.alio, and an Arithmetical Progreffion may be found, in which they 
are all comprehended, and confequently the ferm of the Series will 
be known. 

Or inftead of Tabulating the Indices of the Equation, as above, 
it will be the feme thing in efiedt, if We reduce the Terms themfelves 
to the form of a combined Arithmetical Progreffion, as was fhewn 
before. But then due care muft be taken, that the Terms may be 
rightly placed at equal diftances; otherwife the Ruler cannot be ac- 
• tdally apply’d, to. di/cover the Progreffians of the Indices, as may 
-be done in ffie Parallelogram. 

For 


2 


J 


Digitized by LjOOQle 



and Infinite Series. 197 

For the feke of greater perfpicuity,, we will reduce our general 
Table, or combined Arithmetical Progreffion in piano, to the parti¬ 
cular cafe, in which az=.m and £=i; which will then appear 
thus: 


—2JW+6 

—6 

+ 6 

*»+6 

zm -\-6 

3*4-6 

4*4-6 

5 * 4-6 


7 * 4 “ 6 

—2*4-5 

—*4-5 

+ 5 

*4-5 

2*4-5 

3*+5 

4 * 4*5 

5 * 4-5 

6*4-5 

7 * 4-5 

—2M+4 

-* 4-4 

+ 4 

*+4 

2*4.4 

3 * 4*4 

4 * 4-4 

5 * 4-4 

6 * 4-4 

7 * 4-4 

—2*4-3 

—*+3 

+ 3 

*+3 

2*4-3 

3 * 4-3 

4 * 4-3 

5 * 4-3 

6 * 4-3 

7 * 4-3 

—2JK+2 

—2 

+ 2 

2»+2 

a«r+2 

3*4-2 

4*4-2 

5*4-2 

6 m+2 

7 * 4-2 

—* 

""***+ 1 

+ 1 

«*+1 

2/W+ 1 

3 * 4 -1 

4 * 4 * 1 

5*4-1 

6«+1 

7*4-1 

—ZM 

—aw, 

0 

m 

2W 

3 * 

4 * 

5 * . 

6» 

7* 

—2«r—*1 

— m — 1 

- I 

m— 1 

2UI— 1 

301^-1 

'4*—1 

5«r— r 

6 m*— r 

7*-'. 

—2»—’ 2 

—— * 

— 2 

«—2 

2IW—2 

3*^-2 

4 * * a 

5 *i -2 

6m —2 

ym—z 

—2*—3 

— 3 

— 3 

3 

2NI— 3 

3*—3 

4*~ fc 3 

5 *- t 3 

6 m— 3 

7*—3 


Now the chief properties of this Table, fubfervient to the prefent 
purpofe, will be thcfe. If any Parallelogram be fcledted, and .an¬ 
other any how below it towards the right hand, and if their included 
•Numbers be made equal, by determining the general Number m, 
which in this cafe will always be affirmative; alfe if the Edge of the 
Ruler be apply’d to the Centers of thefe two Parallelograms ; all die 
Numbers of the other Parallelograms, whole Centers at the feme time 
-touch the Ruler, will likewife be equal to each other. Thus if the 
Parallelogram denoted by m - 4 - 4 be fele&ed, as alio the Parallelo¬ 
gram 3/0 -f- 2} and if we make m-\- 4 = 3 m -h 2; we fhall have 
.ffisai. Alfo the Parallelograms —r- m -4- b„ m -4t 4,-4* 2,. 5/0, 
ym — 2, &c. will at the feme time be found to touch the;Eidge-of 
-the Ruler, every one of which will make 5; when m=s ii 

And the fame things will obtain if any Parallelogram be feledted, 
and another any how below it towards the left-hand, if their in- 
.eluded Numbers be made equal, by determining the general Number 
m, which in this cafe will be always negative. Thus if the Parallelo¬ 
gram denoted by 5*0-+-4 be felefted, as alfo the Parallelogram 4/0-4- 2; 
and if we make 5/04-4=4/0 -4- 2, we fhall have m =— 2. Alfo 
the Parallelograms 6/04-6, 50/4-4, 4/04- 2, 3/0, 2/0 — 2, &c. 
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t 7 U Method if FuXt xt$*r 3, 

Will TdiixtiL tlftW ttt touch the Ruler, eve Pf ont of 

Will Make *»*• ft, Whfeh #r **=•“• 2. 

Thfc fente things tftttiiiiiihg 3 s btffote, if ft dm the firfc fitoitioft of 
the Ruler it fhall move towards the right-hand by a parallel motion, 
it will continually arrive at greater and greater Numbers, which at 
cqulal d»?Unees wm for hum afceodi AritWett oal 'ProgeJSon. Thus 
if the Wd ISrft ifeteaed ParatttfogreikTsi* i—t 3, whence 

mz±=^, the NiMiberfe in all the dOrtelfionflirtg Parallelograms \kiU 
be 4 -. T'heh if the Rh*kr ttitofm toWarls thfc right^iaad, into the 
parallel tUuafiSTn Jm -+■ 1. ~bm — theft Numbers will each be 
3. . If it | inovei .forWtoas r tb the f a m e - dHbttlct, it will arrive .at 
4 m v J$- 3, {, loo. WhifoWdll edch fee 3^.. If it metesfcrwSrd 

agafcn to jhe larhe cfiftan^, St will Sffitk at Aifi 3, •+• 3, fee. 

which wil each bc 8|. And to on. feut tne Numbers 3, tj., 
8-J-j &e. tare an Arithmdtical Progrefcon whdfe oeotnon 
reiic e is 1^. $Uid the 'Ulcfc, mutatis ftutdridis^ i ih other circUm- 
ftafceefc j —- ‘ • - • • ,.! 

Aud tehee it Wiitftotew 1? rwt^,-rhiA if fttitn thc-fiift fi wud on 
of JtheRliler, it mov4s towards the left-hand by fa para'lel motion, 
it wtH vurrthmall y arrive at lefler -and 4dfer Numbe r s , whi c h at eq ual 
diftances will form a decreafing Arithmetical Progreflion. 
r Bat in ’the Other^tdtrtion df the Refer, th.wirieh it indites/ 4 ofm- 
wardhtovtatfdsthe feftuhaJid, if: it be mated toward? the right* fe—d 
by*p8fdiel Motion, k will eontmtiaUy arrive at greater and ■ g rw te r 
Numft»% Which fat equal difbmcefc will fcrman increasing ftrtch- 
atttdoalTrd^ffifeik Tone iff 'the -two firft. feltsi&ed Numbers or IV 
‘rdililfagrims'be r a± pti v whence. im>i= 3 x ««. *, smd the 
•Nehttere W fall the cortejpdnding Paraltelegittms Will he **« 4^. If 
the Rater *rnoves Upwards «ttb the parallel lituaftion pn^2, 'ant, fee. 
rhefe NdrftbersWilloach he *— rf. *. Ifitmote to at the fimnedtftance, 
St WiB i tfHkt'at'tw*'Jp-^, «,»tec.*whach' wiUcach be i£. If it 

meveSofrvbrd again W thfe-feme-dtftanee, it Will arrive at —.w--t*- 4, 
ita-^srxp.^ 4 aCi Which w»B edcfcrbe 4^. Add fo on. But thaNum¬ 
bers—fttd.or ^LJL, fee. are in to in- 

•cxetffng A'riftiWiiltlcalPrdgPeffion, Whbfe Cortimon dlffijrence is Or 3. 

And’henoe'it Wlllfd!low ! alfQ, If in'this laft fituitlOn Of the Ruler 
qrfn'dWs'thfe cbiftory Way, br Ihe left-hand, it will cOHti- 

"Htfttlly- drfhfe ‘at ‘Wilfer arid - leflbr NuiWbeft, 'Whlfch at Cqlial dlftintes 
r WlR fbfrh a decreiafing Arlthhfeticttl PmgfwBoh. 

•NoW if odi bfthrs liable ’We fhobld fatfe pniniHfcubdfty any nt«n- 
Sfer of ’l^ttdlelograms, ^tn '&«if “ptdbfer plates, ^with their relpeAive 

Num- 


Digitized by LjOOQle 



maf iNKWiri Sturt*. 


<199 


Numbers included, negle&ing all the reft 3 we fhould form feme cess- 
tain Figure, fuch as this, of which theft would be thf properties. 




3»+5 


5»-4r'5 

- 







»-f-3 



4^+3 


6w-4—3 






* 


2W-M 



5«HrI 



The Ruler being apply’d to any two (or perhaps more) of the 
Parallelograms which are in the Ambit or Perimeter of the Figure, 
that is, to two of the external Parallelograms, and their Numbers 
"being made equal, by determining the general Number w > if the 
Ruler pailes over ali tne reft of the Parallelograms by a parallel mo¬ 
tion, thcde Numbers which at the feme time come to the Edge of the 
Ruler will be equal, and thole that come to it laceefiiyely will form 
an Arithmetical Progreflion, if the Teams fhould tie at equal diflaa- 
•C£s ; oratleaft they may be reduced to fitch, by fupplying any Terms 
that may happen to be wanting. 

•' Thus if tne Ruler fhould be apply'd to the two uppermoft and 
external Parp&dtagrame, which include the Numbers 3m-4- $ and 
5»» -4- 5, and if they be made equal, we fttail have.wwco, fo that 
each of theft Numbers will be £. The next Numbers that live Ruler 
wiH arrive at will be *0*4-3, her -f* -J, of which each will 

he 3. The kft are aw-f- r, yw-4- r, of which each is 1. So that 
here wssx o, and the N«others aiitiog ate 3, 3, 1 , which fqim a 
deer eating Arithmetical Progreftaon, (he common difference of which 
is 2. And if there had been more pMaMdograms, any how difpafed, 
their Numbers would hare been comprehended by (this Arithmetical 
Pro g r e fi &on, or at leaft it might have been interpolated with other 
Terms, fb-as to comprehend them all, ho we v er promdbuoufly and 
rrreguiarfy they might have been tabes. 

Thus ftcondly, if the Ruler bn applyid to the two external Pa- 
ratiefegrams qw-f-j arid 6 m ^ 3, and if ftwft Numbers be made 
equd, we fhdl have #ki ( and the 'Nundxsgs tbemfelves will be 
•«adh ig. The three atm IhMcfaDrs wfcidh the Ruler will arrive at 

■ " will 
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200 He Method of Fluxions, 

will be each n, and the two laft will be each 5. Bat the Nura- 
bers 15, 11, 5, will be comprehended in the decreafing Arithmetical 
Progreffion 15, 13, 11, 9, 7, 5, whofe common difference is 2. 

Thirdly, if the Ruler be apply’d to the two external Parallelograms 
(y m _j_ 3 and -+-1, and if thefe Numbers be made equal, we (hall 
have m ==— 2, and the Numbers will be each —- 9. The two next 
Numbers that the Ruler will arrive at will be each —5, the next 
will be — 3, the next — 1, and the laft 4- 1. All which will be 
comprehended in the afcending Arithmetical Progreffion —* 9, — 7, 

— 5, — 3, — 1, 4-1, whofe common difference is 2. 

Fourthly, if the Ruler be apply’d to the two loweft and external 

Parallelograms 2m 4- 1 ,and 5/7*4- 1, and if they be made equal, 
we fhall have again m = o, fio that each of thefe Numbers will be 1. 
The next three Numbers that the Ruler will approach to, will each 
be 3, and the laft-5. But the Numbers 1* 3,5, will be compre¬ 
hended in an afcending Arithmetical Progreffion, whole common 
difference is 2. 

Fifthly, if the Ruler be apply’d to the two externa! Parallelograms 
77*4-3 and 2m 4- 1, and if thefe Numbers be made equal, we fhall 
have ms= 2, and the Numbers themfelves will be each 5. The 
three next Numbers that the Ruler, will approach to will each be 11, 
and the two next will be each 15. But the Numbers 5,11, 15, will 
be comprehended in the afcending Arithmetical Progreffion 5,7, 9, 
11, 13, 15, of which the common difference is 2. 

Laftly, if the Roler’be apply’d to the two external Parallelograms 
377* 4- 5 and 77*4-3, ar) d if thefe Nutabers be made equal, we (hall 
have 77*= — 1, and the Number^ themfelves will each be 2. The 
next Number to which the Ruler approaches will be o, the two nexf 
are each — 1, the next — 3, the laft — 4. All which Numbers 
will be found in the defceqding Arithmetical Progreffion 2, 1, o, 

— 1, —2, — 5, —4, whofe common difference is 1. And thefe 
fix.are all the poffihle cafes of external Terms. 

Now to find the Arithmetical Progreffion, in which,a]l thefe rq- 
fiilting Terms fhall be comprehended; find their differences, and the 
greateft common Divifor of thofe differences fhall be the .common 
difference of the Progreffion. Thus in the fifth cafe before, the refulting 
Numbers were 5,11,15, whofe differences are 6,4, and their greateft 
common Divifor is 2. • Therefore 2 will be the common difference of 
the Arithmetical Progreffion, which will include all the refulting 
Numbers 5,11, 15, without any' fiiperfluous Terms. But the .ap¬ 
plication of all this will he beft apprehended.frojn the. Examples.that 
-arc to follow. 
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and Infinite Series. 

30. We have before given the form of this Equation, y* — $xy* 
-+- ~y* — ya'x'y* -f- 6 a i x t -+- b*x* = o, when the Terms are dif- 

pofed according to a double or combined Arithmetical Scale, in or¬ 
der to its Solution. Or obferving the fame difpofition of the Terms, 
they may be inferted in their refpe&ive Parallelograms, as the Table 
xequires. Or rather, it may be Sufficient to tabulate the feveral In¬ 
dices of x only, when they are derived as follows. Let Ax m repre¬ 
sent the firft Term of the Series to be form’d for y, as before, or let 
jf = Ax m , &c. Then by Substituting this for y in the given Equa¬ 
tion, we Shall have A?x im — ^A , x im + t -f- — 70* A‘x"* 4 -* 

6 d>x* -+-b t x* i Scc.=zo. Thefe Indices of x, when feledtcd from 
the general Table, with their relpe&ive Parallelograms, will Stand 
thus: 


4 







3 




4 *M -3 





20H-2 










5 »M-i 








6 m 


Here if we would have an amending Series for the Root y, we 
may apply the Ruler to the three external Terms 3, 2, 6 m> 

which being made equal to each other, will give m = 4-, and each 
of the Numbers will be 3. The Ruler in its parallel motion will 
next arrive at $m- f- 1, or 3f j then at 4; then at 4W-+-3, or 5; 
which Numbers will be comprehended in the Arithmetical Progres¬ 
sion 3, 3f, 4, 4f, 5, whofe common difference is f. This there¬ 
fore will be the common difference of the Progreffion of the Indices, 
in the Series to be derived for y. So that now we intirely know the 
form of the Series, which will refult from this Cafe. For if A, B, 

C, D, &c. be put to reprefent the feveral Coefficients of the Series in 
order, and as the firft Index m is found to be f, and the common . 
difference of the afeending Series is alfo f, we Shall have here 
A#* -4- Bx -f- Cx*-+- Dx*, &c. 

As to the Value of the firft Coefficient A, this is found by putting 
the initial or external Terms of the Parallelogram equal to nothing. 

D d This 
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The Method of Fluxions, 

This here will give the Equation A*— ya*A* 4- 6 a *= o, which 
has thefe fix Roots, A = + </a, A =± y /2a ) A = + [/ —3*, 
of which the two laft are impoffible, and to be rejected. Of the 
others any one may be taken for A, according as we would profecute 
this or that Root of the Equation. 

Now that this is a legitimate Method for finding the firft Ap¬ 
proximation Ax m , may appear from confidering, that when the 
Terms of the Equation are thus ranged, according to a double Arith¬ 
metical Scale, the initial or external Terms, (each Cafe in its turn,) 
become the moll confiderable of the Series, and the reft continually 
decreafe, or become of lefs and lefs value, according as. they recede 
more and more from thole initial Terms. Confequently they may 
be all rejected, as leaft confiderable, which will make thofe initial 
or external Terms to be (nearly) equal to nothing; which Suppofi- 
tion gives the Value of A, or of Ax m , for the firft Approximation. 
And this Suppofition is afterwards regularly purfued in the luble- 
quent Operations, and proper Supplements are found, by means of 
which the remaining Terms of the Root are extracted. 

We may try here likewife, if we can obtain a defending Series 
for the Root y, by applying the Ruler to the two external Terms 
4 m + 3 ant * 6x0 j which being made equal to each other, will give 
m ==!, and hence each of the Numbers will be 9. The Ruler in 
its motion will next arrive at 5x0 + 1, or 8f. Then at 2m-hi, or 
5. Then at 4. And laftly at 3. But thefe Numbers 9, 8f, 5, 4, 
3, will be comprehended in an Arithmetical Progreffion, of which 
the common difference is 4. So that the form of the Series here 

will be y = Ax* + Bx -+- Cx k -h D*°, &c. But if we put the two 
external Terms equal to nothing, in order to obtain the firft Ap¬ 
proximation, we fhall have A 6 -f- ^ = o, or A* -h- = o, which 

will afford none but impoffible Roots. So that we can have no ini¬ 
tial Approximation from this fuppofition, and confequently no 
Series. 

But laftly, to try the third and laft cafe of external Parallelograms, 
we may apply the Ruler to 4 and 4m+ 3, which being made equal, 
will give m = ±, and each of the Numbers will be 4. The next 
Number will be 3 ; the next 2x0-4- 2, or 24; the next 5x0 -f- 1, or 
2-J-i the laft will be 6x0, or if. But the Numbers 4, 3, 2f, 2 f, 
if, will all be found in a decreafing Arithmetical Progreffion, whole 
common difference will be f . So that Ax* -f- B*° -h -f- Dx~K 
&c. may reprefent the form of this Series, if the circumftances of 

the 
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md Infinite Series. 203 

the Coefficients will allow of an Approximation from hence. But 

if we make the initial Terms equal to nothing, we fhall have 

-+• b % = o, which will give none but impoffible Roots. So that 
we can have no initial Approximation from hence, and confequently 
no Series for the Root in this form. 

31. The Equation y' — by' - f- 9 bx % — x i =0, when the Terms 
are difpofed according to a double Arithmetical Scale, will have the 
form as was (hewn before j from whence it may be known, what 
cafes of external Terms there are to be try’d, and what will be the 
circumftances of the feveral Series for the Root y, which may be 
derived from hence. Or otherwife more explicitely thus. Putting 
Ax m for the firft Term of the Series y, this Equation will become 
by Subftitution A*x** — bA'x* m -4- gbx* — * 3 , &c. = 0 . - So that 
if we take thefe Indices of x out of the general Table, they will 
fraud as in the following Diagram. 

Now in order to have an afcending 
Series for y, we may apply the Ruler to 
the two external Parallelograms 2 and 
207,which therefore being made equal, will 
give m = 1, and each of the Numbers 
will be 2. The Ruler then in its parallel 
progrefs will firft come to 3, and then to 507, or 5. But the Num¬ 
bers 2, 3, 5, are all contain’d in an afcending Arithmetical Progreflion, 
whofe common difference is 1 . Therefore the form of the Series 
will here be y = Ax -f- B# 1 -4- Cx } , &c. And to determine the 
firft Coefficient A, we fhall have the Equation — bA'x 1 -4- gbx' = o 
or A*= 9, that is A = + 3. So that either -4- 3*, or — 3* may 
be the initial Approximation, according as we inteqd to extract the 
affirmative or the negative Root. 

We fhall have another cafe of external Terms, and perhaps an¬ 
other afcending Series fory, by applying the Ruler to the Parallelo¬ 
grams 2 m and 507, which Numbers being made equal, will give 
m = 0. (For by the way, when we put 207= 507, we’ are not at 
liberty to argue by Divifion, that 2 = 5, becaufe this would bring 
us to an abfurdity. And the laws of Argumentation require, that no 
Abfurdities muft be admitted, but when they are inevitable, and 
when they are of ufe to fhew the falfity of fome Suppofition. * We 
fhould therefore here argue by Subtra&ion, thus: Becaufe 507 — 2/0, 
then 507 — 207 = o, or 307 == o, and therefore 07 = 0. This Cau¬ 
tion I thought the more neceflary, becaufe J have obferved fome, 

D d 2 who 
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who would lay the blame of their own Abiurdities upon the Analy¬ 
tical Art. But thefe Abfurdities are not to be imputed to the Art* 
but rather to the unfkilfulnefs of the Artift, who thus abfurdly ap¬ 
plies the Principles of his Art.) Having therefore m = o, we (hall 
alfo have the Numbers zm z z—, $m = o. The Ruler in its parallel 
motion will next arrive at 2 ; and then at 3. But the Numbers oj, 
2, 3, will be comprehended in the Arithmetical Progreffion o, 1,2,3, 
whofecommon difference is 1. Therefore y = A 4- Bx-f- Cx*, &c. 
will be the form of this Series. Now from the exterior Terms A* 
— = o, or A* = b, or A = we fhall have the firft Term 

of the Series. 

There is another cafe of external Terms to be try’d, which poffi- 
bly may afford a defcending Series for y. For applying the Ruler to 
the Parallelograms 3 and 5m, and making thefe equal, w t fhall have 
m r= 4, and each of thefe Numbers will be 3. Then the Ruler 
will come to 2 ; and laftly 2 m, or 4 - Blit the Numbers 3, 2, 14, 
will be comprehended in a defcending Progreffion, whofe common 
difference is 4* Therefore the form of the Series will be y = Ax* 
4- Bx* 4- Cx* _f. D, &c. And the external Terms A*#* — x * = q 
will give A = 1 for the firft Coefficient. Now as the two former' 
cafes will each give a converging Series for. y in this Equation, when 
x is lefs than Unity; fo this cafe will afford us a Series when at is 
greater than Unity j which will converge fo much the fafler, the 
greater x is fuppofed to be. 

32. We have already feen the form of this Equation y l -\-axy 4- 
aay — x* — 2 a> = o, when the Terms are difpofed according to a 
double Arithmetical Scale. And if we take the fi&itious quantity 
Ax" to reprefent the firft Approximation to the Root y t we fhall. 
have by fubftitution A 3 x»" 4- aAx m + l 4- a x Ax"— x % — 2 a*, &c. 
= 0.. Thefe Terms, or at leaft thefe Indices of x, being feledted 
out of the general Table, will appear thus. 

Now to. obtain an afcending Series for the 
Root y , we may apply the Ruler to the three 
external Terms o, m, 3/», which being made 
equal, will give m=.o. Therefore thefe 
Numbers are each o. In the next place the 
Ruler will come to m-\- 1, or .1 ; and laftly 
to 3. But the Numbers o, 1, 3, are contain’d in the Arithmetical 
Progreffion o, 1, 2, 3, whofe common difference is 1. Therefore 
the form of the Root is y=A 4- Bx 4- Cx 1 4- Dx } , &c. Now 
if the Equation A* 4- a 1 A —*2a i =io } (which is derfved from the 

initial 
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1 



m- f-i 
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m 
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initial Terms,) is divided by the fadtor A* -f- ah -+- za % > it will give 
the Quotient A — a = o, or A = a for the initial Term of the 
Rooty. 

If we would alfb derive a defcending Series for this Equation, we 
may apply the Ruler to the external Parallelograms 3, 3 /o, which 
being made equal to each other, will give w= 1 ; alio thefe Num¬ 
bers will each be 3. Then the Rulfer will approach to m-\- 1, or 2 $ 
then to m, or 1; laftly to o. But the Numbers 3, 2, 1, o, are a de- 
creafing Arithmetical Progreflion, of which the common difference 
is 1. So that the form of the Series will here be y =Ax -4- B + 
Gx-'-f-Dx-*, &c. And the Equation form’d by the external Terms- 
will be A t x i —x 3 = o, or A = 1. 

3:3. The form of the Equation x i y f — 3 c*xy* — c'x* -4- c T = o; 
as exprefs’d by a combined Arithmetical Scale, we have already feen, 
which will eaiily {hew us all the varieties of external Terms, with 
their other Circumftances. But for farther illuftration, putting Ax" for 
the firft Term of the Root y, we ihall have by fubftitution A*x*"+* 
— 3r+A 4 x 1 "+ I — c*x* c\ &c. =0; Thefe Indices of x being 
tabulated, will ftand thus. 

Now to have an afcending 1 ~ j- | ~ 

Series,. we mull apply the-- 

Ruler to the two external 2 “+ I 

Terms o and 5/0-4- 2, which ~ 

being made equal, will give - 

m = — and the two Numbers ariiing will be each o. The next 
Number that the Ruler arrives at is 2 m r, or ^ j and the laft is 2. 
But the Numbers o, 2, will be found in an afcending Arithmeti¬ 
cal Progreflion, whofe common difference is Therefore y = Ax - "* 
Hr Bx H- C Hr Dx*, &c. will be the form of the Root. To deter¬ 
mine the firft Coefficient A, we fhall have from the exterior Terms 
A* H- c 1 = o, which will give A = — ^c 1 = — c*. Therefore 
the firft Term or Approximation to the Root will be y = — , 

&c. 

We may try if we can obtain a defcending Series, by applying 
the Ruler to the two external Parallelograms, whofe Numbers are 2 
and 5/0 h- 2, which being made equal, will give m = o, and thefe 
Numbers will each be 2. The Ruler will next arrive at 2/0+1, or 
1 j and laftly at o. But the Numbers 2, 1, o, form a defcending 
Progreflion, whofe common difference is 1. So that the form of the 
Series will here be y = A H- Bx _, H- Cx~ 1 i &c. And putting the 
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initial Terms equal to nothing, as they (land in the Equation, we 
(Vigil have A'x* — c'x* = o, or A = c, for the firft Approximation 
to the Root. And this Series will be accommodated to the cafe of Con- 
vergency, when x is greater than c ; as the other Series is accommo¬ 
dated to the other cafe, when x is lefs than c. 

34. If the propofed Equation be 8 z 6 y l -f- az t y % —27 a 9 = o, 
it may be thus refolved without any preparation. When reduced to 
our form, it will ftand thus, 8 z 6 y* az 6 y x • * 

• —2 7a 9 

puttingy=sA2.*,&c.it will become 8A i z im + t +aA 1 z im +* • * &e.7_ 

•— 27a* S °* 

The firft cafe of external Terms will give 8A*2*»-H.— 27** = o, 
whence 37M -f- 6 = o, or m = —2. Theft Indices or Numbers 
therefore will be each o j and the other zm -+- 6 will be 2. But 0,2, 
will be in an afcending Arithmetical Progreffion, of which the com¬ 
mon difference is 2. So that the form of the Series will be y=Az”* 
-4- B -f- Cfc* -+- Dz 4 , &c. And becaufe 8A* = 27a 9 y or 2A -— 2 a *> 
it will be A = |<2*. Therefore the firft Term or Approximation to 

the Root will be ~ . 

2Z 1 

But another cafe of external Terms will give aA*z**+ 6 — 27a* 
s=o, whence 2/w-f-6=0, or /»=—3. Theft Indices or Num¬ 
bers therefore will be each o ; and the other 3/w 6 will be — 3. 

But o, — 3, will be found in a defcending Arithmetical Progreffion, 
whofe common difference is 3. So that the form of the Series will 
be y = A z~ 3 -+- Bz~ s -j- Cz~ 9 , &c. And becauft aA x = 2 7a 9 , 
’tis A = + 3v/3 x a*, for the firft Coefficient. 

Laftly, there is another cafe of external Terms, which may poffi- 
bly afford us a defcending Series, by making SA*z im +*-\-aA x z tm +* 
=: o j whence m = o. And the Numbers will be each equal to 6 j 
the other Number, or Index of z , is o. But 6, o, will be in a 
defcending Arithmetical Progreffion, of which the common difference 
is 6. Therefore the form of the Series will be y=A Bxr~* -f- 
Cz~ Jt y &c. Alfo becauft 8 A* -4- a A 1 = o, it is A =—for the 
firft Coefficient. 

I fhall produce one Example more, in order to fhew what variety 
of Series may be derived from the Root in fome Equations; as alfo 
to fhew all the cafes, and all the varieties that can be derived, in the 



rather y* — a^y^x* -f- x 3 — a l y~*x l -f- a 6 y—* — a'y— 1 *— * -f- a*x~ * 
— a i y x x~ i -f- a* =0. Which if we make y = Ax m , &c. and 

difpofe 


| , =o; andby 
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difpofe the Terms according to a combined Arithmetical Progref¬ 
fion, will appear thus : 





— a'A*x tm — * 

* 

« — a 7 A— i x~ im ~* 

* • 

* 

* * 

A*x»* * * 

-M # 

• •+tf < A* T *x“*",6cc. * 

• • 

# 

* • 

— a- 1 A»x**+* • 

« 

+ x 1 

* — a* A—*x '■** 'H 

. 



o. 


Now here it is plain by the difpofition of the Terms, that the 
Ruler can be apply’d eight times, and no oftner, or that there are 
eight cafes of external Terms to be try’d, each of which may give 
a Series for the Root, if the Coefficients will allow it, of which four 
will be afeending, and four defcending. And firft for the four cafes 
of afeending Series, in which the Root will converge by the afeend¬ 
ing Powers of x * and afterwards for the other four cafes, when the 
Series converges by the defcending Powers of x. 

I. Apply the Ruler, or, (which is the lame thing,') affiime the 
Equation a ( A~ i x~ i " — a’ T Ar*xr~ %m ~ m% = o, which will give — 3 m 

= — 2 m — 2, or m= 2 5 alfo A =£. The Number refulting 

from thefe Indices is — 6. But the Ruler in its parallel motion will 
next come to the Index —3 ; then to —2OT+ 2, or — 2 j then 
to o j then to 2 m — 2, or 2 ; then to 3; and laftly to 301 and 2 m-\- 2, 
or 6. But the Numbers — 6, — 3, —2, o, 2, 3, 6, are in an ail 
cending Arithmetical Progreffion, of which the common difference 
is 1 } and therefore the form of the Series will be ya= Ax * -fr-fix* 

-f- Cx*, See. and its firft Term will be — . 

it 

II. Affiime the Equation a 6 x~ $ — a 7 A—*x~ tm ~ t =z= o, which will 
give — 3 =—zm — 2, or m = f j alfo A d*. The Num¬ 
ber refulting hence is — 3; the next will be — 301, or > the 
next 2 m —2, or — i; the next o; the next— 20*H-2, or ij 
the next 30*, or 14.; the two laft 201 + 2 and 3, are each 3. But 
the Numbers —3, —1|, — 1, o, 1, 1*, 2, will be found in an 
afeending Arithmetical Progreffion, of which the common difference 
is f j and therefore the form of the Series will be y taAx* + Ba? + 
C.v* + Dx», &c. and its firft Term will be ± y/«x. 

HI. 
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III. Aflume the Equation a 6 x~ l — a i A l x tm ~ t = o, which will 
give — 3 — 2m — 2, or 0/ = — f; alfo A = 4 <2\ The Num¬ 
ber refulting is — 3 j the next 30*, or — if ; the next — 2 m — 2, 
or — 15 the next o; the next 201-4-2, or 1; the next — 3 07, or 
if; the two laft 3 and — zm 4- 2, which are each 3. But the 
Numbers —3, — if, — 1, o, 1, if, 3, will be all comprehended 
in an afcending Arithmetical Progreflion, of which the common dif¬ 
ference is f ; and therefore the form of the Series will be^=Ax"* 
4- B -4- Cx’ 4- Dx, &c. and the firft Term will be 4 a*x~*, or 

±a v/- . 

IV. Afiiime the Equation A s x 5 " — a i A 1 x * m ~' 1 = o, which will 
jgive 301 = 207 — 2, or 07 = — 2 ; alfo A = 0*. The Number 
refulting is — 6 ; the next will be — 3 ; the next 207 4- 2, or — 2; 
the next o j the next — 207 — 2, or 25 the next 3 ; the two laft 

— 307 and —2074- 2, each of which is 6. But the Numbers— 6, 

— 3, — 2, o, 2, 3, 6, belong to an afcending Arithmetical Progref- 
fion, of which the common difference is 1. Therefore the form of 
the Series will be y = Ax -1 4- Bx“* 4- C 4 - Dx, &c. and it6 firft 

Term will be . 

JC % 

The four defending Series are thus derived. 

I. Affume the Equation A»x s " — <7 —, A*x*"+* = o, which will 

give 307 = 2014-2, or 07= 2; alfo A = £. The Number re¬ 
fulting is 6 j the next will be 3 ; the next 207 — 2, or 2 j the next 
oj the next —2074-2, or — 2 ; the next —3; the two laft 

— 307 and — 207 — 2, each of which is — 6. But the Numbers 
A, 3, 2, o, — 2, — 3, — 6, belong to a defcending Arithmetical Pro¬ 
greflion, of which the common difference is 1. Therefore the form 
of the Series will bey = Ax* 4- Bx 4- C 4- Dx -1 , &c. and the firft 

Term will be — ^ 

a 

II. Affume the Equation x 3 —/ 7 “ _ 1 A*x** ,+ * = o, which will give 
207 4- 2 = 3, or 07= f; alfo A = 4 a*. The Number refulting 
is 3 j the next will be 307, or if; the next —2074-2, or 1; the 
next o; the next 207 — 2, or — 1; the next —307, or — if; the 
two laft — 3 and — 207—2 are each — 3. But the Numbers 3, 
if, o, — 1, — if, — 3, belong to a defcending Arithmetical 
Progreflion, of which the common difference is Therefore the 
form 6 f the Series will be ^=Ax’4-Bx°4-Cx — ’ 4 - Dx -1 , &c. and 
the firft Term will be + y/ax. 

III. 
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lit. Afiume the Equation x*— a*A k ~ t x^ i *+ t = o, which wilt 
give 3 = — 2#r 4- 2, or tn =-— f ; alfo A ss±±#*. The Num¬ 
ber refulting from hence is 3 ; the next will he — 3/w, or .if } the 
next 2 m «+• 2, or 1; the next o; die next — 2m —- 2, or — 1; 
the next 3 m t or— if j the two laft —3 and 2m— -2, each of 
-whichafc —3. But the Numbers 3, if, 1, o, — i r — rf, —3, are 
comprehended in a defending Arithmetical Progreffion, of whfch 
the common difference is f. Therefore the form of the Series Will 
he y =Ajc~*4- Bjt - 1 -f- Cx"*^ -4-Dx - *, &c. and the firft Term will 
<be + dfcx~* t or i a . 

IV. Laftiy, aiihmc the Equation rf 6 A~Jar***-‘—fc*A^x^**4 u ssr0, 
whkh will give —- 30*-=-—2#r 4- 2, or 2 ; alfo A b±± a*. 

The Number reflating is 6 ; the next Will *be 3 j the nfeXt^-e/h — 2j 
Or 2; the *neXt o y tne next 2th 4* 2 , or *— 2; the rtext 3 j -the 
two next 3#r and 2«r*—2, are each —■ 6. Bat the Numbers -6, 3, 
ft, ©, *^-2, —**■ $, — 6, beldng to a defcending Arithmetical Shbgrefr- 
ion, of which the common difference -is 1. Thtrtfbm the form <*£ 
* the Series willbe/san A ar ^ , €de.<ahfl the firft 

Termis. 

And . this may fuflice in all Equations of this kihd, for {finding 
-the forms of the few ral Series, aftdthfeir hift Approximetious. Now 
we muft proceed to their farther Refolution, or .to the Method of 
finding all the reft of -the Terms fiieonfiivtily, 

• • • „ . 1 

5ect. V. *Tbe RefoJwtion ef AjfiSied Specious £quatfais> 
profecuted by various Methods of Analyjisi . 

35. T TITHERTO it has been (hewn, when an Equation .is 
_J_ propofed, in order to find its Root, how the Terms of the 
Equation are to bc.difpofed m a twofold regular fuceeffion, fo a§ 
thereby to find the initial .'Approximations, and t|ie feverar forms of 
the Series in all their various circumftances. Now the Authorpro- 
<?eeds in like.manner to difcover the fiibfequent Terms of the Series, 
which may be done with much eafe and'certainty, -when the fprp) 
of the Series is known/ For this end he, finds c RefiduaI or Supple¬ 
mental Equations, in a. regular fuceeffion alfo, the Roots of which 
are a continued Series of Supplements to the Root ceqtrir£d. ' hr 
every one of which Supplemental Equations the Approximation 1 » 
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found, by rejetting the more remote or lefs confiderable Terms, and' 
fo reducing it to a fimple Equation, which will give a near Value 
of the Root. And thus the whole affair is reduced to a kind of 
Companion of the Roots of Equations, as has been hinted already. 
The Root of an Equation is nearly found, and its Supplement, which 
fhould make it compleat, is the Root of an inferior Equation^ the Sup¬ 
plement of which is again the Root of an inferior Equation; andfo on 
for ever. Or retaining that Supplement, we may Hop where we pleafe. 

36. The Author’s Diagram, or his Procefs of Refolution, is very, 
eafy to be underftood’; yet however h may be thus farther explain'd. 
Having inferted the Terms of the given Equation in the left-hand 
Column, (which therefore are equal to nothing, as are alio * all the 
fubfequent Columns,) and having already found the. firft Approxi¬ 
mation ta the Root to be \ a j in ft cad of the Root y- he fubftitutesits 
equivalent a+p in the feveral Terms of the Equation, and writes 
the Refult ovpr-againft them refpettivel.y k in the right-hand Margin. 
Thefe he colletts and abbreviates, .writing the Refult below,-in the 
left-hand Column j of which rejetting all the Terms of, too high a 
cpmpofitian, he retains only the two. loweft Terms 
which give p = — ±x for the fecond Term of the Root. Then 
affuming p = —■ -4- 2, he fubftitutes this in the delcending Terms^ 

to the left-hand, and writes the Refult in the Column to- the right- 
hand. -Thefe hie'colletts Mid abbreviates, writing the Refult below 
in the' left-hand*Column. Of which rejetting again all the higher 
Terms, he retains only the two loweft 4^*2— T r j.tfx* = o, which 

give q = ~ for the third Term of the Root. And fo on. 

,. Or. in imitation of a - former Proceft^ (which maybe feen, pags 
165.) the Refolution of this,, and all. fiich like Equations, may be 
thus perform'd: * 

y*-+-a % y= 2 a* = (if yz=a~{-p) a* -4-3<**_A4-3rf/*-h/*) Or colletting 
-f-tfxy-J- x*- +a* '■ > andexpung* 

-h a*x+axp j ing,: .• 

^p+T ) ap*-^**=—a'x=z(rfp>=>—l ( x-+-q) — a*x 4 - 4 a*q 
+axp ; -+**» -\-axq 

-K } T a * %; — 

©r colletting and ; expunging;,- 

4 “+- 3 *?‘ =tV** 2 = (if 2=^ rir r) &c. 

—■iaxq — H- r£x‘ 

■4 - £t x± 9 t 

By 'which Procefs the Root .will be found y = a — fx ■+- 

Or 
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t Or in imitation of the Method before taught, (pag. 178, &c.) we 
may thus refolve the firft Supplemental Equation of this Example; 
viz. 4 a % p 4- asip -+- 3 ap % 4- p* s=— a % x + *'; where the Terms 
muft be di/pos’d in the following manner. But to avoid a great deal 
of unneceluuy prolixity, it may be here obferved, that y sc a, See. 
briefly denotes, that a is the firft Term of the Series, to be derived 
for the Value of y. Alio ^=a*— fx, &c. infinuates, that —fx 

is the fecond Term of the lame Series y. Alfo y css • • -4- —» 

04 * 

&c. infinuates, that 4- is the third Term of the Series y, with- 

. out any regard to the other Terms. And lb for all the liicceeding 
Terms; and the like is to be underftood of all other Series what¬ 
ever. : 


4*7 

+axp ; 

+ 3 a P* 
4 -/* 


— • +*• 

4 - 4 - 77 8 - 

- --H- 

128 

131X* 

64a ~~ I ~~ 5 1 ZA % 


TT 


ax' 




509*4 

4096* » 
131 x 4 

71 2a 9 

tj6gx4 
4096a 9 
3* 4 

1024a 9 

S° 9* 4 
16384a * 9 


&C* 

&c. 
&C. ' 
&c. 
&c. 


To explain this Procels, it may be obferved, that here -~-a'x is 
made the 'firft Term of the Series, into, which 4 a % p is to be re- 
folved ; or 41**/=— a*x,6cc. and therefore p =sc — ^x, &c. which 
is fet down, below. Then is 4- axp =— &c. and (by Iquaring) 
4- ^ap* = 4- t 4- <***» & c * each of which are fet down in their pro¬ 
per Places. Thefe Terms being collected, will, make —^ T ax*’ t 
which with a contrary Sign muft be fet down for the fecond Term 

of 4 tpp; or 4 a*p —~ * 4- -rv a x % , &c. and therefore p ssc • 4~ » 

&c. Then <Mf/cs=*4-j£-, &c. and (by Iq u aring ) yep* s= * — ^73 > 
&c. and (by cubing) p % = — &c. Thefe being collected 

will make — to be wrote down. with a contrary Sign; and 
this, together with **, one of the Terms of the given Equation, 
will make 4 a % p — * • 4- 7-3**, &c.' and therefore p=* • 4-^£> 

&c.. Then orp sss * * 4- ~~ i &c. and (by fquaring) 3<7p* set* • 

£e 2 — 
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» &». aiv* (by cubing) p* as* -+• , &c. atf Whick 

being collected' with a contrary Sign, will make ^a*-p^: + # #-f- 
5 ^, &c. and therefore ^ ==-* ** 4 - ,, &c. And by the 

fanp Method we say continue the. Extraction as fan as- we pfeale. 

The Rationale of this. Procefa ha& been already deliver’d, but as. 
4k will he of fmcyient nft, I foatt here mention It again, in fbme- 
what a different manner. The Terras, of the Equation being duty* 
order’d, fo as that the Terms involving the Root x (which are. to be 
nefolved iaasto tlwir refpedtive Series,) being all in a- Column on one 
fide, and the known Terms on the other fide.;, any adventitious. 
Terms may be introduced,. fiich as-will fc$ Bjeeeflhry. for forming the 
fcveral Series, provided they are made mutually to deftroy one an¬ 
other, that the integrity of the Equation may be thereby preferred. . 
Thefe adventitious Terms will be fupply’d by a kindiof Circulation,, 
which wuU make the work etufy apd. pleafant enough i. and.the ne- 
ceflary Terms, of the fimple Powers or Roots, of fird| Series, as corn- 
pole the Equation, mulib be derived' one' By? one, by- any. of the. 

foregoing Theorems. - .... - 

Or it We are willing to avoid too many, and top high Powers, 
in thefc. Extractions, may proceed- in the fbHn wing manner. 
The Exgmple fhall be the lame Su pplemental Equation as before,, 
which may be reduced to< this form, 4<z*4- art ^ap -f- pp x p —t 

a*-x * -t-x*, of which the Refolution may be thus 


ax< 

4 r Z a i *-*t “\px + .^r* 

4 -/*-1*^- 


4 flV 4 ‘- f** 4 - an*** 
*3=— ix 

r Tr 64^ 512** 


> r 22 £? /&,. 
r 512a >**’**" 

XU fL. 

I2»a » ^ C * 


-• 3882 ?' gcc 

. 512a * occ# - 

* HrwMoAi 



Thet Terms; 40^4^ <** 4 «*oall the aggregate FaCfcbr, of ' 
which I place the known part or putts 4?* <4* tx above,, and dm 
unknown parts 3 ap-^pp in' a Column to the left-hand, fo as that 
their refpeftive Series, as they come to be known, may be placed: 
oegulaily. oyerrag^foft: them. Under thefo atEfoe ifcdtaaKn,. tnxecew®. 

£ the- 
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Itltd aggr q y dg Scries bwrewh h; wHieh ]» fomfcFby the-Terms of'the 
.aggregate Fa&o*^ ar they become known*. Uhdfef this aggregate Se- 
lleis opines the fimjd* Fa&fer /< or the fymbol' of the Roor to be 
«fctradted(,a8 it* Terms beecssso knewft 1 aim’. / Laftty, under alt are 
ihe known.Tennf. ofthe Hqyation- in-their properplaces* Mawaft 
'thefe tail Terms (Becaufe of the EqUatifln) act equiwalenrmthePf©*- 
dudt of the two Species above them; from this confideration die 
Terms of the Series p are gradually derived, as follows. 

Firft, the initial Term ^a % (of xtm aggregate Series) is brought 
down into its-place*; as having no other Term fo be colledted with 
it. Then becaufe this. Tern^. j»ultiply?d by the firft Term of p, 
fuppofe q t is equal to the firiF Ter m-of the Pro du ff , that is, 4 a x q 
== — a*x* k wUt be y*=»—£*,.©» Sec. to be put down- 

in its place. Thence we ftialj have .3 ap=; — %ax, &c. which to¬ 
gether with -y-ax abo+e,. with make.-f=-£o* for the fccond Term 
of the aggr e g a te Series: Now if we fuppofe r to reprefent the fe~ 
cond Term of p, £nd t© be Wrote in its place accordingly; by croft- 
multiplication we fhall have 4*i*r—^3cxo r be a aafe the fecond 

Term of the- Product isabfent* or nee, Thereforerr*= , which: 

May, sow beffb.daowniiniki pitee. And hence rap =*= * .+* -fax*,, 
$*e, and pasas.&xri, Stci; which' behsgyTdtleded will nqake 
for the; mmFTennf efi- the : sJggfegatfe Fa<ftor. Now if we. iuppofe 
s. to- reprefent dab thirtkTeratof pi then byio»ft*mttltiplScation r (or! 
by our Theorem^ for MnUiptieationj of infinite Series,)- 40*/-!- 

~ 6 — -sss Ja*^ (for x* is the-third Term of the Produdt.) There¬ 


fore s , to be" let down In it* place. Then lap = * * -f. 

Sec, and /*=• # — &c- which together will' intake. 

rVr 222 L* ihMhe fourth Term 06 the aggregate Series*. Then: putting: 
r to reprefent die fourth Term of p'; by multiplication we (Ball have- 
4a^-jr ’-21—4- -2^- — -sj o, Whence' ', to bq- 

fet down in ; itfe 1 plkce. IP wo would* proceed any. farther in- the Ex¬ 
traction} we muft- find in like- manner the fourth Term of the Se¬ 
ries lap, and-the third. Term ofi/w, in order ctf find the fifth Temt 
of the aggregate Series.. And thus we may eafily and fiirely carry' 
©n the Root to whafe dfcgree of accuracy we pleafe, without any 
danger of computing any luperfluodsTeWiiS-; which yill be no mean- 
advantage of unsficMethodfc . 


Oir 


Digitized by LjOOQle 


214 Tfo Method of, [Fluxions, 

Or we may proceed in the following manner, by Which we (hall 
avoid the trouble of railing any fubfidiary Powers at all. The Sup¬ 
plemental Equation of the fame Example, 4^*/ -1- xxp -1- Z a P* ■+■ 
pi = — a*x -4- ( and all others in imitati on ,of this,) may be 

reduced to this form, 4 a* - 4 * **-+• 3 a ~i- pxp* /= — <**x -Jh x* t 
which may be thus refoivcd. ' 


4 ** 


ax 


-+- 3 a +P ~ — + 


&c. 


*? - - - A —‘ t* +&+ ^ . ta - 


4* + -}<ix + T 'fX' + £ 2 £ , &c. 

■+■£ .4^., &c. 


** 

64a 


131 * 1 

$ 120 * 


16384c** 


— a*x 




The Terms being difpofed as in this Paradigm, bring down 4^* 
for the firft Term of the aggregate Series, as it may ft ill be call’d, 
and fuppofe q to reprefent the firft Term of the Series p. Then will 
44=— a*x, or q^sp-r-fx, which. is-, to be wrote every where 
for the firft Term of p. Multiply -+- 3c by — 4* for the firft Term 
of 3 a-k-pxty with which produdt —-%ax collect the Term above, 
pr -4 -ax i tne Refult fax will be the fecond Term of the aggregate 
Series. Then let r reprefent the fecond Term of p, and we.fhall 

have by Multiplication ^a % r —r T ' - T ax % = o, or r = ^ , to be 
wrote eviny where for the fecond Term ofp. Then as above, by crofs- 
multiplication we lhall have 3a x ^ -t- rv x± = rV** fof the third 

Term of the aggregate Series. . Again, fuppofing s to reprefent the 
third Term of p, we lhall have by Multiplication, (fee the Theorem 

for that purpofe,) 4 *'s+ 0 6 — % — x '> &*t ? 5 =y“-i-> t0 

be wrote every where for the third Term of p. And by the fame 
way of Multiplication the fourth Term, of the aggregate Series will be 

found to be , which will make the fourth Term of p to be 
, And fo on. 

163844* • ’ 

Among all this variety of Methods for thefe Extractions, we 
mu ft not omit to fupply the Learner with one more, which is com¬ 
mon 
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mow and obvious enough, but which fuppofes the form of the Se¬ 
ries required to be already known, and only the Coefficients to be 
unknpwn. This we may the better do here,, becaufe we Live al¬ 
ready fliewn how to determine the, form and number of iuch Se¬ 
ries, in any cafe propofed. This Method corififts in the aflumption 
of a,general Series for the Root,' fuch as may conveniently repre- 
fent.it, by the fubflitution of which in the given Equation, the ge¬ 
neral Coefficients may bo determined. Thus in the prefent Equa¬ 
tion y 5 H- axy 4- aay. — x* za* st=z o, having already found (pag.. 
TO4:y thrOTnof-the RoDtor Series to bey == A4-B#-f-.C**, &c. 
by theh&lp of anyi 6f the Methods for Cubing an infinite Series, 
we may cafily fuBftitute this, Series, inftead of y in this Equation,, 
which will then become 


* A* 4 - 3A*Bx -+4 $AB*x* 4- B*** 4- 

-t-$A»C -4- 6 ABC 4- 3B*C 
4 - 3A»D. 4- 6ABD 
4 - 3A*E 

-fr aPix 4 - dBx> -f- aCx* -f- aDx+, fee. 
Hr **A 4- <z\B# 4-<z*Gv* -f- -f- **£*♦, &c, .« 

"“2 a* * w . x % * * 



Now becaule x is an indeterminate quantity, and mull continue" 
fo to be, every Term of this Equation may be feparately put equal to* 
nothing, by which the general Coefficients A, B, C, D, &c. will be de.- 
termined to congruous Values; and 1 by this means'the Rooty will 1 be" 
known. Thus,. (i.) A* — 20^=0, which will giye A =£=</, 

as before. (2.) 3 A*B aA 4- tf*B=so, or B =as ^ 

(3.) 3AB* + 3 A*C 4-cB-h a *C =0, or C= — 

(4.) B* 4- 6ABC4- 3A‘D -f- aC 4- 1 == o, or Tfr—- -ill . 

4 . £J 

(5.) 3 AC* 4 - 3B*C 4- dABD 4- VA‘E - 4 - aD 4 - a*E == n nrR 1 .— 1 
. And fo on,, to determine F,.G, H, &c. Then by fubfti- 
tuting thefe Values of A, B, C, D, &c. in the aflhmed Root' we 
lhall have the former Series y = a — 1*4-^-4- 4- &c 

Or laftly, we may conveniently enough refolve this Equation, or* 
any other of the fame kind, by applying.it to the general Theorem^ 
pag. 190. for extrafting the Roots of any affe&ed Equations hr Num¬ 
bers. For this Equation being reduced to this form y* # 4-4* 4 -as 

* xy. 
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yr-y-~- a a* -j-jt** xy* = o, wc dhaflhavethere w=3. Aft 4 Inftead 
of ike firft, fecond, third, foarth, fifth, 4 cc. Coefficients of the Powers 
of y dn theTheoroin, if we write 1,0, aa *+- &x, *— to* o, 

&c. rfefpeitWely; atijl-if we make .the firft Approximation j s=*s * » 


or Asz=4 and B = i j we iball haw foria nearer Approari- 

nw£on to fhe Root, Again, if we make. A == 44*-f-**, and 
B- =t= 4^ Hr* ffA?, ‘by Subftittition we fhali have the Fraftiob 
256 »»{+.^ 6 tf , »H"' 4 - 25**** •• • +**• r 

nearer Approximatipn to /the Root' .And taking tfas Numerator 
for A, and the Denominator for B, we tfliah -apppoath utawr ftifl. 
But this laft Approximation is fo near, that if we only take the firft 
five Terms of the Numerator, and divide them by the firft five 
Terms of tho BepominAtor, (which, if : ri^dy managed, will be no 
troublefome Operation,.) "wf Ha U dupe toe lame five Terms of the 
Series, fo often found ‘dreatjy. - 

Afid the Theorem will cqnverge fo fail on this, and fuch like oc- 
cafions, tjhat ifiwft )*&e take thefirftApprof imation A=w, (ma¬ 
lting B 4 = i,) 'We M ‘hare ‘&c.a=za—f x> &c. 

And if a*gain we make this the fecond Approximation, or A = a 
(making Bss= 1^ wefiwU hare y\i 


2A* + 2 a* + x* 

jAi+‘**±ax > ,&C * 


Sac. And 


jjgA& _ _ x —\u ' 3 *** 

~ f?' ,77- -**5 + Wpr + S«2^ » • ■ 

if -agfip .wetnake.thts thp tpvd r i'^fp^<»ei«tttion, or Ates.» 

1&t3 ‘ Ihe Value of the 

trhcAfifit—to eightTeims, at this‘Operation-.. Tor every new Oper¬ 
ation will double the number of Terms, that werefbund true by the 
lift TOpeiaatipn. ; ' r • ■ • - 

. To proceed, ftiU with thc ^mc Bquatioo,; .we -haisieTanmi before, 
pag. zo^, that we might Ukew/ife have a deieendii^ Series in this, 
form," y ==t: Ax-4- B -4-Cx" - * 1 , &c. for the Root y, which we tha n 
•extra<ft tvfdor three ways, Tor the-more abundant exemplification of 
ftuB Do^firte* It has. been abftadty found, 'that Aset 1, or that te 
is the firft Appnwhnaticto to1 the Root... .Make therefore at-4-/. 

and' fohftitute' this in the givdi Equation y i -4- axy -+- aay _.#*_ 

2&& 4 ise>,:which wHl thenTbecofoe 3^/ -f- axp+iatp ■+- 3X/ 1 4 -p 
*— 2a * o. This may be reduced to this form 


-4- ax H- «‘ - 4 - 3 xp -hj* = *— ax* —- a*x 2a*, and may 

be relieved as fdfows. * ' ’ 
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af? 


Z x% -b <*X -\r a % * -- 

- --r- ax — a* -f- ^ , &c. ' 

+ -.- + T«* ■+■ “ , &C. 






3 ** 

** _-f! _i_£ 5 f! 
T* 3*^81** 


*!* Sec 

_ 1 Wvv* 


i 7 x 

6404 

24.3** 


See. 


— ax* — a*x- f- 2tf* 


The Terms of the aggregate Fadtor, as alfo.the known Terrpsof 
the Equation, being difpofed as in the Paradigm, bring down 34c*. 
for the firfl Term of the aggregate Series ; and fuppofing q t-p rejpne- 
fcnt the. firfl Term of the Series p, it will be $x*qz=±=. — ax*., /Ot 
£= — ja, for the firfl Term of p. Therefore — ax will be the 
firll Term of 3 xp t to be put down in its place. This will make the 
fecond Term of the aggregate Series to be nothing j lb that if r re¬ 
prefen t the fecond Term of p, we lhall have by multiplication 3#V 

sss- a*Xj or r = — ^ for the fecond Term of/, to“be put down 

in its place. Then will — a* be the fecond Term of 3 xp, as alfd 
•fa* will be the firll Term of p*, to be fet down each in their places. 
The Refult of this Column will be fa*, which is to be made the 
third Term of the aggregate Series. Then putting s for the third 
Term of p, we lhall have by Multiplication — T ’ T a* = za i , 

or tc= . And thus By the next Operation we lhall have t =a 
•^4» and fo on. 

243 ** 9 

Or if we would relblve this refidual Equation by one of : the fore¬ 
going Methods, by which the railing of Powers was avoided, and 
wherein the whole was perform’d by Multiplication alo ne; we may 

reduce it to this form, 3at 1 -+- ax -+- a* ■+■ 3* -\-p up x p =— ax* 
— a*x za i , the Refolution of which will be tnus : 


F f 



4 
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stS 


4 - 3 *+/ 

, *P 



3*» 4- ax 4 - a* • 

-h 3 * —T* —J x > 

+ £ + |^, &c. 


r** 


* +f^+ 6 £> ^ 

^ , 55 f _* , 6** 4 . 

3* * 8i** 243»•* , 


The Terms being difpos’d as in the Example, bring down 3** for 
the firfl Term of the aggregate Series, and liippoling q to reprefent 
the firft Term of die Series/,• it will be $x 9 q = — ax 9 , or a =—■ 
J^ai. Put down 4- 3# in its proper place, and under it (as alfo after 
tty pot down the ifirft Term of p, or /which being multiply’d, 
and cOHeCted'with 4- ax above, vriH make o for the lecond Term, 
©f the aggregate Scries. If thefeOond Term of/ is now reprefented 

by r, we lhall have 3 x 9 r * =*— a*x, or r ==*— , to be put 

down initsieveral places. Then by multiplying and cohering we 
ihall have 4- ^a 9 for/the third Term of the aggregate Series... And 
putting x for the third Term of/, we ftiaU have by Multiplication 

5=-2tf J , or jr=ca ^ , And fo on as far as wc pleafe. 

f^ftly, inftead of die Supplemental Equation > we may refolve the 
given Equation itfelf in the following manner: 


• * 4 *za*. 

I — ax 9 — %a 9 x 4- $a* 

^ - r-r nr t*** ~ -f 4 * 

‘+a*y r— - - - - - 4- *** — 



284+ 

8 i-x 


, See. 



Here becaufe it is y l =#*, See. it will be y=x, Sec. and therefore 
4- axy = 4- ax 9 , Sec. which mull be let down in its place. Then 
it mull be wrote again with a contrary lign, that it may be y* 
-—ax 9 , Sec. and therefore (extracting the cube-root,) y = * — ±a. 
Sec. Then 4- a 9 y s 4- a 9 x, Sec. and 4- axy sss * —• -Jv**#, Sec. 

which 
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-which being collected with a contrary fign, will make y* =s « # — 
^a x x, &c. and (by Extra&ion) y 5=3 * * — x &c. Hence ■+■ a % y 

— * — fa*, &c. and -4- axy ss=# * — f<a», &c. which being col¬ 
lected with a contrary fign, and united with -4- 2a* above, will 

make y* = * * » f a*-, &c. whence (by Extraction) y sa= * * * , 

&c. Then - 4 - <z*y = * * — j*, &c. and 4-<wfy= . » 

See. which being coUeded with a contrary fign, will make y* = 
* * * * — 177 » ^ and then (by Extraction) y = * * * , 

&c. And fo on. 

37, 38. I think I need not trouble the Learner, or myfelf, with 

f iving any particular Explication (or Application) of the Author’s 
lules, for continuing the Quote only to inch a certain period as ihal) 
be before determined, and for preventing the computation of typer- 
fiuous Terms; becaule moil of the Methods of Analyfis here deli¬ 
ver’d require no Rules at all, nor is there the kail danger .of making 
any unheceflary Computations. • •. 

39. When we are to find the Root y of ,fuch an .Equation as 
this, y — 'fy % -+-fy i '~- fy* •+■ fy', &c.. =*=,«,' this.u ufually- caUjd 
the Reverjion rf a Series. For as here the Aggregate is exprefs’d by 
the Powers of y; fo when the Series is reverted, the Aggregate y 
will be exprefs’d by the Powers of z. This Equation, as now <it 
{lands, fuppofes z (or the Aggregate of theories) to be uptown, 
and that we are to /approximate to. it indefinitely, .jjy qiepqs 
known Number y ana its Powers. ,pr othervyity;, the . unknown 
Number z is equivalent to an infinite Series; of decreasing Terms, 
exprefs’d by an Arithmetical Scale, of which the known Number y 
is the Root. This Root therefore mull be fuppofed to be lefs than 
Unijty, that the Series may duly converge. -Aod thence it will fol¬ 
low, that z allb will be much kfs than Unity. This i£ ufually .cal¬ 
led a Logarithmick Series, beauty in certain circumstances it. ex- 
prefles the Relation between the Logarithms and their Numbers* _a® 
will appear hereafter. If we look upon z as known, and therefore 
y as unknown, the Series muft be reverted ; or the Value of y muft 
be exprefs’d by a Series of Terms compos’d of the known Num- 
her z and its Powers* The Author’s. Method for reverting this. -Se¬ 
ries will be very obvious from the confideratipn of his Diagram,; 
and we (hall meet with another Method hereafter, in another part of 
his Works. It will beiufficieqt therefore,in this place, to perform ft 
.’after the manner of fome of the foregoing Extraditions. 

F f 2 y 
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y "1 ~ Z> + H" «Z* H“ tV^ 4 H~ TXV zt > &£» 

—fy* I-fa* — fz* — tV* 4 — fzs &c. 

H- fy* >.H-fz* H- t* 4 + tt2*. &c. 

— fy + |.— fa 4 — t z *> &c - 

H-fy* j --h fz*, &C. 

&c. 

In this Paradigm the unknown parts of the Equation are fet down 
in a defeending order to the left-hand, and the known Number z is 
fet down over-againft y to the right-hand. Then is y = z, &c. 
and therefore — fy 1 =s — fz*, See. which is to be fet down in its 
place, and allb with a contrary figp, fo that y = * -f- fz*, &c. 
And therefore (fquaring) — fy* = * — fz*, &c. and (cubing) 
-f* fy* s= H- fa*, &c. which Terms collected with a contrary lign, 
make y = * * -h fz*, See. And therefore (fquaring) — fy* = 
* * — T 7 T z 4 , &c. and (cubing) -+- fy* = * -f- fa 4 , &c. and —fy 4 
= — fz 4 , &c. which Terms collected with a contrary lign, make 
y =. * * * H- T^a 4 , &c. Therefore — fy* = * * * — fz*, &c* 
and -h fy* =* • * -+- T * T a*, ice. and —- fy 4 = * fa*, &c. and 
•f - fy* = -f- fz r , &c. which Terms collected; with a contrary fign, 
makey =±= * « * * + tt &c. And fo of the reft. 

40. Thus if we were to revert the Seriesy 4-fy* -+- -fay* -f- -r-f T y 7 
-4- TTTTy* Hr tttt/ 1 . &c. =z, (where the Aggregate of the Se¬ 
ries, or the unknown Number a, will reprefent the Arch of a Circle, 
whole Radius is 1, if its right Sine is reprefented by the known 
Number y,) or if we were to find the value of y, confider’d as un¬ 
known, to be exprefsd by the powers of a, now confider’d as known ; 
we may proceed thus 

y 1 Z *“ f- 2 J S H- 77y2! f —r* y o’^ -g-Z 7 -f- y yTTTW 2:f > i^ C ' 
H- fy* 1 - - - 4-fa* — A2' -+- tV-5-z 7 — ttVVt 2 ^ &c- 

4 " 7 P*y* I--- - --- H- ““ tV^ 7 H~ y*Tr 2 >*» &C. 

^ S __ 1 5 <v7 JULoft Xrr 

H-rffry* 

&C. 

The Terms being difpofed as you fee here, we fliall have, y=z, 
&c. and therefore (cubing) fy s = fa 3 , &c. which makes y=« 
— fz*, &c. fo that (cubing) we lhall have -f fy* = * — tV*S 
&c. and alfo T Vy f &c. and collecting with a contrary fign, 

y 


rri" > vvv# 
TTTT zf t &C* 
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y = . * T ^z>, &c. Hence fy» = * » rVVf 7 . &c. and ^y» 

t— *_ T ‘ y ^, &c. and tItJ 1 = ttt« 7 > &c. and colle&ing with a 

contrary fign, y s= * * * — t dvr ** 1 * ^ c * ^ n d io on. 

If we Ihould defire to perform this Extraction by another of the 
foregoing Me thods, that is, by fuppofing the Equation to be reduced 

to this form 1 -f- ty* H-^y 4 -+- -rfr y* H- tHt£» n &c - *.?=*> it 
may be iufficieat to fet down the Praxis, as here follows. 


r • * • * 

H- ty* --f- «rc‘ —— tt 24 "1“ ttt‘ c * — ttW**, &c* 

4. T J 5.J 4 ---“4- ■^s , ‘2» 4 TT 2 * “1“ TTT 2 ') &c. 

--- 1 “ TTT 2< “• TTT 2 ') 

-4 - ------~+* tttt 2 *» &£• 

I •+■ fz % + T ro 24 +T-sVr-5-' 2: ‘ - l“^-TSTTVar 28 > 
y = 2 —-+- ttt 2 *— y6 1 4. 5- 2T -4“TT~rTTTr 2, >^C- 

Z * • * * 


41. The affeded Cubick Equation, which the Author here aflumes 
to be folved, has infinite Series for the Coefficients of the Powers of 
y j and therefore its Terms being difpofed (as is taught before) accor¬ 
ding to a double Arithmetical Scale, the Roots of each of which, are 
y and z, it will ftand as is reprefented here below. Or taking Az m 
for the firft Approximation to the Root y, and lubftituting it in the 
firft Table, it will appear as is here let down in the fecond Table. 


• • • —» 8 ‘ 

i*yt — x?) 1 x*j> + *>* 

—■*.4 4-*4 — 2 X 4 — 4*4 

4 - 4 *< —x* + 3 *‘ + 9 ** 

— «x* +x* —4** —1 6 k® 

tfe. tee. &C. . 


AJ *j«+»— A . **-+*+ Ax"+‘ + 


M 


—4A»x J *’+ 4 +A*x* ,,+4 —xAx" 1 ^ 4 —-4X4 > 

44 A*x?" i ' < —A»x** +< + 3 A*" +< +9*.‘! 

tff. tj tc. & <• tec. J 


SOl 


Now the only cale of external Terms, to be difeover’d by apply¬ 
ing the Ruler, will give the Equation A»z*"+* — 8 = o, whence 
yn- f-2 = o, or m = — and the Coefficient A=2. The 
next Number or Index, to which the Ruler in its parallel motion' 
will apply itfelf, will l»2»+2, or j. } the next will be m -|- 2, 
or and fo on. Which afeending Arithmetical Progrcffion o, y, 
*, ficc. will have | for its common difference. Therefore y=Az* 
-j- B -f-C*»-4- Ds’ -4- E»*, file, will be the form of the Root in this 
Equation.. It may be refelved by any of the foregoing Methods, 

but 
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but perhaps rnoft readily by fuhftituting the Value of y row found 
in the given Equation, and thence determining the general Coeffi¬ 
cients as before. By which the Root will be found to be y — 

2Z ~* ilT -f. tVV®* — -4- tVAV* S &c - 

42. To refolve this affeded Quadratic!*. Equation, in which one 
of the Coefficients is an infinite Series; if we fuppofe y — Ax", &c. 
we Ihall have (by Substitution) the Equation as it Hands here below. 

Then by applying the Ruler, we (hall have — aAx" -+- — =0 

i| 9 

whence »s=4, and A = -L . The next Index, that the Ruler 
in its parallel motion will arrive at, is m -f- 1, or 5; the next is 
w-4-2, or 6 ; &c. fo that the common difference of the Progref- 
fion is 1, and the Root may be reprefented by y-— Ay* ]}*» 

Cx* t &c. which may be extraded as here follows. 


A** 

♦ 

* 


—abx 


Ax "* 1 

A m+* 

~~x 

a 

A 


%s*. 

* 


— t-f** I ** 
* + 4- 1 


fft. 


— ay 


> =0. _ 


— *y 

X * 

—J 


*4 

£*. 

+J»* 


4 * 4^8 




-5i+?i * 

__ _ *1 

4 ai 4** 
xi 


* 




4 ** 4X 6 


«*• 


.+ 7 S* «*• 

_** ** 

y — 174 * * ■+• r^r,, &c. 


Here becaufe it is — 4f=— £ , &c. it will be y— il # ^ 
Therefore —xy = —Z I , &c. which wrote with a contrary Sign 
will make — ay =as * h- ~ , and therefore yc= # __L' > 

Then — *? = * - 4 “ , &c. and — ^7=— ~ , &c. which 

colleded will deftroy each, other, and therefore_** --- ^ 

&c. and consequently y = , . 4- o, Scc. &c. 

But there is another cafe of external Terms, which will be dif- 
cover*d by the Ruler, and which will give AaAx-=0 
whma m = o, and A ==*. Here the Pregreffion of the IndiceJ 

T 31 c°£ r > 2 ’.‘ &c> [° JfeftA+B»+ Ot*, &c. will be the 

form of the Series. And if this Root be profecuted by any of the 

Methods 
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Methods taught before. It will be found y :r= a-{- x £ 4. 

Now in the given Equation, becaufe the infinite Series a-f-x-+- 
—• -f- -4- t &c. is a Geometrical Progreffion, and therefore is 

equal to , as may be proved by Divifion j if we fiibftitute this* 

the Equation will become y % — -+- ^ = o. And if we er- 

tradt the fquare-root in the ordinary way, it will give y =t 

at ± Vu 6 ~~ a±x 4 f^:- xt . for the exa<2 Root And if this Radical 

2^"’— lax 

be refolved, and then divided by this Denominator, the fame two 
Series will ariie as before, for the two Roots of this Equation.. And 
this fufficiently verifies the whole Procefs. 

43. In Series that are very remarkable, and of general ufe, die 
Law of Continuation (if not obvious) fhould be always aflign’d, when 
that can be conveniently done;, which renders a Series ft ill more u&> 
ful and elegant. This may commonly be difcover’d in the Compu¬ 
tation, by attending to the formation of the Coefficients, efpecially 
if we put Letters to reprefent them, and thereby keep them as general 
as may be, defending to particulars by degrees. In the Logarithmic 
Series, for infbtnce, z=zy — 4 “ xX* & c * the Law of 

Confecution is very obvious* fb that any Term,, tho’ ever fo remote,, 
may eafily be aftign’d at pleafure. For if we put T to reprefent any 
Term indefinitely, whole order in the Series is exprefs’d by the na¬ 
tural Number m, then will T=s ±ir. where the Sign mull be 

-+- or—according as m is an odd or an even Number. So that the 
ihundredth Term is — t 4 v^ ioo > the next is -f- T ±- r y I<n \ Sec. In the 
Reverfe of this Series, or -f- fz* •+• 

&c. the Law of Continuation is thus. Let T reprefent any Term 
indefinitely, whole order in the Series is exprels’d by « ; then is 

m 

T=-*-—• which Series in the Dcnommatormuft be con- 

r X 2 X 3 X 4 X * 

tinned to as many Terms as there are Units in m. Or if c ftands 

for the Coefficient of the Term immediately preceding, then is T=; 
€ _ 

-z m . 

m 

Again, in the Series y = z — fz * -4- — ry W g7 ■+- 

tTT , ttv s», &c. (by which the Relation between the Circular Arch 
and its right Sine is exprefs’d,), the Law of Continuation will be thus. 
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If T be any Term of the Series, whofe order is exprefs’d by w^and 

if c be the CoefBcient immediately before ; then T — - —=. 

And in the Reverfe of this Series, or z =y -+- i-y* T*y* •+* 

_j_ t it &c. the Law of Confecution will be thus. If T repre¬ 
fen ts any Term, the Index of whofe pla ce in t he Serie s is m, and if 

c be the preceding Coefficient $ then T = • And 

the like of others. 

44, 45, 46. If we would perform thefe Extractions after a more 
indefinite and general manner, we may proceed thus. Let the given 
Equation be y % -+- a*y - 4 - axy — 2a i -—x i =o, _ 2a i±. a * y # 4^, 

.the Terms of which fhould be dilpofed as • + <”?>'• • 

in the Margin. Suppofe y = b + p, where __ a * •• • 

b is to be conceived as a near Approximation 
to the Root y, and p as its fmall Supplement. When this is fubfti- 
tuted, the Equation will Hand as it 

does here. Now becaufe x and p T 1*1 J + 3 */*+^* 
are both fmall quantities, the mod It t* 3 3 f 3 

confiderable quantities are at the be- + alx +**p * • 

ginning of the Equation, from _ x \ * 
whence they proceed gradually di- 
minilhing, bom downwards and towards the right-hand j as ought 
always to be fuppos’d, when the Terms of an Equation are difpos’d 
according to a double Arithmetical Scale. And becaufe in (lead of 
one unknown quantity y, we have here introduced two, b and p, 
we may determine one of them b t as the neceflity of the Refolution 
lhall require. To remove therefore the moll confiderable Quantities 
out of the Equation, and to leave only a Supplemental Equation 
whofe Root is p\ we may put b -f- a'b—~ 2a* = o, which Equa¬ 
tion will determine b, and which therefore henceforward we are to 
look upon as known. And for brevity lake, if we put a* -4- 3 b 
= c, we fha'll have the Equation in the Margin. 

Now here, becaufe the two initialTerms * , ., 

4- cp H- abx are the molt confiderable of 4. *!*+«?* + ' 
the Equation, which might be removed, if * • 

for the firfl Approximation to p we Ihould ~ A * 

aifume — , and the refulting Supplemental Equation would be de- 

prels’dlower; therefore make/ss— ~ 4- y, and by liibllitution we 

lhall have thi6 Equation following. 

Or 
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Or in this Equation, if 

i %a*b 3 a % b _i 

we make i—— 

*_ == ,, and 4* 

f ’ ft 

_4_ i —-/'j it will aflume 
this form. 


and Infinite Series. 

+ *i + 3V 


22 $ 


__6ab* •) , f 

• T"* f ?— — 

+ «*? > * 

+ ( * (± 3 «***. 

_ j" • 


+i‘ 


>=o 


- 7 T*' 

X* 


-f Jx* + 

-A* 


+<f 

+«7 
3 «*i* 


+ 3 *f* 
3 a ° . 

— 7 *f 


+f*l 




» 

•J 


Here becaufe the Terms to be next removed are-f- ry ■+-</**,we may 
put q =—- ie* -+- r, and by Sub- 

ftitution we fhall have another 
Supplemental Equation, which 
will be farther deprefs’d, and fo 
on as far as we pleaie. Therefore 

we fhall have the Root y = ^&c. where b will be 
“the Root of this Equation b -f- a'b — 2a* = o, c=a* -j- \b t 
d— " c ^~ ^ > i —— & ( . i f — (t “I - i» &c. 

' Or by another Method of Solution, if in this Equation we aflume 
(as before) y = A -f- Bx -f- Cx* -+- Dx 3 , &c. and fubftitute this ip 
the Equation, to determine the general Coefficients, we fhall have 

9 +7" , a»_^A 4>1 

;». *» 


A «A; 
y=A— ri-. 


&c. wherein A is the 


Root qf the Equation A* -f- a % A —- 2tf* rss o, and c % = 3 A* H- a*. 

47. AH Equations cannot be thus immediately refolved, or their 
Roots cannot always be exhibited by an Arithmetical Scale, whole 
Root is one of the Quantities in the given Equation. But to per¬ 
form the Anajy (is it is lometimes required, that a new Symbol or 
Quantity fhould be introduced into the Equation, by tne Powers 
of Which the Root to be extra&ed may be exprefs’d in a converg¬ 
ing Series. 1 And the Relation between this new Symbol, and the 
Quantities of the Equation, mull be exhibited by another Equation. 



ight be exprcfs’d bjrthe fimple 
For the ,-S^ies itfelf fuppbfesf"in'order fo itirconverging,"tSat.y is 
fome fmall Number lefs than Unity but x and a are under no fuch 
limitations. And therefore a-Series, competed '-of-the' afcettc^ing 
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form’d of its Powers may converge to y. Now it is plaiii, {halt x 
and a , tho’ ever fo great, rauft always be near each other, becaufe 
their difference y — |y% Sec. is a linall quantity. Affutne therefore 
the Equation x — a = z, and z Will be a fmall quantify as required; 
and being introduced inftead of if — a, will give zi=x) — 

— ±y*, &c. whofe Root being extracted will be y = 

-j- 4- tV^ 4 , &c. as before. 

48. Thus if we had the Equation^'* -f-y‘ ~\-y — x* = o, to find 
the Root y; we might have a Series for y compofed of the afcending 
Powers of x, whicn Would converge if x were a finall quantity, lefs 
than Unity, but would diverge in contrary Circtiiiiftahces. Stippo- 
fing then that x was known to be a large Quantity* in this cafe the 
Author’s Expedient is this. Making g the Reciprocal of x y or fup- 

pofing the Equation xs= ~ , inftdad of x he introduces z into the 

Equation, by which means he obtains a converging Series,, confining 
of the Powers of z Afcendirig in the Numerators, that is in reality,, 
of the Powers of x afcending in the Denominators. This he does, 
to keep within the Cafe he propofed to himfelf} but in the Method 
here purfiied, thefe lb no occafitii to have recourfe td this Expedient, 
it being ah indifferent matter, Whether th£ Powers df the conV&rg- 
ihgquantity afcehd in the Numerators Or the Denominators... 

Thus in the given Equation y % ■+• v* H-y * \ . 

_ x* y === °* ■ '• ma ~ 

king y = Ax ", &c.) A t x iU -+- A % x tm -rf- Ax" * , &c .7 , 

—& ' • 5 °* 

by applying the Ruler we fhall have the exterior Terms A 3 **"-—a:’ 
s=s o, or m = 1, and A 5= 1. Alfb the refuhmg Number or Index 
is 3. The next Term to which the Ruler approaches will give 20*, 
or 2.i; the laft m, or i. Rut 3, 2, i; make a defcending Progreflion, 
of which the common difference is 1. Therefore the form of the 
Root will be y=AAf-4-B + Cxr’ , -f-Dar^, &c. which we may 
thus extra#. 


y 3 Y =5=** - X* — fx r{- yX° -H tV^S 

+>*> - - X* — forrry&x 9 •+: &<* 

+ y > - ..,-fr fx*? ;— -t- 4 - &c. 


Becaufe y it w;ill Be y x^,v,&c.and therefore y‘=x*, &c. 

which will makey»=sp # — x*^&cc. ^nd (by Extra&ipn)/ = *—J-, 
&C. : Then (By fqu$fiflg)y* =ft=iS» '—which with x below, 
an 4 changing' the Sign, makes y» 39s • * — fx, &c. and therefore 

y 
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y = * • — j 9 C l y &c. Then y* r== » • r^-4, &c. and y=# — 
&c. which together, changing tlje Sign, make y* = * * * 4- 
&c. and y = * * * 4 - tV^, &c. Then y» = • * * 4- jlr", 
&c. and y = • * — &c* and therefore/* =t f » • * + T T T x— 

&c. and = * » # * H-tVat - * , See. 

Now as this Scries is accommodated to the cafe of convergency 
when at is a large Qgahtity, fo wp mjiy deriye another Series from 
hence, which will be accommodated 19 the cafe when x is a finall 
quantity. For the Ruler will direft us to the paternal Terms 4*" 
n—x 1 =? o, whence m = 3, and A as= 1 > an.d the refusing Num¬ 
ber is 3. The aejet Tprm will give zm, or 6 i and the 4 ft is gw, 
or 9. But 3, 6, 9 will form an amending Brogrefiion, of which the 
common difference is 3. Therefore y ?=s 4 x 3 4- By* 4 -Cx?, &r. 
will he the form of the Series in this cafe, which may be thus 
derived. 

y y scs x } ttt r* rt- if* * — 4#** .-*? I4X'?, &c. 

4- y»J* r - * - 4" *‘ =- 2X* 4* 3* 1 * — 2X*» — y*?*, &C. 

4r > :, 5-r-- 4- Xf rr> 3X‘* 4 t j 6 ^ r .-p- J$''*■* &C. 

Here hecaufeya=cx*,&c. it will be/ssr*, icc. and therefore 
y=sc* &c. Then y*sss *-*- cx», &c. and ;>ss**, &c. 

and therefore y =sp * • 4* x*, &c, Then y* sss • * 4 - 3x**, &c. and 
y* = * — 3 X 1 *, &c. and thereforeyear * * * 4- o, &c. 

The Expedient of the Ruler will indicate a third cafe of external 
Terms, which may he try’d alfo. For we may pjut A 5 **" 4- A 1 * 4 " 
4 -Aa*=^ o, whence m see, and-the Number refultiag from the 
other Term 4 3. Therefore 3 will be the common difference of 
the Progreflaon, and the form of the Root will he y = A 4- Bx 5 4- 
Cx*, See. But the Equation A* 4- A* 4- A = o, will give A =ss o, 
which will reduce this .to the former Series. And the other two 
Roots of the Equatipn will he impoflible. 

If die Equation of this Example y* 4- yf 4- y — x 5 = o be 
multiply’d by the factor y — 1, we frail have the Equation y< — y 

o, or,. . . Z S which When rf- 

«. folded, will only afford the fame Series for the Root y as before. 

49. This Equation y 4 — x x y x 4- xy x 4- 2y*— ay 4- } = o, when 
reduced to the form of a double Arithmetical Scale, will ffand as in 
the Margin. 

G g 2 Now 
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Now the firft Cafe of external )* • + *>* — v + l 7 
Terms, (hewn by the Ruler, in it a*** j 

order for an afcending Series, will Qr maki ^ Ax „ f & c% 
make A 4 * 4 * 2A % x tm — 2Ax” 4* «« 

-4- i = o, or m = o j where the ' A , x *«+t 

refulting Number is alfo o. The 
fecond is 2m -4- 1, or 1 j the third 4 * 

2m -4- 2, or 2. Therefore the Arithmetical Progreffion will be o, 
1, 2, whofe common difference is 1; and confequently it will be 
y = A -f- Bx -f- Cx* -4- Dx 3 , &c. But the Equation A 4 -4- 2A* ' 
2 A -f- 1 ==s o, which fhould give the Value of the firft Coeffi¬ 
cient, will fupply us with none but impoffible Roots; fo that y, 
the Root of this Equation, cannot be exprefs'd by an Arithmetical 
Scale whofe Root is x, or by an afcending Series that converges by 
the Powers of x, when x is a fmall quantity. 

As for defcending Series, there are two cafes to be try’d; firft the 
Ruler will give us A 4 x+" — A 1 x***+* = 0* whence 4 m = 2m -4- 2, or 
mzsss 1, and A=s+ 1. The Number arifing is 4} the next will 
be 2m 4- 1, or 3-} the next 2*?, or 2 j the next m, or i j the laft o. 
But the Arithmetical Progreffion 4, 3, 2, 1, o, has 1 for its common 
difference, and therefore the form of the Series will be y = Ax-f- 
B h- Cx -1 , &c. But to extract this Series by our ufual Method, it 
will be bcft to reduce the Equation to this form, y x — x* -f- x -4-2 
— 2 y~ l ~i-y~* i =0, and then to proceed thus: 

y* = x 1 — x — 2 -f- 2X~ 1 — |x~*, &c. 

— 2y~ l C-— ~2x~ l -4- 4x -1 , &e. 

h- y~ % y —.*.-+- x-*, See. 

v — x •— -*■ — 1 _Z_ __ 121 5cc. 

J - * * 8* ^16** »a8*»> 

Becaufe y % = x 2 — x— 2, Sec. ’tis therefore (by Extraction) 
j = x — * — -Jx" 1 , See. Then (by Divifion) — 2 \y~ l as—2x~', 
Sec. fo that y*==m « » + 2X“', See. and (by Extraction )y ass* * • 
-4- Sec. Then — 2/~* = • + ix~% Sec. and jr* = x~* y 

&c. which being united with a contrary fign, make y % = * * » ^ 
—|x~*, Sec. and therefore by Extraction y ass * • • * —« 44 r r, » 
See. 

In the other cafe of a defcending Series we ffiall have the Equation 
—A*x M, +* -4- 1 =0, whence 2m -4- 2 = o, or m =— 1, and 
,Asa±i. The Number hence arifing iso; the next will be 2/0+ r, 

cf 
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or — 1; the next or — 2 and the la ft ^m, or — 4. ' But 
the Numbers o, — r, — 2, — 4, will be found in a defcending Arith¬ 
metical Progreflion, the common difference of which is l. -There¬ 
fore the form of the Root is y = Aar** -+- Gar - *, Sec. and 

theTerms of the Equation muff be thus difpofed for Rcfolution. 

2/"*‘C ■ 

+ y % ' 
y 

Here becaufe it is y~ l = x*, See, it will be by Extraction of the 
Square-root y“ l = ar, Sec. and by finding the Reciprocal, y == at'*. 
See. Then becaufe — zyr' s= — 2 at. Sec. this with a contrary Sign* 
and collected with —ar above, will make/ -1 = * «+• x, Sec. which ( 
(by Extraction) makes y~* = * H- 4, &c. and by taking the Reci¬ 
procal, y= * — 4 ar~ l , &c. Then becaufe — 2^ -1 = * — 1, &c. 
this with a contrary fign, and collected with — 2 above* will make 
y~* = * • — 1, &c. and therefore (by Extraction) y~'==z • « — 
4-v - ', &c. and (by Divifion) ^ = * * •+. 4 #” J , &c. . Then becaufe 
— 2/~* = • * + 4*""*, it will be * = # * * — 4 Ar ” I » & c » and 
JT X =*** — lar- 1 . Sec. and y = • « * — &c - Then 

becaufe — ay - * = * • • + 4*“S &c» and j 1 * sss.x - *, &c. thefe 
collected with a contrary fign will make y~~* ===.* * • *-r- ^rx~*, 
Sec. and y”* ==**** — &*. and y s=s -f-TTT*- 4 * 

&e. 

Thefe are the two defeending Series, which may be derived for 
the Root of this Equation, and which will converge by the Powers 
of x, when it is a large quantity. But if x fhould happen to be 
fmall, then in order to obtain a converging Series, we much ;change 
the Root of the Scale. As if it were blown that x differs but little 
from 2, we may conveniently put z for that fmall difference, or 
we may afiume the Equation x — 2 = z. That is, inffcad of x 
in this Equation fubftitute z + 2, and we fhall have a. new Equa*- 
tion y* — z x y x — $zy x 2y -t- isso, which will appear as in 
the Margin. , , . q 

Here 


=zX x — X — 2 — 4*"”'—&C. 
-4- 2X -1- I 

- - —2x — i-4- 4x”* -4- 4x-*, &c. 

---- x~ x , Sec, 

—1_L . X_Z_ . _l!Z_ &c 
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j 4 • 


• — 2> + I 


— 32:^ 


Or miking y = Az m t &e. 


!=* 


A4- 


4 « 


€*.( 


»= o. 


- 3 A* 

- A** 1 ""*"* 

Therefore the form of 


* 3 © 

Here to bwvean afcepding Se¬ 
ries, we rnuft put 2A2* 

-4- 1 c= a, whence w 5=39, and 
Assl The-:N«t**ber hence 
arifijjg is o t the Beget is 1, 
or 1; and the laft 2m -f- 2, or 2. 

But o, 1, 2, jue. in an afceijdin^ 

Progreflion, whole common difference is 1. 
the Series is y =5 A 4- Bz 4- Cz x 4- Dz*, &c. And if the Root y 
be extracted by any of the foregoing Methods, It will be found y = 
i+{jg — &cl A'lfo we may hence find two defending Se¬ 
ries, which would converge by the .Root -of -the Scale z, if it were 
a large quantity. 

50, 51- Our Author has here opened a large, field for the Solution 
of thefe Equations, hy /hewing, fnat the inaeterminate quantity, or 
what we call the Root of the Scale, pr the converging quantity, 
may be changed a great variety of ways, and thence new Scries will 
be derived for the Root of the Equation, which in different circum¬ 
stances will converge differently, fo that the moft commodious for 
the pcefent occafion may always be chofe. And when one Series 
does not fufiiciently converge, we may be able to change it for an¬ 
other that Xball epnyergg fafter. But that we may not be left to 
.uncertain interpretations of the indeterminate quantity, or be obliged 
to make Suppofitjons at random 3 he gives us this Rule for finding 
initial Approximations, that may come at once pretty near the Root 
required; and therefore the Series wiH converge apace to it. Which 
Rule amounts t» 4 his: We are to find what quantities, when fub- 
Itituted for the indefinite Species in the proposed Equation, will 
make it divifible by the radical Species, increafed or diminifhed by 
■another quantity, or by the radical Species alone. The /mail diffe¬ 
rence that will he found between any orie of thole quantities, and 
-the indeterminate quantity of the Equation, may be introduced 
hofte&d of that indeterminate quantity, as a convenient Root of the 
Scale, by which the Series is to converge, • 

Thus tf the Equation propofed be y» 4 - axy 4- & % y — x* —«• 2a* 
is o, and if for x we here fubftitute <7, we lhall have the Terms 
y* 4- 2 a*y — 3**, which are divifible'by y-~ </, the Quotient be- 
■ingy» 4-4^ 4- $a x . • Therefore \vq may foppofe/'by the foregoing 
Rule, that a—-x = z is but a fmall quantity, or inftead. of X we 
■IWip fubflitute a — z in the propofed Equation, which will then 
become y } 4- 2 a x y — azy 4 - 3 a x z — 3 az* •+• z i — 2 a> = o. A 

Series 
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Series derived front hence, compofed of the albendmg Powers of 
#nuft converge faft, cateris paribus, becaufe the Root of the Scale 
z is a fmall quantity. 

Or in the fame Equation, if for x we fubftitute — a, we fliatt 
have the Terms y*—4», which are divifible by y —4; the Quo¬ 
tient being y* - 4 - «*y *+» a*-. Therefore We may fuppofe the diffe¬ 
rence between — a and x to be-but little, or that — a — x — z is- 
a fmall quantity, and therefore inftead of x we may fubftitute its- 
equal in the given Equation. This will then become 

y» —*any 3 a*z «+• 3 az % — a * e= o, where the Root y will con¬ 
verge by the Powers of the fmall quantity z. • 

Or if for x we fubftitute — 2 a, we fhall have the Terms y* — 
a*y + 6 4*, which are divifible by y-f- 2 a, the Quotient being y* 

— 2aj+$a % . Wherefore we may fuppofe there is but a fmall dif¬ 
ference ' between- 2 a- and x, or that — 2 a — x c=s z is a fmall 
quantity; and therefore inftead of x we may introduce its equal 

— 24 — # into the Equation, which will then become y* -— a'y — 
azy + 6b } -+- 12 a*z -f- 6 az* -+- 2 * e= o. 

Laftly, if for x we fubftitute «— 2*4, we fhall have the Terms 
y* — 2$a*jt +- a*y y which aredivifiUe by y, the Radical Species alone. 
Wherefore we may fuppofe there is but a fmall difference between 

— 2hr and x, or that — 2*4 — x = z is a fmall quantity; and 
therefore inftead of x we may fu bftitute its equal — 2hr—3, which 
wiU reduce the Equation toy» -+- 1 —^2 x a % y—azy -+- 3^4 x 

qu 3 ^ 2 j x : 4 «* , -h*r* r±: O, wherein the Series for the Root y may 
converge by the Powers of the fmall quantity z. 

• But the reafon-of this Operation ftill remains to be inquired into, 
which I fhall endeavour to explain from the prefect Example. la 
the Equation y* 4- -axy 4- a % y —■ a* — 2«» easo, the indeterminate 
iq&fintity-’a’, of its own nature, nwrft be fufctptible of uM partible 
Values;'at leaft, if it had any limitations, they would be fhew’d by 
hwpoflible Roots. Among other values; it will feoeive thefe, a, —4, 
-»*- 24, — 2*4, tcc, in which cafes the Equation Would become y» 
4 - 24 *y-«- 34? SCO, y* — 4 * teO, y* —- 4 *y 64 3 a ECO, y* — 

4- 4*y =as o, &c. refpe&vcly. .Mow as thefe fiqmrtions admit 
of juft Roots, us appears by their faes^drafibleljy y 4- or — an¬ 
other quantity, and the 4 aft by y alone; fo that an the Refohuion, 
the whole Equation (in thofe cafes) would be immedwidy exhaufted: 
-And in other cafes, when x does not much recede from one of thofe 

Values, 
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Values, the Equation would be nearly exhaufted. Therefore the 
introducing of s, which is the fmall difference between x and any 
bne of thofe Values, muft deprels the Equation } and * itfelf muff 
be a convenient quantity to .be made the Root of the Scale, or the 
converging Quantity. 

- I Ihall give the Solution of one of the Equations of theie Exam¬ 
ples, which fliall be this, y 5 — azy ^a l z -f- $az % — a* =o, or 


y* * « n* 

azy H-3 a x z\ 
4 - 3 ***- 


► yn=a> 

c 

> ~-azyj- - - 


azy . 

y 


•+■ a % z~-^az i ’r-%&, &c. 
-&c. 

* —is—ii‘_ 2 -!^,&c. 

3 l* 8ia» ,w '* 


Here becaufe y»==*S &c. it will be y = *, & c . Then — azy 
*"*“j ■ * *» which muft be wrote again with a contrary fign and / 

united..with — ^a'z above, to make y* =- * — 2 /2»^ and 7 
therefore y = * j.z, &c. . Then - Ly = . + •«£, £ and 

y* = * • — Y**‘, and y= . . 2 ?, &c. Then — ^y 

•s=s * * 4- £**, &c. and y 5 =p= * » * — f*», &c. and y =— * *-* — 
*!Z!L &e. - ‘ 

8i«*.» 0CC * . 

«, The Author hints at many other ways of deriving a variety of 
Series from the lame Equation; as when we fuppofc the afore-men- 
tion’d difference s to be indefinitely great, and from that Suppofition 
we find Series, , in which the Powers, of * ffcalUfcend in the Deno¬ 
minators. This Cafe we have all ^long purfued indifcriminately. with 
the other Cafe, in which the Powers of the converging quantity 
afcend in the Numerators, and therefore we need add nothing here 
aboutit. Another Expedienti^toaffumefor the converging quantity 
foroe other quantity of the. Equation, which then may be confider*d 
a$ indeterminate. So here, for inftance, we may change a into * 
and x into a. Or laftly, to affumc any Relation at plea lure (W 

pofc*=«z*=j£, *==^\ &c) between ihein- 
determinate quantity of the. Equation x, and the quantity * W e 
would.ntroduce intomroom,. bywhich new-eqnh^lent Equations 
may be form d, and.then then Roots may be extracted. And after- 

fumed Equation! . • 1 *•. ,***,"* . 

52. The 
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52. The Author here, in a fummary way, gives us a Rationale of 
his whole Method of Extractions, proving i priori , that the Series 
thus form’d, and continued in infinitum^ will then be the juft Roots 
<of the propofed Equation. And if they are only continued to a 
•competent number of Terms, (the more the better,) yet then will 
they be a very near Approximation to the juft and compleat Roots. 
-For, when an Equation is propofed to be refolved, as near an Ap¬ 
proach is made to the Root, fuppofe y, as can be had in a lingle 
Term, compofed of the quantities given by the Equation ; and be- 
caufe there is a Remainder, a Refidual or Secondary Equation is 
thence form’d, whole Root p is the Supplement to the Root of the 
given Equation, whatever that may be. Then as near an approach 
is made to p y as can be done by a lingle Term, and a new Refidual 
Equation is form’d from the Remainder, wherein the Root q is the 
Supplement to p. And by proceeding thus, the Refidual Equations 
are continually deprefs’d, and the Supplements grow perpetually lels 
and left, till the Terms at laft arc lei's than any aflignable quantities. 
We may ilhiftrate this by a familiar Example, taken from the ufual 
Method of Divilion of Decimal Fractions. At every Operation we 
put as large a Figure in the Quotient, as the Dividend and Divilor 
will permit, lb as to leave the leaft Remainder poflible. Then this 
Remainder fiipplies the place of a new Dividend, which we are to 
exhauft as far as can be done by one Figure, and therefore we put 
the greateft number we can for the next Figure of the Quotient* 
and. thereby leave the leaft Remainder we can. And fo we go on, 
either till tne whole Dividend is exhaufted, if that can be done, or 
till we have obtain’d a fufficienf Approximation in decimal places or 
figures. And the lame way of Argumentation, that proves our Au¬ 
thor’s Method of Extraction, may eafily be apply’d to the other 
ways of Analyfis that are here found. 

53, 54. Here it is feafonably obferved, that; the’ thp indefinite 
Quantity Ihould not be taken Co lmall, as, to make the Series con¬ 
verge very fall, yet it would however converge to the true Root, 
tho’ by more fteps and llower degrees. And this would obtain in 
proportion, even if it were taken never fo large, provided we x!q 
not exceed the due Limits of the Roots, which may be difeover’d, 
either from the given Equation, or from th$ Root when exhibited 
by a Series, or may be farther deduced and illuftrated by fome 
Geometrical Figure, to which the Equation is accommodated. 

So if the given Equation wereyy = ax xx, it, is eafy to obr 
ferve, that neither ynor x can be infinite, but they arc both liable iff 

H h ’ feveral 
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leveral Limitations. For if x be fuppos’d infinite,, die Term ax 
would vanifh in refpedt of — xx, which would give the Value of yy 
impofiible on this Suppofition. Nor can x be negative; for then the- 
Value of yy would be negative, and therefore the Value of y would, 
again become impofiible. If x = a, then is^ = o alio; which is 
one Limitation of both quantities. As yy is the difference between 
ax and xx, when that difference is greateft, then will yy, and con- 
fequently y, be greateft all'o. But this happens when x=£tf, as* 
alfo y = f a, as may appear from the following Prob.. 3,. And in 
general, when y is exprefs’d by any number of Terror whether, 
finite or infinite, it will then come to its Limit when the difference 
is greateft between the affirmative and negative Terms ; as may ap¬ 
pear from the fame Problem. This laft will be a Limitation for y, 
but not for x. Laftly,. when x.=a t then y =5 a; which will limit, 
both x and y. For if we fhppofe x to be greater than a, the ne¬ 
gative Term will prevail over the affirmative, and give the Value of 
yy negative, which will make the Value of y impofiible. So that 
upon the whole,, the Limitations of x in this Equation will be thefe, 
that it cannot be lefs. than o, nor greater than, a, but may. be of any. 
intermediate: magnitude between thofe Limits. 

Now if we refolve this Equation, and find' the Value of y in an 
infinite Series, we may ft ill' difeover. the fame Limitations from 
thence. For from the Equation yy = ax — xx, by extraftingthe. 

fquare-root, as before, we fhalL have y==sa*x* — ~ ~ — 

. • **• X X* X* m 

—, c. that is, y= <2*x* mto 1 — ~— 57.—7^7, ,&c. Here 

x cannot be negative; for then x* would bean impofiible quantity.. 
Nor can x be greater than ay for then the converging quantity ~ *» 

or the Root of the Scale by which the Series is exprefs!d, would be 
greater than Unity, and confequently the Series would diverge, and 
not converge as it ought, to do. The Limit between converging and' 
diverging will he found, by putting x=/r, and therefore y =o; 
in which cafe we fhall have the identical Numeral Series, 1 = 4 
-4- 4- -J- -rr> &e. of the fame, nature with fome of thofe, which we 
have elfewhere taken notice of. So that we may take x of any 
intermediate Value between o and a , in order to have a converging 
Series. But the nearer it is. taken to the Limit o, fb much fafter 
the Series will converge to the true Root; and the nearer it is taken 
to the Limit a, it will converge fb much, the flower. But it will 

however 
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.^however converge, if x be taken never lb little lefs than a. And fcnr 
Analogy, a like Judgment is to be made in all other cafes. ' 
The Limits and other affe&ions of y are likewife difeoverable from 
>this Series. When x=o, then y=Q. When x is a nafcent quan¬ 
tity, or but jull beginning to he pofitive, all the Terms but the firft 
may be negle&ed, and y will be a mean proportional between a and x. 
Alfo y = o, when the affirmative Term is equal to all the negative 

Terms,or when 1= i 4- y &c. that is, when x = a. 

For then i = 4. T * r> &c. as above. Laftly, y will be a 

Maximum when the difference between the affirmative Term and all 
the negative Terms is greateft, which by Prob. 3. will be found 
when x =t<z. 


Now the Figure or Curve that may be adapted to this Equation, 
and to this Series, and which will have the lame Limitations that 
they have, is the Circle ACD, whole Diameter is AD= a, its Ab- 
feifs AB= x , and its perpendicular Ordinate BC sssy. For as the 
Ordinate BC=y is a mean proportional 
between the Segments of the Diameter 
AB = x and BD = a — x, it will be 
yy = ax — xx. And therefore the Onfi- 
nate BC assay will be exprefe'd by the fore¬ 
going Series. But it is plain from the na¬ 
ture of the Circle, that the Abfciis AB cannot he extended back¬ 
wards, fo as to become negative j neither can k be continued for¬ 
wards beyond the end of the Diameter D. And that at A and D, 
where the Diameter begins and ends, the Ordinate is nothing. And 
the greateft Ordinate is at the Center, or when AB =■ 4-AJ). 



■Sect. VI. 2 ranfition to the Method of Fluxions . 

55.* 1 'HE learned and ftgacious Author haring thus accom- 
§ pliih’d one part of his defign, which was, to teach the 
Method of converting all lands of Algebraic Quantities into fimple 
Terms, by reducing them to infinite Series: He now goes on to 
fbew the uie and application otf this Redudion, or of thefe Series, 
4 n 4 he Method of Fluxions, which is indeed the principal defign of 
this Treatifc. For this Method has lb near a connexion with, and 
•dependence upon the foregoing, that k would be very lame and 
ida foft ive without it. He lays down the fundamental Principles of 
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this Method in a very- general and fcientifick manner, deducing 
them from the received and known, laws of local Motion. Nor is 
this inverting the natural order of Science, as fome have pretended, 
by introducing the Dodtrine of Motion into pure Geometrical Spe¬ 
culations. For Geometrical and Analytical Quantities are bed con¬ 
ceived as generated by local Motion ; and their properties may as 
well be derived from them vghile they are generating, as when their 
generation is fuppos’d to be already accomplifh’d, in any other way. 
A right line, of a curve line, is defcribed by the motion of a point, 
a furface by the motion of a line, a folid by the motion of a fur- 
face, an angle by the rotation of a radius; all which motions we 
may conceive to be perform’d, according to any ftated law, as occa- 
fion (hall require. Thefe generations of quantities we daily fee to 
obtain in rerum natura t and is-the manner; the ancient Geometricians 
had often recourfe to, in confidering their produdtion, and then de¬ 
ducing their properties from fuch adual defcriptions. And by ana¬ 
logy, all other quantities, at well as thefe continued geometrical 
quantities, may be conceived as generated by a kind of motion or 
progrefs of the Mind. 

The Method of Fluxions then fbppofe* quantities to be generated 
by local Motion, or fomething analogous thereto, tho* fuch gene¬ 
rations indeed may not be eflentially neceflary to the nature of the 
thing fo generated. ' They might have an exiftence independent of 
thefe motions, and may be conceived as produced many other ways, 
and yet will, be endued with the fame properties. But this concep¬ 
tion, of their being, now. generated by local Motion, is a very fertile 
notion, arid an exceeding ufeful artifice for difcovering their pro¬ 
perties, and a great help to the Mind for a clear, diftindl, and me¬ 
thodical perception of them. For local Motion fuppofes a notion 
of time, and time implies a fucceffion of Ideas. We eafily diftin- 
guifh. it into what was, what is, and wbat will be, in thefe ge¬ 
nerations of quantities; and fo we commodioufly confider thofe 
things by flirts, which would be too much for our faculties, and ex- 
tream difficult for the Mind to take in the whole, together, without 
fuch artificial partitions and diftributions. 

Our Author therefore makes this eafy. fuppofition, that a Line 
may be conceived as now defcribing by a Point,; which moves either 
equably or inequably, either with an uniform motion, or elfe accor¬ 
ding to any. rate of continual Acceleration or Retardation. Velocity 
i$ a Mathematical Quantity, and like all fuch, it is fufeeptible of 
infinite gradations, may be intended or remitted,, may be increafed 

or 
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or diminifh’d in different parts of the (pace defcribed, according to 
an. infinite variety of dated Laws. Now it is plain, that the fpace 
thus defcribed, and the law of acceleration or. retardation, (that is, 
the velocity at every point of time,) muft have a mutual relation 
to. each other,, and muft mutually determine each other; fo that 
one of them being affign’d, the other by neceflary inference may be 
derived from it. And therefore this is ftridtly a Geometrical Pro¬ 
blem,. and capable of a full Determination. And all Geometrical 
Propofitions once demonftrated, or duly inveftigated, may be fefely 
made ule of, to derive other Propofitions from them. This will 
divide the prelent Problem into two Calies, according as either the 
Space or Velocity is affign’d, at any given time, in order to'find the 
other. And this has given occafion to that diftindtion which has 
fince obtain'd, of the direbl and inverfe Method of Fluxions , each of 
which we lhall now confider apart. 

56. In the diredt Method the Problem is thus abftradtedly pro- 
poled. From the Space defcribed , being continually given , br afj'umed. 
or being known at any point of Time ajjtgrid j to jind the Velocity of the 
Motion at that Time . Now in equable Motions it is well known, 
that the Space defcribed is always as the Velocity and the Time of 
defcription conjundtly; or the Velocity is diredtly as the Space de¬ 
fcribed, and reciprocally as the Time of defcription. And even in 
inequable Motions, or liich as are continually accelerated or retarded, 
according ta fome ftated Law, if we take the Spaces and Times very 
fmall, they will.make a near approach to the nature of equable Mo¬ 
tions; and ftill the nearer, the fmaller thofe are taken. But if we 
may fuppofe the Times and Spaces to be indefinitely fmall, or if 
they are nafcent or evanefcent quantities, then, we lhall have the Ve¬ 
locity in any infinitely little Space, as that Space diredtly, and as the 
tempufculum inverfely. This property therefore of all inequable Mo¬ 
tions being thus deduced, will afford us a medium for folving the 
preftnt Problem, as will be Ihewn afterwards. So that the Space 
defcribed being thus continually given, and the whole time of its 
defcription, the Velocity at the end of that time will be thence de¬ 
terminable. 

57. The general abltradt Mechanical-Problem,, which amounts to 
the feme as, what is call’d the inverfc Method of Fluxions, will be 
this.. From, the Velocity of the Motion being continually given, to- , de¬ 
termine the. Space defcribed, at any point of Time, affigtid. For the 
Solution of which we (hall have the afiiftance of this. Mechanic al 
Theorem, that in inequable Motions, or when a Point defcribes a 

Line 
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Line according to any rate of acceleration or retardation, tine indefi¬ 
nitely little Space defcribed in any indefinitely little Time, will be in 
a compound ratio of the Time and the Velocity ; or the Jpatiolum vrWL 
he as the velocity and the tempufculum conjundly. This being the 
Law of all equable Motions, when the Space and Time are any finite 
quantities, it will obtain alfo in all inequable Motions, when the 
Space and Time are diminifh'd in infinitum . For by this means all 
inequable Motions are reduced, as it were, to equability. Hence the 
Time and the Velocity bang continually known, the Space defcribed 
•may be known alfo; as will more fully appear from what follows. 
This Problem, in all its cafes, will be capable of a juft determina¬ 
tion ; tho’ taking it in its full extent, we muft acknowledge it to 
be a very difficult and operofe Problem. So that our Author had 
■good reafou for calling it moltfiijfimum & omnium difiiciUimum pro- 
blema. 

58. To fix the Ideas of his Reader, our Author illuftrates his 
general Problems by a particular Example. If two Spaces x and y 
.are defcribed by two points in fitch manner, that the Space x being 
uniformly increaTed, in the nature of Time, and its equable velocity 
being reprefented by the Symbol x ; and if the Space y increafes in- 
equably, but after fitch a rate, as that the Equation y 3= xx {tall 
always determine the relation between thofe Spaces j (or x being 
.continually given, y will be thence known;) then the velocity of 
the iocreafeof y ihail always be reprefented by 2xx. That is, if the 
iymboi y be put to reprefent the velocity of the increafe of y, then 
■will the Equation ysszzxx always obtain, as will be (hewn hereafter. 
Now from the given Equation yz=zxx> or from the relation of the 
.Spaces y and x, (that is, the Space and Time, or its reprefentative,) 
being continually given, the relation of the Velocities y= 2xx is 
found, or the relation of the Velocity y, by which the Space increafes, 
*0 the Velocity jet, by which the reprefentative of the Time increafes. 
And this is an mftance of the Solution of the firft general Problem, 
or of a particular Queftion in the direct Method of Fluxions. But 
vu*-versa, if the lait Equation y = 2xx were given, or if the Ve¬ 
locity y> by which the Space y is defcribed, were continually known 
from the Tiiae x being given, and its Velocity x and if from thenep. 
we fhould derive the Equation ys=r xx, or the relation of the Space 
aud Time: This would be an mftance of the Solution of the fecond 
general Problem, or of a particular Queftion of the inverfe Method 
of Fluxions. And in analogy to this defeription of Spaces by mov¬ 
ing points, our Author considers all other quantifies whatever as ge¬ 
nerated 
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berated and produced by continual augmentation, or by the perpe¬ 
tual acceflion and accretion of new particles of the fame kind. 

39. In fettling the Laws of his Calculus of Fluxions, our Author 
very fkilfully and judicioufly difengages himfelf from all confidera- 
tion of Time, as being* a thing of too Phyfical or Metaphyfical a- 
nature to be admitted here; efpecially when there was no abfolute 
neceffity for it. For tho’ all Motions, and Velocities of Motion,, 
when they come to be compared or meafured, may fecm necefiarily 
to ineludfc a notion of Time; yet Time, like all other quantities, 
may be reprefented by Lines and Symbols, as in the foregoing ex¬ 
ample, efpecially. when we conceive- them to increafe uniformly. 
And thefe reprefentatives or proxies of Time, which in fomo mea— 
fore may be made the objects of Senfe, will anfwer the prefent pur- 
pofe as well as the thing itfelf. So that Time, in fome fenfe, may 
be laid to be eliminated and excluded out of the inquiry. By this: 
means foe Problem is no longer Phyfical, but becomes much more 
fimple and Geometrical^ as being wholly confined to the defeription 
of Lines and ; Spaces, with their comparative Velocities of increafe 
and decreafe. Now from the equable Flux of Time, which we 
conceive to be generated by the continual acceffion of new particles,. 
or Moments, our Author has- thought fit. to call his Calculus the 
Method of Fluxions. 

60, 61. Here foe Author premifes fome Definitions, and other- 
neceflary preliminaries to his Method. Thus Quantities, which in 
any Problem or Equation are fuppos’d to be fufceptible of continual 
increafe or decreafe, he calls Fluents , or flowing Quantities ; which 
are fbmetimes call’d variable or indeterminate quantities , becaufe they 
are capable of receiving an infinite number of particular values, in- 
a regular order of fuccefiion. The Velocities of the increafe or de¬ 
creafe of fuch quantities are call’d their Fluxions ; and quantities in 
foe fame Problem, not liable to increafe or decreafe, or whole Fluxions- 
are nothing, are call’d conflant, given , invariable, and determinate 
quantities.. This diftin&ion of quantities, when once made, is care¬ 
fully obferved through the whole Problem, and infinuated by proper 
Symbols. For the firft Letters of the Alphabet are generally appro¬ 
priated for denoting conflant quantities, and the lafl Letters com¬ 
monly fignify variable quantities, and the fame Letters, being pointed, 
reprefent foe Fluxions of thofe variable quantities or Fluents refpec- 
tively. This diftindtion between thefe quantities is not altogether 
arbitrary, but has fome foundation in the nature of the thing, at 
leafl during foe Solution of foe prefent Problem. For foe flowing 

or 
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or variable quantities may be conceived as now generating by Motion, 
and the conftant or invariable quantities as fome how o other al¬ 
ready generated. Thus in any given Circle or Parabola, the Diame¬ 
ter or Parameter are conftant lines, or already generated ; but the 
.Abfcifs, Ordinate, Area, Curve-line, &c. are flowing and variable 
quantities, becaufe they are to be underftood as now describing by 
local Motion, while their properties are derived. Another diftinc- 
tion of thefe quantities imay be this. A conftant or given line in any 
Problem is line a queedam , but an indeterminate line is tinea quavis 
nel quacunqUe, becaufe it may admit of infinite values. Or laftiy, 
conftant quantities in a Problem are thofe, whole ratio to a common 
Unit, of their own kind, is fuppos’d to be known j but in variable 
quantities that ratio cannot be known, becaufe it is varying perpe¬ 
tually. This diftindtion of quantities however, into determinate and 
indeterminate, fubfifts no longer than the prefent Calculation requires; 
for as it is a diftin&ion form’d by the Imagination only, for its own 
conveniency, it has a power of abolifhing it, and of converting de¬ 
terminate quantities into indeterminate, and nice versa t as occafion 
may require; of which we fhall fee Inftances in what follows. In 
a Problem, or Equation, there may be any number of conftant quan¬ 
tities,, but there muft be at leaft two that are flowing and indeter¬ 
minate ; for one cannot increafe or diminifh, while all the reft con¬ 
tinue the fame. If there are more than two variable quantities in 
a Problem, their .relation ought to be exhibited by more than one 
Equation. 
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ANNOTATIONS on Prob. i. 

o R,- 

The relation of the flowing Quantities being given* 
to determine the relation of their Fluxions. 


S e ct. Iv Concerning Fluxions of the firfi ordery and' tO' 
find their Equations* 

j s E Author having thus- propbfedhis fundamental Pro-*' 

Mrl« blems, in an abftraft and general manner, and gradually 
nfijulfig brought them down tb the form moff convenient for* 
HHP 3 on his Method; he now proceeds to deliver the Precepts 
of Solution, which he illuftrates by a fufficient variety of Examples^ 
referving the Demonftration to be given afterwards, when his Rea¬ 
ders will be better prepared to apprehend the force of it, and wheh- 
thtir notions will be better fettled and confirm’d. Thefe Precepts, 
of Solution, or the Rules for. finding the Fluxions of any given 
Equation, are very fhort,. elegant, ana compreKenfive; and appear- 
to- have but little affinity with the Rules ufually given for this pur-- 
pofe: But that is owing to their great degree of univerfality. We- 
are to form, as it were, fo many different Tables for-the Equation,, 
as- there- are flowing quantities in it, by difpofing the Terms'accor¬ 
ding to the Powers of each quantity, fb as that their Indices may 
form an Arithmetical Progreffion. Then the Terms are to be mul¬ 
tiply’d in each cafe, either by the Progreffion of the Indices, or by 
the Terms of any other Arithmetical Progreffion, (which yet fhould'- 
havethe fame common difference with the Frogreffion of the Indices 

I- L a** 
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as alfo by the Fluxion of that Fluent, and then to be divided by 
the Fluent itfelf. La ft of all, thefe Terms are to be collected, accor¬ 
ding to their proper Signs, and to be made equal to nothing 5 which 
will be a new Equation, exhibiting the relation of the Fluxions. 
This procefs indeed is not fo ihort as the Method for taking Fluxions 
(to be given prelently.,) which he elfewhere delivers, and which is 
commonly follow’d ; but it makes futHcient amends by the univer- 
fality of it, and by .the great variety of Solutions which it will afford. 
For' we may derive as many different Fluxicmal Equations from the 
fame given Equation, as we. {ball think fit to affume different Arith¬ 
metical Progreffions. Yet all thefe Equations will agree in the main, 
nnd tho’ differing in form, yet each will truly give the relation of 
the Fluxions, as will appear from the following Examples. 

2. In the firft Example we are to take the Fluxions of the Equa¬ 
tion X* — ax* axy — y* = o, where the Terms are always 
brought over to one fide. Thefe Terms being difpofed according 
to the powers of the Fluent x, or being confider’d as a Number ex- 
prefs’d by the Scale whofe Root is x, will ftand thus x* — ax * -+.* 
ayx 1 —y J x° = o; and affuming the Arithmetical Progreffion 3, 2, 
1, o, which is here that of the Indices of x, and multiplying each 
Term by each refpeftively, we fhall have the Terms 3#* 2ax* 

-hayx * j which again multiply’d by f, or'**-*, according to 

tlie Rule, will make 3*** — 2 axx -f- ayx. Then in the feme Equa¬ 
tion making the other Fluent y the Root of the Scale, it will ftand 
thus, —yi -f- oy*-haxy t — ax*y° = o j and affuming the Arith- 

metical Progreffion 3, 2, 1, o, which alfo is the Progreffion of the 
Indices of y, and multiplying as before, we fhall have the Term® 

— 3 y* * •+■ *, which multiply’d by -, or j ) yr \ will make 

’ 2 yy % ■+- axy. Then cohering the Terms, the Equation 3XX* • 
2axx-}-ayx 3 yy 1 -f- axj/^zzQ will give the required relation of the 
Fluxions. For if we relblve this Equation into an Analogy^ we iliall 
have x:y :: 3 y*— ax 13* W 2 ax ay ; which, in all the values that 
* and y can affume, will give the ratio of their Fluxions, or the 
comparative velocity of their increafe or decreafe, when they flow 
according to the given Equation. 

Or to find this ratio of the Fluxions more immediately, or the 
-value of the Fra&ion 4 by fewer fteps, we may proceed thus. Write 

down the Fradtion 4 with the note of equality after it, and in the. 

Numerator 
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Numerator of the equivalent Fradtion write the Terms of the Equa¬ 
tion, difpos’d according to x } with their refpedtive figns 3 each be¬ 
ing multiply’d by the Index of x in that Term, (increafed or di- 
minifh’d, if you pleaffe, by any common Number,) as alfo divided 
by x. In the Denominator do the fame by the Terms, when dif- 
pofed according to y, only changing the figns. Thus in the pre¬ 
sent Equation x* — ax 1 axy —y* = o, we fhall have at once 

y * 

x 3 + — ax % 

Let us now apply the Solution another way. The Equation x* 

— ax' axy. — y i = o being order’d according to x as before, 
will be x 3 —* ax* -f- ayx 1 — y*x° = o ; and fuppofing the Indices 
- of x to be increas’d by an unit, or afluming the Arithmetical Pro-. 

greflion ~, and multiplying the Terms refpedtively, 

we fhall have thefe Terms 4***— ^axx-i- 2 ayx —y»x*—v Then / 
ordering, the Terms according to y, they will become —y*-f- oy* 
-l-tfxy'-f- x i y° =03 and fuppofing the Indices ofy to be diminifh’d 
■— ax* ' 


by an unit, or afluming the Arithmetical Progreflion j^, y, — 

and- multiplying the Terms refpe&ively, we fhall have thefe Terms 

— 2yy* * » — x 3 yy~' ax'yyr~'. So that cohering the Terms, 
we fhall have 4XX 1 —- 3 axx -H 2 ayx — y=xx ~ l '— 2 \yy % — x % yy~ r + 
/w»yy’“ t -“=r° ) for the Fluxional Equation required. Or the ratio 

of the Fluxions will be 4 = -£•——~ 7~ » which ratio 

may be found immediately byapplying the foregoing Rule. 

Or contrary-wife, if we multiply the Equation in the firft form 

by the Progreflion ^~, ~~ , we fhall have the Terms 2xx % 

— axx # -\- y i xx~ 1 . And if we multiply the Equation in the fe- 
cond form by ~^, y > we fhall have the Terms — ^yy* • 

■+■ 2axy -f- x*yy~ r — ax'yy~'. Therefore colledting ’tis 2xx % ' — axx 
-\-y*xx~* — tjyy 1 -+- zaxy -p- x i yy~' ■— ax a yy ~ 1 = o. Or the ratio 

of the Fluxions will be ~ =3 ■ ■ ■ *** ~ ** ^ a _ , which might 

have been found at once by the foregoing Rule. 

And in general,, if the Equation x i — ax' -f- axy — y* = o, in 
the form x i — ax * -p- axy — y i x° = Oj be multiply’d by the Terms 

of this Arithmetical Progreflion ~ 1 x i -~±--x, ^f-^x, yx; it will 

produce the Terms m 4- %xx x — m -4- 2 axx 4- /» -p-1 cxy -—my i xx~ l j 

I i 2 and 
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and if the fame Equation, reduced to the form — y i A- oy'-^-axy* 
-f- x i y°= o, be multiply’d by the Terms of this Arithmetical Pro- 
— ax v 

— »+3- * 4 -*. *+' 

greffion -±-y t —y. 


* H 
we 


- »H- 
ihall 


y yh i* w dl P r0( luce the Terms —jtz-+-3yy* 

1 axy -f- nx'^yy* 1 — nax l yy ~'. Then collecting the Terms. 


•n ■ 


have m -f- yxx 1 — m -f- zaxx -4- m -+- .1 axy — my^xx'~ l 
IXy* *■+"*■+■ + nx i yy~ t — tiax*yy~ l = o, for the 

Fluxional Equation required. Or the ratio of the Fluxions will be 

i = . which might have beat 

found immediately from the given Equation, by the foregoing Rule. 

Here the general Numbers m and n .may be determined pro tubitu, 
by which means we may obtain as many Fluxional Equations as we 
pleafe, which will all belong to the given Equation. And thus we 
may always find -the fimpleft Expreflion, or that which is belt ac¬ 
commodated to the prelent exigence. Thus if we make m =s= o, 

and n = o, we fhall have 4 = ***"!-“ »as found before. Or if 

we make #»=3i, and « = ■ , 1, we fhall have 4 = — —3^+^—^*- 1 
as before. Or if we make — 1, and 8=5 .1, we fhall have 
-- = 2Jr *— . f*-^** as before. Or if we make m= —3' 

X" 47* —2 ax-—x*j *-\*ax*y 1 9 O* 

and n = — 3, we lhall have 4 = — ■ * - 

g^V+ 2 3«4 — • And fo of others. Now this variety of Solutions 

will beget no ambiguity in the Conclufion, as pofiibly might have 
been. fulpetted; for .it is 00 other than what ought neceflarily to 
arife, from the different forms the given Equation may acquire, as 
will appear afterwards. If we confine ourlelves to the Progrefiion of 
the Indices, it will bring the Solution to the common Method of 
takings Fluxions, which our Author has taught elfewhere, and which, 
becaufe it is eaiy and expeditious, and requires no certain order of 
the Terms, I lhall here jubjoin. 

For every Term of the given Equation, fo many Terms mud be 
form’d in the Fluxional Equation, as there are flowing Quantities in 
that Term. And this muft be done, (1.) by multiplying the Term 
by the Index of each flowing Quantity contain’d in it. (2.) By 
dividing it by the quantity itfelfj and, (3.) by multiplying by its 
Fluxion. Thus in the foregoing Equation x 3 — ax* -f- ayx —y* 

.= o, the Fluxion belonging to the Term x i is ^, or 3*»x. 

The 


Digitized by LjOOQle 


and Infinite Series. 245 

The Fluxion belonging to — ax % is —, or — 2 ax*. The 
Fluxion belonging to ayx is -f- ^, or axy 4- ayx. And the 

Fluxion belonging to — /* is — , or — y*y. So that the 

Fluxion of the whole Equation, or the whole Fluxional Equation, 
is 3*»x — zaxx -f- ayx - 4 - ayx — 3 y'y = o. Thus the Equation 
==y, will give mxx—* =y } and the Equation x m z t = y, will 
give mxX"— l z n ■+■ nx m zz—' =y for its Fluxional Equation. And 
the like of other Examples. 

If we take the Author’s Ample Example, in pag. 19, or the Equa¬ 
tion y = xx, or rather ay —x‘ = o, that is ayx 0 — x x y° == o r 
in order to find its moll general Fluxional Equation j it may be per¬ 
form’d by the Rule before given, fuppofing the Index of x to be 
encreas’d by m, and th e Ind ex of y by n. For then we fhall have 

diredly £ = ■ For the firft Term of the given 

Equation being ayx°, this multiply’d by the Index of x increas’d by 
m , that is by m, and divided by x, will give mayx —1 for the firft 
Term of the Numerator. Alfo the fecond Term being — x*y°, this 
multiply’d by the Index of x increas’d by m, that is by m -f- 2, and 
divided by x , will give — m - f- 2X for the fecond Term of the Nu¬ 
merator. Again, the firft Term of the given Equation may be now 

— x*y°, which multiply’d by the Index of y increas’d by n, that 
is by n, and divided by y, will give (changing the fign) nx t y ~ 1 for 
the firft Term of the Denominator. Alio the fecond Term will 
then be ayx 0 , which multiply’d by the Index of y increas’d by 11, 
tha t is by n- 4-1, and divided by y, will give (changing the Sign) 

— n xa for the fecond Term of the Denominator, as found above. 
Now from this general relation of the Fluxions, we may deduce as 
many particular ones as we pleafe. Thus if we make /»= q, and 

n = o, we fhall have j = ™, or ay = 2 xx, agreeable to our 
Author’s Solution in the place before cited. Or if we make m =— 2, 
and »=— 1, we fhall have 4 = - . Or if we make 

m = o, and n = — 1, we fhall have 4 =3 2 1 . Or if 

we make « = o, and m= —2, we fhall have 4 = — — -- > 

x a x 

as before. All which, and innumerable other cafes, may be eafily 
proved by a fubftitution of equivalents. Or we may prove it gene¬ 
rally 
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rally thus. Becaufe by the give n Equ ation it is y = x i ar t , in the- 

value of the ratio 4 = for y fiibflitute its value, and 

we fhall have f == ~ = ~ > as above. 

3. The Equation of the fecond Example is 2y l -f- x'y — 2 cyz 
.4. — z» = 0, in which there are three flowing quantities y, x, 

and z, and therefore there mull be three operations, or three Tables 
mull be form’d. Firft difpofe the Terms according to y, thus; 
2)-s -1- oy* x % y — z*y°t=o ) and multiply by theTerms of the Pro- 

- 2CZ 

+ 

greflion 2 xj yy~~\ 1 *yy-\ ox;;"', — 1 xj?” 1 , refpe&ively, (where 
the Coefficients are form’d by diminishing the Indices of^r by the com¬ 
mon Number 1,) and the refulting Terms will be 4 yy % * * -f- z'yy* 1 . 
Secondly, difpofe theTerms according to xvthus j yx*+ox-+- 2 y t x 0 =o x 

—2 cyss 

— z* 

and multiply by the Terms of the Progreffion 2 x xx~ z , 1 x . 
o x xx~\ (where the Coefficients are the fame, as- the Indices of x,) 
and the only refulting Term here is -f- 2 yxx • ♦. Laflly, difpofe 
the Terms according to 2, thus ; —• 2 3 H- 3^2*— 2cyz -f- x l yz°zzz o, , 

-f -zy* 

and multiply by the Progreffion 3 X22 —1 , 2 X22“*,. 1 %zz ~~*, o X 22 ~ x ,- 
(where the Coefficients are alfo the fame as the Indices of £,) and. 
die Terms will be — 2zz i ‘+- 6 yzz —2^2: *>. Then collecting all 
thefe Terms together, we fhafi have the Fluxional Equation 4 yy % 
z*yy~ x -f- 2 yxx — 322* -f- 6 yzz — 2 cyz =s o. 

Here we have a notable inflance of our Author’s dexterity, at 
finding expedients for abbreviating. For in every one of thefe Ope¬ 
rations fuch a Progreffion is chofe, .. as by multiplication will make 
the greatefl. definition of the Terms. By which means he arrives 
at the fhortefl Expreffion, that the nature of the Problem will allow. 
If we fhould feek the Fluxions of this Equation by the ufual me¬ 
thod, which is taught above, that is, if we always aflume the Pro- 
greflions of the Indices, we fhall have 6 yy* 2 xxy -1- x % y 2 cyz 
— icyz 6yzz —322 v = o j which has two Terms 

more than the other form. And if the Progreffions of the Indices 
are increas’d, in each cafe, by any common general Numbers, we 
may form the mofl general.Expreffion for the Fluxional Equation,, 
that the Problem will admit of. 

3 4 v 
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4. On occafion of the laft Example, in which are three Fluents 
and their Fluxions, our Author makes an ufeful Obfervation, for 
the Reduction and compleat Determination of fuch Equations, tho’ 
it be derived from the Rules of the vulgar Algebra ; which matter 
may be confider'd thus. Every Equation, confifting of two flowing 
or variable Quantities, is what correfponds to an indetermin’d Pro¬ 
blem, admitting of an infinite number of Anfwers. Therefore one 
-•of thofe quantities being aflumed at pleafure, or a particular value 
being aflign’d to it, the other will alfo be compleatly determined. 
And in the Fluxional Equation derived from thence, thofe particular 
values being fiibftituted, the Ratio of the Fluxions will be given in 
Numbers, in any particular cafe. And one of the Fluxions being 
taken for Unity, or of any determinate value, the value of the other 
may be exhibited by a Number, which will be a compleat Determi¬ 
nation. 

But if the given Equation involve three flowing or indeterminate 
Quantities, two of them muft be aflumed to determine the third ; 
or, which is the fame thing, fome other Equation muft be either 
given or aflumed, involving fome or all the Fluents, in order to a 
compleat Determination. For then, by means of the two Equa¬ 
tions, one of the Fluents may be eliminated, which will bring this 
to the former cale. Alfo two Fluxional Equations may be derived, 
involving the three Fluxions, by means of which one of them may be 
eliminated. And fo if the given Equation fhould involve four Fluents, 
two other Equations fliould be either given or aflumed, in order to 
a compleat Determination. This will be fufficiently explain’d by the 
two following Examples, which will alfo teach us now compli¬ 
cate Terms, fuch as compound Fractions and Surds, are to be ma¬ 
naged in this Method. _ 

5, 6 . Let the given Equation be y % — a 1 — xs/ a 1 — x 1 =r= o, 
of which we are to take the Fluxions. To the two Fluents y and 
x we may introduce a third z, if we afliime another Equation. 
Let that be z=Xk/ a *—and we Ihall have the two Equations. 
y % — a* — z ssss o, and a‘x* — x « — z* = o. Then by the fore¬ 
going Solution their Fluxional Equations (at leaft in one cafe) will 
be zyy — z zss o, and a*xx— 2xx 3 — zz =r o. Thefe two Fluen- 
tial Equations, and their Fluxional Equations, may be reduced 
to one Fluential and one Fluxional Equation, by the ufual methods 
-of Redudtion : that is, we may eliminate z and z by fubftituting 

their values yy—aa and zyy. Then we ihall have^*— a »— xy/a* — x*. 

= o. 
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= 0, and 2yy *— a - ~==== = 0. Or by taking away the furds,, 

’tis a*x* — x 4 — y+ -+- 2a'y x — <z 4 = 0, and then a % xx — 2 xx* 

— 2yy* -1- 2*2*77 = o. 

7. Or if the given Equation be x * ——■ x % </ay-\-x* 

— o, to find its correfponding Flnxional Equation ; to the two 
flowing quantities a? and y we may introduce two others z and u, 
and thereby remove the Fraction and the Radical, if we aflume the 

two Equations = s, and x*y/ay+xx=sv* Then we /hall 

have the three Equations x 3 — <27* -+- z — v =0, -f- 7* — 

= o, and ayx* - 4 - x s — v % = o, which will give the three 
Fluxional Equations 3*** — 2 ayy -hz —v as o, az+yz- f- yz 

— ^byy 1 = o, and 47.x 4 -f- 4<7>’xx* -+- 6xx* — 2Wso. Thefcby» 
known Methods of the common Algebra may be reduced to one 
Fluential and one Fluxional Equation, involving, x and 7, and their. 
Fluxions, as is required. 

8. And by the fame Method we may take the Fluxions of Bino¬ 
mial or other Radicals, of any kind, any how involved or compli¬ 
cated with o ne another. As f or inftance, if we were to find the 

Fluxion of ax •+■ s/ aa — xx, put it eq ual to 7, or make ax-f- 
s/ aa — xx =77. Alfo make \/aa — xx=sz. Then we {hall 
have the two Fluential Equations ax-\-z —7* = o, and <2* — x* 
i— z* =0, from whence we {hall have the two Fluxional Equations 
ax-j-z — 2 yy =0; and — 2 xx — 2 zz=o, or xx-f- zz = a. 
This laft Equation, if for z and' z we fubftitute their values yy—ax 
and 277 —<2X, will become xx -f- 277* — 2 axyy — axy % + a x xx~ 

s= o j whence 7 = ~ ~ a%xx —~ . And here if for y we fiibfti- 

tute. its-value */ ax- f- y/ aa — xx, we {hall have the Fluxion re- 

quired y = * 7=== — - ■ —-r : . And many other Exam— 

A -Lif au —-xx x y ax -+- y haa+—xx 

pies of a like kind will be found in the fequel of. this Work. 

9. 10, 11,, 1 2. In Examp. 5. the propofed Equation is zz- f- 
axz —7 4 =o, r in which there are three variable quantities X, 7, and 
z, and therefore the relation of the Fluxions will be 2 zz -f- axz- 
•4 -axz —4>7 } -= o. But as there wants another. Fluential Equa¬ 
tion, and thence another Fluxional Equation, to make a eompleat 
determination;, if only another Fluxional Equation were given of- 
aflutned* we {hould have the required relation of the Fluxions x and 7*. 

Suppote- 
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Suppofe this Fluxional Equation were z = xs/ax—xx •, then by 
fubftitution we fhould have the Equation 2 Z -f- ax x x\/ax —xx 
axz — 4 yy* = o, or the Analogy x : y :: 47* : 2 z + ax x 
y/ ax—xx -+- az, which can be reduced no farther, (or ;£ cannot 
be eliminated,) till we have t he Fluentia l Equation, from which the 
Fluxional Equation xs/ ax — xx is fuppos’d to be derived. 

And thus we may have the relation of the Fluxions, even in fuch 
cafes as we have not, or perhaps cannot have, the relation of the 
Fluents. 

But tho’ this Redu&on may not. perhaps be conveniently per¬ 
form’d Analytically, or by Calculation, yet it may pofiibly be per¬ 
form’d Geometrically, as it were, and by the Quadrature of Curves; 
as we may learn from our Author’s preparatory Proportion, and 
from the following general Confederations. Let the right Line AC, 
perpendicular to the right Line AJB, be conceived to move always 
parallel to itfelf, fo as that its extremity A may defqribe the line AB.. 
Let the point C .be fixt, or always at the fame difiance from A, and 
let another point move from A towards C, with a velocity any how 
accelerated or retarded. The parallel motion of the line AC does, 
not at .all affeft the progreHive motion' of the point moving from 
A towards C, but from a .combination of thefe two independent 
{notions, it will defcribe the Curve ADH; 
while at the fame time the hxt point C will 
defcribe the right line CE, parallel to AB. 

Let the line AC be conceived to move thus, 
till it comes into the place BE, or BD. Then 
the line AC is conflant, and remains the fame, 
while the indefinite or flowing line becomes 
BD. Alfo the Areas defcribed at the fame time, ACEB and ADB, 
ace Jikewife flowing quantities, and their, velocities of defeription, 
or their Fluxions, mull neceflarily be as their refpofthie ddferibing 
lines, or Ordinates, BE and BD. Let AC or BE .be Linear Unity, 
or a conflant known right line, to which all the other lines are to 
be compared or refer’d$ juft .as in Numbers, all other Numbers 
are tacitelv refer’d to j, or to Numeral Unity, as being the fimr 
pleft of all Numbers. And let the Area AD£ be fiippos’d to be 
apply’d to BE, or Linear Unity, by which it will be reduced from 
the order of Surfaces to that of Lines; and let the refulting line 
be call'd z. That is, make the Area ADB ass z x BE; and a AB 
he call’d x, then is the Area ACEB x BE. Therefore the 

X k Fluxions 
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Fluxions, of-thefe Areas will be. z x B£ and x xBF, which aa-ae.^ 
and-^v Bit the Fluxions of the Afeas.were foupd. before,, to a?~ 
BD'.tQ_SB. So that it is z : x :: BD : or zs=xxBD. ' 

Gonfeqttently in any Curve, the Fluxion of the Area wilt heu as_the 
Ordinate.ofi the Curve, diawn- into the Fluxion of the i Abfeifs: 

Now to. apply- this-to-the p refent cafe * In- the Flukional Equa* 
tion before afiamed z = x \/ ax — Xx, if x reptefentSi the AWpifs 
of a Curve, and 1 \/ax —- »x be the Ordinate ; then will this Curve 
be a Girele, : Mid «-will reprefent the eorreiponding Area. So thafc. 
we fee from hence, whether the Area of a. Cirplq, can, be f exhibited 
or no, or; in general Terms-, tho’ in thg Equation, propofed there- 
flieuld be quantities involved, which cannot be determihedpr ex-, 
prefs^d • by afiy Geometrical Method* ii»ch : as- the Area? or Lengths 
of- Gurve-lmes; yet the relation of their fluxions imyneyer^lefs 
he founds* . 

13. We nww J ceH^O' the' AuAor’s Ddmon ! ftratidn qf his Splu^on,. 
or to the proof of the Principles ofthefylethod of F|ujcions A hetelajd-, 
down; which certainly deiervei to engage oup moft ferious attention-. 
And more elfcecudly, beeauie thefe Principles lave been latqly cfotwn, 
iAto detete, withoat heihgwett eonfider!d or unaerfroodS pqUibly bfr 
cable tlfis Trttftile OficWr Author's, expreflfy^wrote ofttheJiibjedt^ i^ad, 
not yet Icen* the ll|ht» As thfefcPfincJplfs therefore have been treated, 
as precarious at leaft, if; notwfrblly^ inefficient td fapj/ort, the D09- * 
trine derived.from them; Hhalh endeavour to exapnneioto every, 
the molt minute circumftance of'this DethOnfttatipr^and t^iat ,with f 

the utmoft cir^umfpe^dn^and^mpOTtia^ry.. 1 . 

We have here in the'frrft pla£e sL Beprrition ajnd^a Tb^9rem. tQ-> 
gether. Moments are defined t6 be indefinitelyfijaflpartsffit^t. 

itig quantities , by: the acctjfkm of'which, in inc{efimie1y finally poriio^j 
op tittle, tbcftfuantitic* ort contmifally thqr/a/ed’. r The \yor4 Moment;, 
(momqitttnLf navimt»Ntm x & mivtbjj by analpgjr feems. to fr^ve been 
Arrow'd ifrcwn- Time." For as Tiibe is c^ncebs^to be in, continual^ 
flHJh or -mockin, andi aa a grater and a greater Tftnp is generated;, 
by the accefiion of more and moid hfpmentp, which'ape conceived 
as tfai frnallefr partides of Time: So alt other flowing Quantities-. 
roayi b*l upderitood- as perpetually-iner^afipg, 1 by the. aq*;el^on ,of 
their fraaliel'l' particles, - r which therefore may* not .njnprop^fty b^cajl’d: 
their* Moments. But what are here.call'd their* Jmafleft papticles Xl 
are ho$to-be- underftood as if they w^e j^tdins,dr of any definite.' 
and determinate-magnitude, as in the TVfethqd* Qf Indivilfbl^s» but 
to be indefinitely-fnaali, or continually dccreafing, till they are lels 

' than. 
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•^han any affignableqaantitits, andyet r m&ythen retain aJl pofliWc 
varieties of 1 proportion to one andther. That theie Moments are 
•not chimerical, vifionaryor merely -imaginary th»gs,, but have an 
ex‘fftencey«/ generis, -at) leaft Mathematically aodiutfdbe 1 Underftand- 
<mg, is a nectary oonfeqoence from <the infinite! Divisibility of Quan¬ 
tity, which I think * hardly any body now conteiis *; 1 For -all con- 
• tinued quantity /Whatever, tho’ not indeed ^ annually,, yet mentally 
may-be conceived-to 1 be divided in in/imtttm. Perhaps this may be 
-btft illuftrated by a comparative gradation or. progrefsof.Magnitudes. 
‘Every^finite and‘limited ^pevnirymay .be*conceived.as divided into 
-any' fihite ‘number <ef timeNler parts. iTThis.>DiviHon may proceed, 
-and thofe parts'-may J»e conceived, to be iawher; divided in very, lit- 
rt tle, but ftill - finite parts, on par ticks, ..which yet-are- not.Moments. 
-But when 'thcfe-particles >are farther, conqeived,to-fee divided, hot 
c dftuaHy buti mentally, fof&r. as to (become of.a magnitude lets.than 
-^nyaffignable,. ^and whatcan <&ap;>theprogress of the^Mind£):rtb<tn 

^ate*^y pnjperiy ^.‘M»v^JJWnidi«reeoibe undcfftoodhere. <As 
^ this-'gradation bf'dimiaution- cectainiy. 1 includes- no abfiirdity or con- 
-•tradiftion,"theiMiitdiiasthe.poiviitge of forming a Conception of 
^tb6fe''Mbmcnts, > aJpol 3 tbie« Notion Jatvleaft, though perhaps not an 
iiafdequateohej-nrtd thoi 'MathematiDians.ihave n, t%ht. of applying 
<'4hem-to ttfe, aftdof making) hsch ilnferenoes hKim them, .as by .any 
way t)f maibiting may be derived. 

"It-is-objofted, tbat-we- cannot > form an intelligible and adequate 
■* Notion, bf thefe'Moments, - Jbecaufe^fo/ofefcure. and. jncwmprehenfible 
<-tuv ldea,-a® that off b>fonty is,. maft .needs enter < that‘Notion * and 
-•therefore) they ought- to bo excluded all Geometrical-tDiiquifi- 

/•vk>n&. <I|i’may indeed a be allquttd, ithaboweihave mot-actadequate 
'Notion/Oft them on that account, .fuch as exhuti fta the^whole/nature 
1/0P the >thlng, neither, is it-at all.neoofiavypifor a <,partial Notiqn, 
■ /which 1 -is “that of their Divjfibility ^Jbte fine,] wjthont awyregardirto 
) -their/magnitude,: is fidfficicnt- in, tnoi pretfentf cafet f fThore/ are hnany 
-> *othef Speculations'flrt^he-’Mathematicks, •' -in Jwhich^ai<Notion-o£.In- 
•i< 4 mty is ai^wceffary iftgwdient,- whidh however-Jaro admitted iJtyinll 
' Geometricians,' as -tt&ful arid demoftftr*ble>TrOths.vTheDdftrine 
. -of- com men fumble and incommcnfurtible magnitudes. iricludes.a:>No- 
•tion pf 4 ntioky ,and yetis received as a<riory demonstrable-Doftiine. 
We have a perfect Idea of a Square and its Diagonal, and yet we 
• - ' ■ : . 3 ;K V‘ a ' r ; - . . know 

* * Perhaps the ingenious Author of the Difcourfe calPd The Analyft mult be excepted, 
who is pleas’d to ask, in his fifth Query, IVhether it be not umucejfary> as well as ab/urd* 
to fuppofe that finite Extcrfion is infinitely divifible.f See a 4 io Query 19, 20, 21, &c. 
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know they wilkadmit of no finite common meafure, or that their pro¬ 
portion cannot be exhibited in rational Numbers, tho’ ever fb finaU, 

: but may by. a feries of decimal or other parts continued ad infini¬ 
tum. In common Arithmetick we know, that the vulgar Fradion 
and the decimal Fradion 0,666666, &c. continued ad infinitum , 
are- one and the fame thing; and therefore if we have a fcientifick 
notion of the one, we have likeWife of the other. When I de- 
feribe a right line with my Fen, fuppofe of an Inch long, I deferibe 
firft one half of the line, then one half of the remainder, then*one 
half of the next remainder,, and. fo on. That is). I adually run 
over all thole infinite divifions. and fubdivifiona, before- I have com- 
pleated the Line,. tho’ I do not attend to. them, or cannot diftin- 
guifh them. And by this I am indubitably certain, that this Senes 
of Fradions -*-+-■?-H-&c» continued adinfiuitum r .is pre- 
. rifely equal to Unity. Euclid has demonftrated in- hia Elements,, 
that the Circular Angle of Contad is lefe than.any aflignable right- 
lined Angle, or,, which is the fame*thing, is an infinitely little Angle 
in companion with any finite Angle :. And our Author fhews us 
flill greater Myftcries,about the infinite gradations of Angles of Cou- 
tad. In Geometry we know, that Curves may continually approach^ 
. towards their Afymptotes,- and yet will not adually meet with them, 
till both, are continued to an infinite, diftanca We know like wife,,, 
that many of their included Areas; or Solids; will be but of a finite 
■ and determinable magnitude, even tho* their lengthsfhould be-adually 
continued ad infinitum. We know that feme Spirals:make infinite 
. Circumvolutions about.a.Pole,:or>Center, and;yet the whole Line,, 
thus infinitely involved, is but of al finite, determinable, and»afiign- 
able length. The Methods of computing Logarithms fuppofe^ that 
between any two given Numbers, an infinite numbenof mean Pro¬ 
portionals may-be interpofed; and without feme Notion of Infinity 
> their nature and properties-are hardly intelligible or difeoveiahle. 
And in general, many of the mod fublitne and ufeful nuts of 
knowledge muff be banifh’d out of the-. Mathematicks-, if we are 
. fo fcrupulous as to admit of no Speculations,, in which a Notion 
of Infinity will be neceflarilv included. We may therefore as fafaly 
- admit of Moments, and the Principles upon which the Method' 
of Fluxions is here, built,, as any of the fore-mentioned Specula¬ 
tions: . 

The nature and notion of Moments being thus eftablifli’d, we 

may pafs on to the afore-mention’d Theorem, which is this. 

... . 
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53 fo (contemporary) Moments of flowing quantities are as the Velocities of 
flowing or increafng that is, as their Fluxions. Now if this be 
proved of Lines, it will equally obtain in all flowing quantities 
' whatever, which may always be adequately reprefented and ex- 
pounded by Lines. But in equable Motions, the Times being, given, 
the Spaces defcribed will be as the Velocities of Defcription, as is 
known in Mechanicks. And if this be true of any finite Spaces 
whatever, or of all Spaces in general, it mud alfo obtain in infi¬ 
nitely little Spaces, which we call Moments. And even in Mo¬ 
tion* continually accelerated or retarded, the Motions in infinite¬ 
ly little Spacesy. or Moments, mull degenerate into equability. So 
that the Velocities of incrcafe or decreafe,. or the Fluxions, will be 
always as the contemporary Moments. Therefore the Ratio of 
the Fluxions of Quantities, and the Ratio of their contemporary 
Moments,will always’ be the fame,, and may be ufed promifeu- 
oufly. for each other. 

14. The next thing to be fettled is a convenient Notation for 
thefe Moments, by which they may be diflinguiih'-d, reprefented, 
compared, and readily fuggefled to the Imagination. It has been 
appointed-already, that when x t y, z, v, &c. ftand for variable or 
. Bowing quantities, then their Velocities of increafe, or their Fluxions, 
fhall be reprefented by x,y, z, v, &c. which, therefore will be pro¬ 
portional to the contemporary Moments.* But as thefe are only 
Velocities, or magnitudes of another Species,, they cannot be the Mo¬ 
ments themfelve9j, which we conceive as indefinitely little Spaces, 
ear other analogous quantities. We may therefore here aptly intro¬ 
duce the Symbol 0, not to fland for abfolute nothing, as in Arith¬ 
metic^ but a vanifhing Space or Quantity,, which was jufl now 
finite, but by continually decreafing, in order prefently to terminate 
in mere nothing, is now become lefs than any affienable Quantity. 
And. we have certainly a right fo to do. For if me notion is in¬ 
telligible,.. and implies-no con trad i&ion as was argued before, it may 
furely be iafinuated by a Character appropriate to- it. This is not 
affigning the quantity, which would be contrary' to the bypotbfs , 
but is only appointing a mark to reprefent it. Then multiplying 
the Fluxions by the vanifhing quantity 0,. we fhall* have the feve- 
ral. quantities xo, yo , zo, vo, &c. which are' vanifhing likewife, 
and proportional to the Fluxions refpe&ively. Thefe therefore may 
now reprefent the contemporary Moments of x, y, z, v, &c. And 
in general, whatever other flowing quantities, as well as Lines and- 

r. Spaces,. 
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Spaces, are reprefented by X , y,'ss, v, &c. as o may ftand for u 
vanifhing quantity of the fame kind, and 'as #, z, v,- See. may 
ftand for their Velocities bf increafe or ’detereafe, (or, ifyoupleafe, 
for Numbers proportional to thefe Velocities,) then may xo, yo, 

> zo, vo, &c. always denote their refpeftive fynchronal Moments, 
or ; morneritary acceffions, and may be admitted ihto Computations 
accordingly. And this’We come ri6w;to apply. 

15. We muft now have recoutfe to a very notable, ufefol, and 
extenfive property, belonging to all‘Equations that involve flowing 
Quantities. Which property is, that in the- progrCfs J of lowing, 
the Fkiehts will continually acquire new-values, ’by theaedeffion- of 
con temporary parts' of thefe Fluents, ; and'yet the Equation-wilPhe 
equally true in all thefecafes. This is a neceflary refult from the’Na¬ 
ture and Definition of variable Quantities. Con lequeo tly thefe! Fluents 
may be any ; ’hiJw.'infcrea : fed or diwmfth’d' by ‘their contemporary 
Increments or Decrements; which Fluents, Ib-'inereafcd -Or '.dhhi- 
.niflied, ;< thay be^flfbftkttted for-the Others in '<the-Equation. . As if 
an Equation'- fhOuld involve’ flic Fluents ’x : and y,' together *widi -any 
• given quantities, and X and Y are 1 (uppefed to be any- of their con- 
UempOrary 1 Afugments refpe&tvely. Then in-the' given-Equation* we 
may liibftitUte ^ X’ ‘for x, and y -f-'Y for vy,-arid<yef the Equa- 

•' tion w*ill'be 'good, > or- thd equality of the Teems 1 wllhbe ■prefervtd. 
■-So if X-'aftd Y : weTe contemporary Decrements, ihftead •of , w and 
y we might ■fubftitOte andy — Y-refpe&ively. 'And'-as* this 

mufl‘hOld'good of all Contemporary Increments or Decrements what- 
• ever, - whether 1 finitely’gt'eat'or'-* infinitely- little/it-Willbe true* like- 
•wife of contemporary ’Moments. ’That is, • iffftcad ; of Ar-s'nd-y -in 
•arty Equitfenj' we'taay^bfH^utO'AH-- ^’slid y-^-jro.Hahd -yet we 
-fhall Aill’ have a 'good Equation. The-'t endencyof this 1 “Will-appear 

■ from' what ‘ Immediately follows. 

16. The Airthor^tfOgle' Example is a kirtdof-Indtt&ion, and 1 the 
/proof of thisomayferve’forall e&fts. •Iietf’thd Equation x* — >- 4 x* 

■ *\- ? hxy —y 3 dr=S o he glven ’as 1 before, including the variable qtran- 
tities Ar arid ’ y, 'Ittftfead > of which' we'.may- fubftitute' 1 thefe quan- 

" tfries increas’d i by Uhtir ; contemporary’< Moments, or -an d 

y -4-yo ' refpeEtfv elfr ' T hen M we fliall hav e ‘ the : Equa tion - y -f- xo |» 
\y~-a X ArH-'A*o| * axx-j-xo xjr-hyo —‘jM- J To j *.=0. ’ Thefe 
.’"Terms being expanded, and reduced'to ‘three btders . or Columns, 
according as-the vanifhing quantity a is of none, one, or of more 
;diiiieiifion§,“will'ftand as in the'Margin. 

17, 
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iyi* i 8 » Here tbeTerms of the. firftj xi-fa 3i»x++ $**>**; 

order, or. column, remove 05, deftrpy ope ; _ axt __ Mioje _ a *ll 
another, as being: ahA>^tely,-equ 4 tQn.Q-, +-***>* >=o. 


+,«■*»+«% 

tbwg by. thegivgu .Equation, " They.-be- _ ±T* t _ I 
mg therefore- expungedi the rerpajnigg. ->m j; 

Terms may aU bfc ; divided: by.-the com¬ 
mon Multiplier 0* whatever; it 14. This being done* all the. Terms, 
of the.th*fd order- wdl A-iH ■be. af^iled by. <j, of one or mpre dtmen- 
ItOAS, and i^y; thfiefoi;^ b»e expunged, as ihfinitely lefs than the. 
others* Ija&lyt there will: only,/emain. th<?f% of; the. fe.cond order or 
column* that -is 3*#* -m.zwx .^axy-k ayx^—r 3^ =5*0, which 
will the. the Ffoxfontd Equation retired... 5 . D. 

The lame, Conohifioofi may. be- thus; derived, m fomething. a difr. 
ierent.mawer, tot Xrapd, Y be-any fynchronal.Augments of the 
variable quantities *<and y, as^fors* the relation of which. quan-. 
titjes is exhiteredchy aAy Eqnation,. T ( hep. may .. *Hr. X an d. y ■+, Y„ 
bo fubditutedj for and y.inithet Equation, Suppfe,for-infancy 
that x*<—• ax % -+*ax y —s-.yf =g g. q th en, by f u b/titu/ip n we flia ll 
have x *4-.X 1 1 •ctdiXXr^r X | *- *+1 dxx ^X x-y.fr” Y —y «fri Y» | * 


or in. ttrminis expanfit x> -f. 3*^X1 -fr. 3*X^ -fr* X? -*• ax x 
2*axX <—axy -fr- ax YuXy -f- <zX¥>-— y*> ^Y— 3yY^ 
<wY< bb.o. But the.Terma x**—/Wf^wf-jwry.-n-yljs^o will: va¬ 
nish ogt of the.Eqi^tio», and> leave jxtX.-f- 3*X* -hX? — 2 axXt 
T*aX>* -f ,ax¥;-fa aXy-^aXY — 3>*Y<-r=. 3yY* -^- Y>=o, for 
the relation of r the contemporary Augments* let their magnitude bo 
what it will i Or revolving- this, Equation- into an Analogy, the ratio 

of .fee* Augn^ntemay be to, | 

Now. to^find the nltmAUratu) of tkefc.- Augments, or their ratio, 
when, they become Moments, %pple ; X.aRd Y t? din^Uh.till.they 
become vawfofogf qpauud^..^. then.they, may be.-expupged. out 
of thh value, of, t^e< ratjp. Ot. ii\ thpfe_ circum%RCes it, will bg, 

% aag . which is now. the, ratjo of the,Moments. Apd 

this is the fame -ratio as that of the Fluxions, or it will be 

y axt— 2rXrf- ax . ...... _ 

i =*~ » °S ar J —«9»== 3* * ~ 2 *** Hr *;’*> a* was- 


fottRflbefore. ... 

In-thia.way .qf arguing, there r is. no' afiurtiptioft made, b\i£ what is 
juftifiahleJjy the received Methods both of the ancient and modern 
Geometricians, We only defcend. fpom a general Propofition, which 
is undeniable* to a particular- cafe which, da certainly, included in it. 

That 
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That is, having the relation of the variable Quantities, we thence 
diredly deduce the relation or ratio of their contemporary Aug¬ 
ments; and having this, we diredly deduce the relation or ratio of 
thofe contemporary Augments when they are nafcent or evanefcent, 
juft beginning or juft ceafing to be; io a word, when they are Mo¬ 
ments, or vanishing Quantities. To evade this reafoning, it ought 
to be proved, that no Quantities can be conceived lets than affign- 
able Quantities; that the Mind has not the privilege of conceiving 
Quantity as perpetually diminifhingjf/w fine-, that the Conception of 
a vanishing Quantity, a Moment, an Infinkefimal, See. includes a 
oontradidion:In fliort, that Quantity is not (even mentally) divifi- 
ble ad infinitum j for to that the Controverfy muft be reduced at 
laft. But I believe it will be a very difficult matter to extort this' 
Principle from the Mathematicians hi our days, who have been fo 
long in quiet pofleffion of it, who are indubitably convinced of the 
evidence and certainty of it, who continually and fiiccefsfully ap¬ 
ply it, and who are ready to acknowledge the extreme fertility and 
ufefulnefs of it, upon fo many important occafions. 

19. Nothing remains, I think, but to account for thefe two cir- 
cumftances, belonging to the Method of Fluxions, which our Au¬ 
thor briefly mentions here. Firft that the given Equation, whole 
Fluxional Equation is to be found, may involve any number of 
flowing quantities. This has been lufficiently proved already, and 
we have feen feveral Examples of it. Secondly, that in taking 
Fluxions we need not always confine ourfelves to the progreffion of 
the Indices, but may aflume infinite other Arithmetical Progreffions, 
as conveniency may require. This will deforve a little farther illu- 
ftration, tho’ it is no other than what muft necefiarily fefiilt from 
the different forms, which any given Equation may aflume, in an 
infinite variety. Thus the Equation xr> — ax* -+- axy — y i =z o, 
being multiply’d by the general quantity x m y M , will become x m +fy m 
t- ax"+*f 4- —x"/’ - *' 5 sss o, which is virtually the fame 

Equation as it was before, tho’ it may aflume infinite forms, accor¬ 
ding as we pleafe to interpret m and n. And if we take the 
Fluxion s of this Equation, in the ufhal way, we fhall have 
~tn 4- — m -f- 2axtf m ^' t y* — na x m ’^ l yy n ~ t 4- 

m 4 - 1 axx*fi+* 4- n 4- 1 axT+'yy* — mxx m ~ I y a+i — n 4 - 

o. Now if we divide this again by X m y a , we f hall ha ve m 4- ^xx\ 
4- nx*yy~* m 4 - 2oxx — nax*yy~ x 4-/04- 1 axy 4- «4- iaxy— 
mxx-y ■—« 4 - 3 yy* =-0, which is the fame general Equation as 
wa6-derived before. And the like may be underftood of all other 
Examples. S$ct. 
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Sect. II. Concerning Fluxions of fuperior orders , and 
, th$ method of deriving their Equations. 

I N this Treatife Our Author considers only firft Fluxions, and has 
not thought fit to extend his-Method to. fuperior orders, as not di¬ 
rectly falling within his prefent purpofe. For tho’ he here purfues 
Speculations which require the ufe of fecond Fluxions, or higher 
orders, yet he : has very aittfuHy. coiitrived to reduce them to firft 
Fluxions, and to avoid the neceflity of introducing Fluxions of fu¬ 
perior orders. In his other excellent Works of this kind, which 
have been publifh’d by himfelf, he makes exprefs mention of them, 
he difeovers their nature and properties,:and gives Rules for deriving 
their Equations. Therefore that this Work may be, the more fer- 
viceable to Learners, and may - fulfil the defign of being an Inftita- 
tion, I (hall here make fome inquiry into the nature of fuperior 
Fluxions, and give fome Rules for' finding their Equations. And 
afterwards, in its proper place, I fhall endeavour to fhew fomething 
of their application and ufe. _ 

' Now as the Fluxions of quantities 1 which have been hitherto edn- 
fider’d, or ^heir comparative Velocities of increafe and decreafe, are 
themfelves, and of their own nature, variable and flowing quantities 
alfo, and as fuch are themfelves capable of perpetual increafe and de- 
creale, or of perpetual acceleration and retardation; they may be 
treated as other flowing quantities, and the relation of their Fluxions 
may be inquired and difcover’d. In order to which we will adopt 
.Our Author’s Notation already publifh’d, in which we are, to con¬ 
ceive, that as >,y, x*,. &c. have their Fluxions x, y, z, Sec. fo thefe 
likewife have their Fluxions x, y, a:,&c.which are the fecond Fluxions 
of x , y, #, See. And thefe again, being ftill variable quantities, have 

a*a J 

their Fluxions denoted by x f y, jb, Sec. which are the third Fluxions 
of x t y, x. Sec. And thefe again, being ftill flowing quantities, 

•• JJ «• 

have their Fluxions x , /, z , Sec. which are the fourth Fluxions of 
X, y, z. Sec. And fo we may proceed to fuperior orders, as far as 
there fhall be occafion. Then, when any Equation is prqpofed, con¬ 
futing of variable quantifies, as the relation of its Fluxions may be 
found by what has been taught before; fo by repeating only the feme 
operation, and confidering the Fluxions as flowing Quantities, the 

L 1 relation 
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relation of the fecond Fluxions may be found. And the like for all'* 
Higher ordei’S of Fluxions. 

Thus if we have the Equation y % —axt=o, in which are the 
two Fluents y and x H we Imli Have the firft Fluxional Equation 2yy 

— ax = o. And here, as we. have the three Fluents y, y,and x, 
if. we. take the Fluxions again, We (hall have the ftfcond Fluxional 
Equation 2;y-i- 2y* — ji=o. And here, as there are four Fluents 
y,y, y, and x, if We tike the Fluxions again,, we (hall have the 

* u # * •• * * a 

third Fluxional- Equation 2yy 2yy -f- /\,yy — ax =£=0, or 2yy-f- 

tyy —; iaxsss o, And here, as there are fivefcluehts V, y, y.jp, and 
if we take the Fluxions again, we fliatl have the fourth rhixioi 

‘ a h s \ 2“ * • 

Equation 2 yy 4- zyy 4~ 6 yy -+• 6 y % — ax s=±ro, or 2\yy -4* 8 yy 4- 6j*; 
*— dxeso. And here, as there are-fix Fluents y, y, y, ,y,y, and A; 
if we take the Fluxions again, we fhhll : haVe iyy *+■ 2 yy * 4 - Byy tif- 

A m •• •• A A *• * 4 

fyv-i h iayy — axsxso> or 2yy-4- ioyy •+ r 2qyy—ax =ss o, for the 
filth Fluxional Equation. And io on to the uxth, feventh, &c. 

. Now the Demdnftratiofripf thiswih proceed much after theman- 
ner 9s.our Aiithor’s Dempnftration.df firft Fluxions, and is indeed; 
virhially included ih it For in the given Equation y 1 — ax r= o, , 
if we fuppofe y and x-to become at the lame time y+yo and xu,. 
-(that is, if We fuppofe yo and .xo to denote the fynchronal Moments 
of the Fluents y and x,) then by fubftitution we (hill Have y 4 -ys l* 

— ay. X0 ta=’o, or ift tePmiriis expan/is, y % -f* iyyo -+-y*s* — 

; Where'expunging y*~<ix=r r b, andy*©*, and divi¬ 
ding the reft by o, it Will he zyy-^-'ax =er'o for. the firft fluxional 
'Equation. Now in- this Equation, if we fupJ)o(e r the fynchronal'' 
Xlom^nts of thc Fltriiits'y/y, and x, to he’yo, yo, and Xo refyettively; 
for thofe Fluents wo may ihbftitute y rtrjv, y ^yo, *nd x + j#i 
'the iaft'fequation, .And it’will become ^y-4- 2yo 'xy -+-yo — ay.x^-'rto 
s= o, or Expanding,. 2yy -f- 2yy© -f- iyyo 2yyoo — ax — axo = o. 
Here becaufe 2yy'.-— o.by the -given Equation, and becaufe 

'iyyoo ' vanilhes ; divide the reft by p, atifl we fhall have ?2y*-+- 
•—^x===:o For die'fecbnd fluxional Equation. Again-in this’Eiqaa- 
tion, if we Yuppofe the Synchronai Mofoents of die fluents y, y, 

rj y and x,. to be yo, yo t yo, and xo relpeitively j for thefle’Fluents 


we 
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vrt my ibbflkutc /-*> >?, > -f- j*, 74 -j te, a nd '*+& in the la ft 
Eq uation, a nji. it will become 2 *y 4-/0 J 4-2y 4- 2yf k/ 4-yo _ 

/ .1'*, . * 1 *) * , T • r r 

fxje.+jyfl&o, Pt expanding a^dc^k&ing, sy* +$£0+^ 0 % 

;+ 2 jj + l 2 pe-t- iyy* —.die — axo ess p. • But here because 2y* 
4- 2/)—a~x=o by thc : !aft Equation j dividing the reft by 0, and 
expunging idl tbe Terms in which 0 will ftili pe fotyid, we ftiall 

kawe ifiy/!-*- ^jy -rt< leases o: for fhe thind fluxion^ JEquatkrc. And 
in like mataer ior .aE ,other orders bf .Fluxions, anaior.ail other 
Example^ E. £). 

To illuftrate the rhethod of finding fbperior.Fluxions by another 

Example, let ns take. ioar Author^ Equation x* +. axy- _ y* 

wssto, in which he has found the fimpleft relation of the Fluxions 
xs>;he wx* **» VOX* 4* qiey 44 axy *-* i ip =st-.o, c ifere y*e have the 
^flowing quantities sc, y, x, y } and by the fiine Rules ithe Fluxion of 
^hb Equation, when contracted, will .be 3*#* 4-6***-—- 2 ajcx — 
+ axy + 2 axy 4- axy^Jyy* -r- 6y*y = o. And in this Equa- 
fioft we haver the flowing quantities*, y, x } y, *,£.& that taking 
dhe' Fluxions a^ain by die Tame -Rhles, we Ihall have the ^Equation, 

' 1 t '■ . I? *i . * J. 7 ' V ■ *’ ■ 5 ’ ‘ .Aft * ), , - J - ^ , 

when contracted, 3k** 4 - a Bxxsc 4- 6x 3 -zaxx-. — > 6 axx 4- *#y 4. 

3 **^ 4- ?**} 4- tf*y — jyy* — ;i 8 ^y — 6 y» = o. And as in this 
‘Equation there .are found the flowing quantities X, yj x, y, £ Z 

.^^.werp^ght prpqeed in like manner to find .the'relations.of the 
r four£h Fluxions belonging to this Equation, and all the following 
orders of 'Fluxions. 

And here it may not beamifs to obferve, that as the propofed 
Equation exprefles we conftant relation of the variable quantities x 
and y j .and as the hrft fluxional Equation exprefles the conftant re¬ 
flation-of the variable (but finite and aflignable.) quantities x and y, 
'Which denote the comparative Velocity .of increase or decrease of st¬ 
and y in the propofed EquationSo the fecond fluxional Equation 
will exprefs the cqnftant relation of the variable (but finite .and affig- 
mable) quantities x and y, which denote the comparative Velocity of 
- the incrcafe or decreafe ofx andy in therfQregoingEquation. And in 
the third fluxional Equation we have the conftant relation of thevariabie 

(but -finite .and aifignable) quantities x and y, which will denote the 

E l 2 com- 
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comparative Velocity of the iiKreafe-or decreafe of x and y ia the 
foregoing Equation. And fo on for ever. Here the Velocity of a 
Velocity, however uncouth it!may found/will be no abfordldea 
when rightly conceived, but on, the contrary will be a very rational 
and intelligible Notion. If thCrii be &ch a' thing as Motion aliy hbw 
continually accelerated, that continual Acceleration will, b§| the Ve- 
locity of a Velocity j and as that variation may be continually va¬ 
ried, that is, accelerated or retarded, therewill.be In nature, or at 
leaft in the Un'derftanding, the Velocity of a Velocity of a Velocity. 
Or in other words, the iNotiori; of'fecond, third, and- higher-FIoxions^ 
muft be .admitted ?s found .and genuine; But to proceed: 

We may much abbreviate the Equations' now ddfived, by the 
known Laws of Analyticks. From the given Equation x* — ax * -f- 
axy —y 5 =f=o there is found a new Eqnation, wherein, hecaufe of 
two new Symbols x.and y introduced, we are at liberty to affume 
another Equation, befides tlus now found,, in order-t» a juft De± 
termination; ,For fimplicity*iake iwe; may make x Unity, or ahy 
other conftant quantity j that is, we may fuppofe * to flow equably, 
and therefore its-Velocity is uniform. ...hlake therefore xs^i, and 
the firft fluxional Equation will become ^x % ~ zax, •+• ay 4 - axy 
W* == , So. In :th,e ^qiiatioq} y,xx" - 4 , 6x x x —• zaxx zap* 4 - 

axy 4- zaxy + axy •— 3 \yy* — 6yty.==o there are four new Sym¬ 
bols introduced”*; y, *, and y;'and'therefore we'may afliime two 
other congruous Equations,, which together with the two now found, 
wiH amount to a compleat Deternjanatiqri. ./jp^us iffor*the lake of 
fimplicrty we make one to be* = 1, the other wifi neceflarily be 
x =sr<*; an<l tHefe being fubftitutfcd'; will 1 retfucb the feconcl fluxional 
Equation to this,' 6x — 2<z -4 zay -f- axy — 3yy* — 6y*y = o. And 
thus in the next Equation, wherein there are fix new Symbols 

x, y, Xy y y x,. y, befides the three Equations now found, we may 

take * = 1, and thence x= o, x c; o, which will reduce it 

\ 

to 6 •+• 3 ayaxy — 3yy* —* 18yyy — 6y* s=r o. And the like of 
Equations of fucceeding orders. 

But all theie Reductions and Abbreviations will be belt made as 
the Equations are derived. Thus the propo&d Equation being x* 
— ax * H- axy «— y* = o, taking the Fluxions, and at the lame time 

making x=. I, (and confequently x, x, &c. =0,) we {hall have 
3** — zax *+• ay 4- axy — 3yy* = o. And taking the Fluxions 

again, 
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• 6y*y = o; 


Again, it will be 6 x — 2a 2oy -f- ax}-— 3yy*; 

And taking die Fluxions again, it will be 6 -f- 3 ay + axy •— 3yy* 
— i8yyy -*—6y J = o. And taking the Fluxions again, it will be 

40/ + axy — 3yy* — 24yyy — 18y*y — 3 6yy 4 = o. Andfo on, as 
far as there is occafion. 

But now for the clearer apprehenfion of thefe feveral orders of 
Fluxions, I fhall endeavour to illuftrate them by a Geometrical 
Figure, adapted to a Ample and a particular cafe. Let us afliime 
the Equation y* = ax, or y = a*x*> which will therefore belong to 
the Parabola ABC, whole Parameter is AP = a, Abfcifs AD = x, 
and Ordinate BD ==y j where AP is a Tangent at the Vertex A. 
Then taking the Fluxions, we fliall have y= ia*xx~K And lup- 
pofing the Parabola to be defcribed by the equable motion of the 
Ordinate upon the Abfcifs, that equable Velocity may be expounded 
by the given Line or Parameter a, that is, we may put xz=.a. Then 

itwillbe>=(iA-*= 4 = i T = ) l 

this ConAruftian. Make x (AD) : y (BD) 

—= y, and the Line DG will therefore 

reprefent the Fluxion of y or BD-. And if 
this be done every where upon AE, (or if 
the Ordinate DG be luppos’d to move upon 
AE with a parallel motion,) a Curve GH 
will be conftrufted or. defcribed, whole Ordi¬ 
nates will every where expound the Fluxions 
of the correfponding Ordinates of the Pa¬ 
rabola ABC This Curve will be one of 
the Hyperbola’s between the Afymptotes 


which will give us 
±a (|AP) : DG a 


l 


mm 
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AE and AP; for its Equation is j>== -1., 

a* 

or yy = — . 

Again, from the Equation y = a ~ , or 2 xy = ay, by taking 
the Fluxions again, and putting ; x =a as before, we lhall have 
2a y + 2xy=ay, or —y £ • where the negative fign (hews only, 

thaty is to be confider’d rather as a retardation than an acceleration, 
or an acceleration the contrary way. Now this will give us.the 
. i following 
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following Conftru&ion. Make x (AE)) : y (DG) :: (|AP):: 

DI = y, and the Line DI will therefore reprelent the Fluxion of 
DG, or of y, and therefore the fecond Fluxion of BD, or of y. 
And if this be done every where upon AE, a Curve IK wHlbe 
conftrufted, whofe Ordinates will-always expound the fecond Fluxions 
of the correfponding Ordinates of the Parabola .ABC. This Curve 
likewife will be one of the Hyperbola’s, for its Equation is —y ess 



at 

IlT* * 


Again, from the Equation — y = ^, or — zxy use -ay. 


49 ® • If 

by taking the Fluxions we fhtU have — 2xty —• ixy .as mj, or 
\->Jy — ~ , which wtH give us this Conftrn&ion. Make x '(AD) : 


y (DI) \a (|AP) : DL=y, and the L«e DL -will therefore 
Teprfcfent the Fluxion of IM, or of y, the fecond Fluxion -of DG, 
t>r of y, and the third Fluxion «of BD, or of y. And if this be 
done every where upon AE, a Curve LM will be conftrudted, whole 
^Ordinates will always expound the third Fluxkins .of the correspon¬ 
ding Ordinates of the Parabola. ABC. This Curve will be anflypor- 

,bola, and its .Equation will be y , Or yysss * 

** &x* 


And fo we might proceed to conftru& Curves, the Ordinates of 
which (in the present Example) would expound or reprefent fhe 
fourth, fifth, and other orders of Fluxions. 

We might likewife proceed in a retrograde order, .to find the 
Curves whofe .Ordinates (hall reprelent the Fluents of any of thefe 

Fluxions, when given. As if we had y ==^~ — £/t*xx~* or if 

U T 

the Curve GH were given by taking the Fluents, (as will be 

ji 

taught in the next Problem,) it would be y ss {a*x*=s= —f= ) 


—, which will give us this Gonftru&ion. Make \a (£AP) - 

x (AD) y (DG} : DB ~ , and the Line DB will reprelent 

the Fluent of DG, or of y. And if this be done, every where upon 
the Line AE, a Curve AB will be conftru&ed, whole Ordinates 
will always expound the Fluents of the correfponding Ordinates of 
K the Curve GH. This Carve will be the common-Parabola, whofe 
- i Parameter 
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parameter is the Line AP=*. For its Equation is y =^= <****, 
or yy^sax. 

So if we had the Parabola ABC, we might conceive its Ordinates 
to reprefent Fluxions, of which the correfponding Ordinates DQ^_ 

of fome other Curve, fuppofe QR, would reprefent the Fluents. 

1 // 

To find which Curve, put v for the Fluent of y, y for the Fluent 

,j mat 

of y, &c. (That is, let, &oc.y, y, y, /,y, y, y, &c. be a Series of 
Terms proceeding both ways indefinitely, of which every fucceed- 
ing Term reprefents the Fluxion of the preceding, and vice vend j 
according to a Notation of our Author’s, deliver’d elfewhere.) Then 

'becauft it w ysss{aPX*xssa*x* —r , . taking the Fluents it 

will be y =s: =A ^ • which will give us this Con- 

\ 5a* J a / 3* 

llru&ion. Make 4* (|AP): at (AD) :: y (BD) : 22 t=y DQ^ 
andihe Line DQjwill represent the Fluent of DB, or ofy. And 
if the fame -be done at every point of the Line AE, a Curve QR 
Will be formed, the Ordinates of winch will always expound the 
fluents ofthe corresponding Ordinates of /the Parabola ABC. This 
Curve alio will be a Parabola, but of a higher order, the Equation 

of which isy=ss — - m or yy = £ . 

3d* ** 

Again, becaufe y vbb / ~ sss =s=A z -~- 5 taking the Flu- 

\ 3 »* 3 **x « y 3 «* 

ents it will be y zs=zf v . .. “Vifcss V*-? s which will give us this 

\i 5 «* 3 « t s " -/$• 

/ 1 a 

•Conftru&ion. Make \a (|AP) : x,(AD) :: y CDQ^J : 22 gs=y 

54 / 

ssaDS, and 1 the Line DS will reprefent the Fluent of :BQ, or ofy. 
And if the feme be done at every point of the Line AE^ a Curve 
'ST will thereby be form’d, .the Ordinates of which will expound 

dhe Fluents of the correfponding Ordinates, df the Curve QR. This 

// \ uu 

Carve will be a Parabola, iwhofe Equation is .jusss. 2 L? , .or yy ,as 

154* 

And fo we might go on as far a§we pleafe. 

'■ Laftly, 
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Laflly, If we conceive DB, the common Ordinate of all thefe 
Curves, to be any where thus conftrudted upon AD, that is, to be 
thus divided in the points S, Q^, B, G, I, L, &c. from whence to 
AP are drawn Ss, Q^y, Bb, Gg, I/, L/, Ac c. parallel to AE; and 
if this Ordinate be farther conceived to move either backwards or 
forwards upon AE, with an equable Velocity, (reprefented by 
AP = a = x,) and as it defcribes thefe Curves, to carry the afore- 
laid Parallels along with it in its motion ; Then the points s, q, b,g t 
/, /, &c. will likewife move in fuch a manner, in the Line AP, as 
that the Velocity of each point will be reprefented by the difiance 
of the next from the point A. Thus the Velocity of s will be re¬ 
prefented by A q, the Velocity of q by Ab, of b by Ag, of g by Ar, 
of i by A/, &c. Or in other words. Ay will be the Fluxion of At; 
A b will be the Fluxion of Ay, or the fecond Fluxion of Ar; Ag 
.will be the Fluxipnof /ib, or die fecond Fluxion of Ay, or the third 
Fluxion of As; Ai will be the Fluxion of A^, or the fecond Fluxion 
0/ Aby or the third Fluxion of Ay, or the fourth Fluxion of Ar; 
and fo on. Now in this inftance the feveral orders of Fluxions, or 
Velocities, are not only expounded by their Proxies and Reprefen- 
tatives, but alfo are themfelves actually exhibited, as far as may be 
done by Geometrical Figures. And the like obtains wherever elfe 
we make a beginning; which fufficiently fhews the relative nature 
of all thefe -orders of Fluxions and Fluents, and that they jdiffer from 
each other by mere relation only, and in the manner of! conceiving. 
And in general, what has been obferved from this Example, may 
be eafily accommodated to any other cafes whatfoever. 

Or thefe different orders of Fluents and Fluxions may he thus ex¬ 
plain’d abflradtedly and Analytically, without the qffiftance of Curve¬ 
lines, by the following general Example. Let any confrant and 
known quantity be denoted by a, and let a * be any given Power 
or Root of the fame. And let x" be the like Power or Root of 
the variable and indefinite quantity x. Make a m : x*:: a y, or 

m 

y ess a — = a'~*x *. Here y alfb will be an indefinite quantity, 

a 

which will become hnown asfoon as the value of x is aflign’d. 
Then taking the Fluxions, it will be y ==? ma l ~ 9 xx M ~ l j and liip- 
pofing x to flow or increafe uniformly, and making its conflant 
Velocity or Fluxion x = a, it will be y z=ma t ~ m x m ~?. Here if 

for <z'—"#* we write its value y, it will be y = ^2, that is, x : 

pta :: y ; y. So that y will be alfo a known and ailignable Quan¬ 
tity, 


\ 
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tity, whenever x (and therefore y) is afli gn’d. Then taking the 
Fluxions again, we fhall have y = my. m — ia*~ m xx m ~* = m x 
m _ ia*-~ m x m ~ i ; or for tna i ~ m x m ~ 1 writing its value y> it will be^ 

y z=. - ~ -- , that is, x : m — la :: y : y. So that y will be¬ 
come a known quantity, when x (and therefore y and y) is afiign’d. 

fr 

Then taking the Fluxions again, we fliall have y = m x m — 1 x 
771 — za*~ m x?~ i } or y ass-— , that is, x : m — za :: y : y j 

where alfo y will be known, when x is given. And taking the 
Fluxions again, we fhall have y ass m x m —1 x/w—2 x/w— 2 aS ~‘"x""-* 

■ * '_ j. 

ss ~ * 3 ~ 5 * s > * : 3 a :: y : y. So that y will alfo be 

known, whenever x is given. And from this Jndudtion we may 
conclude in general, that if the order of Fluxions be denoted by any 
integer number n, or if n be put for the number of points over the 

_ » •+« 

Letter _y, it will always be x : m — na :: y : y; or from the 
Fluxion of any order being given, the Fluxion of the next imme¬ 
diate order may be hence found. 

«+i « 

Or we may thus invert the proportion m — na : x :: y : y, 
and then from the Fluxion given, we fhall find its next immedi- 

-- •V'* M 

ate Fluent . As if «sss2, ’tis m~~-za : x :: y : y. If n = i, 

’tis m — la : x :: y : y. If » = o, 'tis ma : se\xy : y. And 

obforving the fame analogy, if n = — 1, ’tis m 4- \a : x :y : 

/ / 

y} where y is put for the Fluent of y, or for y with a negative point. 

And here becaufe y = a'— m x m , it will be m-\- la : x :: a l ~ m x M ; 

/ ! *—*+1 

y* or y = — — = — : which alfo may thus appear. Bc- 

m-\-i a m + ia 

j n ® 

caufe y 5= s=s * **_ =) ~ , taking the Fluents, (fee the 

4 a 

/ *■+* 

next Problem,) it will be y s= — - . Again, if we make «=—-2, 

. • -- ! v n ' m+% 

'tis m-^za : x :: y : or y = ^ =ss — ■ ■ -- --- . For 

M m becaufe 
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becaufe y = *" + — x f = *** % -, taking the Fluents it will be 

" ,*+* # . _ 

V-= -— ~ ■ . Again, if we make n 3= — 3, ’tis m •+• 30 : 

m+ixm+Za 

// VI H! II' »+■* 

x :: y. : y, or y =5= . *L - scr • And fo for 

*»+ 3 * **F> * ** + * * <»+3«" + * 

all other fuperior orders of Fluents^ 

And this may fuffice in general, to fhew the comparative nature 
and properties of thefe feveral orders of Fluxions and Fluents, and 
to teach the operations by which they are produced, or to find their 
refpe&ive fluxional Equations. As to the ufes they may be apply’d 
to-, when found, that will come move properly to be confider’d in 
another place, 

$£ c t. III. The Geometrical and Mechanical Elements 

of Fluxions* 

T HE foregoing Principles of-the Do&rine of Fluxions being 
chiefly abftrafted and Analytical, I (hall here endeavour, af¬ 
ter a general manner, to fhew fomething analogous to them in Geo- 
•ihetry and Mechanicksby which they may become, not only the 
object of the Undemanding,, and of the Imagination, (which will only 
prove their poflible exifterice,) but even of Senfe too, by making 
them, actually to exifl: in a vifiWe and iepfible form. For it is now 
become necefiary to exhibit them, all manner of ways, in order to 
give a fatisfa&oty proof) that they have indeed any real exigence at 
all. 

And firft, by. way of prepara- 
tioib it will be convenient to con*, 
fider uniform and equable, motions,, 
as alfo filch as are alike inequable. 

Let the right Line AB be defcidbed 
by the equable motion of a point,, 
which is now at E, and will pre- 
fently be at G- Alfo let the Line 
CD, parallel to the former, be de- 
fcribed by the equable motion of a point, which is in H and R, at 
the fame times as the former is in E and G. Then will EG and 
HK be contemporaneous Lines, and therefore will be proportional to 

the 
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the Velocity of each moving point refpidively. Draw the indefi¬ 
nite Lines EH and GK, meeting in L; then becaufe of like Tri¬ 
angles ELG and HLK, the Velocities of the points E and H, which 
were before as EG and HK, will be now as EL and HL. Let 
the defcribing points G and K be conceived to move back again, 
with the fame Velocities, towards A and C, and before they ap- , 
proach to E and H let them he found in g and i, at any finall 
difiance from E and H, and draw gk, which will pafs through L; 
then ftill their Velocities will be in the ratio of Eg and Hi, be thofe 
Lines ever fo little, that is, in the ratio of EL and HL. Let 
the moving points g and k continue to move- till they coincide with 
E and H ; in which cafe the decreafing Lines Eg and HA will pafs 
through all pofiible magnitudes that are fefs and left, and will finally 
become vanishing Lines. For they onift inti rely vanifh at the fame 
moment, when the points g and i fhall coincide with E aqd Hi 
In all which fiates ahd ciroumftahces they wiilflitl retain the ratio 
of EL to HL, with which at laft they will filially vanifh. Let 
thofe points fiill continue to move, after they have coincided With 
E and H, and let them be found again at the fame time in y and 
k, at any diftanqe beyond E and H. Still the Velocities, which art 
now as E y and Hx, and may be efteemed negative, will be as EL 
and HL, whether thofe Lines E y and Hx are of any finite magni¬ 
tude, or are only nafcent Lines ; that is, if the Line yxL, by its 
angular motion, be but juft beginning to emerge and divaricate from 
EHL. And thus it will be when both thefe motions are equable 
motions, as alfo when they are alike inequable; in both which 
cafes the common interfedion of all the Lines EHL, .GKL, gAL, &c. 
will be the fixt point L. But when either or both thefe motions 
are fuppos’d to be inequable motions, or to be any how continually 
accelerated or retarded, thefe Symptoms will be fomething different; 
for then the point L, which will flill be the common interfedioa 
of thofe Lines when they firft tjegin to coincide, .or to /divaricate, 
will no longer be a fixt but a moveable point, and an account muft 
be had of its motion. For this purpofe we may -have rccourfe to 
•the following Lemma. 

Let AB be an indefinite and fixt right Line, along which another 
indefinite but moveable right Line DE may be conceived to move or 
roll in fuch a manner, as to have both a progreffive motion, as alfo an 
angqlar motion about a moveable Center C. That is, the common 
interfedion C of the two Lines AB and DE may be fuppofed to 
'move with any progreffive motion from A towards B, while at the 

Mm2 & mc 
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lame time the moveable Line DE revolves about 
the fame point C, with any angular motion. Then 
as the Angle ACD continually decreafes, and at 
laft vanishes when the two Lines ACB and DCE 
coincide; yet even then the point of interfeftion 
C, (as it may be ftill call’d,) will not; be loft and 
annihilated, but will appear again, as foon as the 
Lines begin to divaricate, or to feparate from each 
other. That is, if C be the point of interfedtion 
before the coincidence, and c the point of interac¬ 
tion after the coincidence, when the Line dee lhall 
again emerge out of AB j there will be fome inter-/ 
mediate: point L, in which C and. r were united in 
the fame point, at the. moment, of coincidence. This 
point, for diftinQ&n-feke,. may be call’d the Node r 
or the point’ ofi nadfoaricathpu N6w. to apply this 
to inequable Motions;. / . , . 

Let the Line AB be defer ibed by the* continually accelerated mo¬ 
tion of a point, which is now in E, and will be prefently found in 
G. Alfa let the Line CD,, parallel to the former, be deferibed by 
the equable mth 
tion of a point, 
which. is found 
in H and K, at 
the lame times as 
the other point 
is ’ in E and G, 

Then willEG and 
HK be contem¬ 
poraneous Lines} 
and producing 
EH and GK till 
they meet in I, 
thole 'contempo¬ 
raneous Lines will be as El and HI refpe&ively. Let the deferibing 
points G arid K. be conceived to move back again towards A and C, 
each with the lame degrees of Velocity, in every point of their mo*- 
.tion, as they, had before acquired; and let them arrive at the fame 
time at g and k, at foriie fmall diftance from E and H, and draw 
gki meeting EH in i. Then E^ and H£, being contemporary Lines 
alio, and very little by fuppofition, they will be nearly as the Ve- 

~ - locitiea 



Digitized by L.ooQle 


and Infinite Series* 269 

locities at g and i, that is, at E and H; which contemporary 
Lines will be now as E* and Hi. Let the points g and k continue 
their motion till they coincide with E and H, or let the Line GKI 
or gki continue its progreffive and angular motion in this manner, 
till it coincides with EHL, and let L be the Node, or point of no 
divarication, as in the foregoing Lemma. Then will the laft ratio 
of the vaniffiing Lines Eg and H£, which is the ratio of the Velo- 
'cities at E and H, be as EL and HL refpe&ively. 

Hence we have this Corollary. If the point E (in the foregoing 
figure,) be luppos’d to move from A towards B, with a Velocity 
any how accelerated, and at the fame time the point H moves from 
C towards D with an equable Velocity, (or inequable, if you pleafe;) 
thofe Velocities in E and H will be refpedfcively as the Lines EL and 
HL, which point L is to be found, by fuppofing the contemporary 
Lines EG and HK continually to diminiffi, and finally to vanifh. 
Or by fuppofing the moveable indefinite Line GKI to move with a 
progreffive and angular motion, in fuch manner, as that EG and 
HK ffiall always be contemporary Lines, till at laft GKI ffiall co¬ 
incide with the Line EHL, at which time it will determine the Node 
:L, or the point of no divarication. So that if the Lines AE and 
CH reprefent two Fluents, any how related, their Velocities of de- 
,icription at E and H, or their refpe&ive Fluxions, will be in the 
ratio of EL and HL. 

And hence it will fol¬ 
low alfo, that the Lo¬ 
cus of the moveable 
point or Node L, that 
is, of all the points of 
no divarication, will be 
fome Curve-line L/, to 
which the Lines EHL 
•and GK/ will always be 
Tangents in L and /. 

And the nature of this 
Curve U may be deter¬ 
mined by the given re¬ 
lation of the Fluents or Lines AE and CH; and vice vend. Or 
however the relation of its intercepted Tangents EL and HL may 
be determined in all cafes; that is, the ratio of the Fluxions of the 
given Fluents* 

For 
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For illuftration-feke, let us apply this to an Example. Make the . 
Fluents AE=y and CH = x, and let the relation of thefe be always 
exprefe’d by this Equation y = x". Make the contemporary Lines 
EG = Y and HK=s X j and hecaufe AE and CH are contempo¬ 
rary by fuppofition, we (hah have the whole Line s AG a nd CK 
contemporary alio, and thence the Equation y -f»Y = x - 4 -XJ*. This 
by our Author’s Binomial Theorem will produce y -+• Y 3= x* *+» 

nx n ~*X &c. which (becaufe y = x‘) will be- 

come Y = rzx J, "" 1 X -f-« x &c. or in an Analogy, X : 

Y :: 1 : nx*~ l *f- n x ~-ix“-*X, &c. which will be the general re¬ 
lation of the contemporary Lines or Increments EG and HE. Now 
let us fuppofe the indefinite Line GKI, which limits thefe contem¬ 
porary Lines, to return back by a progreflive and angular motion, 
fo as always to intercept contemporary Lines EG and HK, and 
finally to coincide with EHL, and by thav means to determine the 
Node L; that is, we may fuppofe EG ssz Y and HK c=c X, to di- 
minifh in injinitum , and to become vanifhing Lines, in which c a& 
we ftiail have X : Y :: 1 : nx*"’. But then it will be likewife X : 

Y :: HE: EGHL : EL :: x :y, or 1: ax*-*:: x :y, or_y=naexx*“*. 

And hence we may have an expedient for exhibiting Fluxions 

and Fluents Geometrically and Mechanically, in all circumfianoes, 
lb ad to make than the obje&s af Senfe and ocular Demon ftration. 
Thus in the laft figure, let the two parallel lines AB and CD be de¬ 
scribed by the motion of two points E and H, of which E moves 
any how inequably, and (if you pleafe) H may be fuppos’d to move 
equably and uniformly - } and let the points H and K correfpond tp 
E and G. Alfo let the relation of the Fluents AE ss y and 
CH = x be define^ by any Equation whatever. Suppofe now die 
deferibing points E ana H to carry along with them the indefinite 
Line EHL, in all their motion, by which means the point or'Node 
L will deferibe fome Curve L 7 , to which EL will always be a Tan¬ 
gent in L. Or fuppofe BHL to be the Edge of a Ruler, of an in¬ 
definite length, which moves with a progreflive and angular mo¬ 
tion thus combined together; the moveable point or Node L in this 
Line, which will have the lpafi: angular motion, and which is always 
the point of no divarication, wifi deferibe the Curve, and the Line 
or Edge itfelf will be a Tangent to it in L. Then will the feg- 
ments EL and HL be proportional to the Velocity of the points 
E. and H refpe&ively } or will exhibit the ratio of the Fluxions y 
and x, belonging to the Fluents AEss:^ and CF = x. 

1 -Or 
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Or if we fuppofe the Curve L/ to be given, or already conftru&ed, 
we may conceive the indefinite Line EHIL to revolve or roll about 
it, and by continually applying itfelf to it, as a Tangent, to move 
from the fituation EHIL to GK/I. Then will AE and CH be the 
Fluents, the fenfible velocities of the defcribing points E and H will 
be their Fluxions, and the intercepted Tangents EL and HL will 
be the rectilinear meafures of thofe Fluxions or Velocities, Or it. 
may be reprefented thus: If Li be any rigid obftacle in form of a 
Curve, about which a flexible Line, or Thread, is conceived to be 
wound, part of which is ftretch’d obt into a right Line LE, which 
will therefore touch the Curve in L; if the Thread be conceived to 
be farther wound about the Curve, till it comes into the fituation 
L/KG; by this motion it will exhibit, even to the Eye, the fame 
increafing Fluents as before, their Velocities of increafe, or their 
Fluxions, as alfo the Tangents or rectilinear reprefentatives of thofe 
Fluxions. And the fame may be done by unwinding the Thread, 
in the manner of an Evolute. Or inftead of the Thread we may 
make ufe of a Ruler, by applying its Edge continually to the 
curved Obftacle LI, and making it any how revolve about the move- 
able point of ContaCt L or /. In all which manners the Fluents, 
Fluxions, and their rectilinear meafures, will be fenfibly and mecha¬ 
nically exhibited, and therefore they mufl be allowed to have a place 
in rerum naiura. And if they are in nature, even tho’ they were but 
barely pofiible and conceiveable, much more if they are fenfible 
and vifible, it is the province of the Mathematicks, by fome me¬ 
thod or other, to inveftigate and determine their properties and pro¬ 
portions. 

Or as by one Thread EHL, perpetually winding about the curved 
obftaclc L/, of a due figure, we fhall fee the Fluents AE and CH 
continually to increafe or decreafe, at any rate aflign’d, by the mo¬ 
tion of the Thread EHL either backwards or forwards; and as we 
fhall thereby fee the comparative Velocities of the points E and H, 
that is, the Fluxions of the Fluents AE and CH, and alfo the Lines 
EL and HL, whofc variable ratio is always the rectilinear meafure of 
thofe Fluxions: So by the help of another Thread GK/L, wind¬ 
ing about the obflacle in its part /L, and then firetching out into a 
right Line or Tangent /KG, and made to move backwards or for¬ 
wards, as before} if the firfl Thread be at reft in any given fitua¬ 
tion EHL, we may fee the fecond Thread defcribe the contempo- 
porary Lines or Increments EG and HK, by which the Fluents 
AE and CH are continually increafed; and if GK/ is made to ap- 

. " proach 
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proach towards EHL, we may fee thofe contemporary Lines conti¬ 
nually to diminifti, and their ratio continually approaching towards 
the ratio of EL to HL; and continuing the motion, we may pre- 
fently fee thofe two Lines actually to coincide, or to unite as one 
Line, and then we may fee the contemporary Lines actually to va- 
nifh at the fame time, and their ultimate ratio actually to become 
that of EL to HL. And if the motion be ftill continued, we fhall 
fee the Line GK/ to emerge again out of EHL, and begin to de- , 
fcribe other contemporary Lines, whofe nafcent proportion will be 
that of EL to HL. And fo we may go on till the Fluents are ex- 
haufted. All thefe particulars may be thus eafily made the objects 
of light, or of Ocular Demonftration. 

This may ftill be added, that as we have here exhibited and re- 
prefented firft Fluxions geometrically and mechanically, we may do 
the fame thing, mutatis mutandis, by any higher orders of Fluxions. 
Thus if we conceive a fecond figure, in which the Fluential Lines lhall 
increafe after the rate of the ratio of the intercepted Tangents (or the 
Fluxions) of the firft figure j then its intercepted Tangents will ex¬ 
pound the ratio of the fecond Fluxions of the Fluents in the firft 
figure. Alfb if we conceive a third figure, in which the Fluential 
Lines lhall increafe after the rate of the intercepted Tangents of 
the fecond figure; then its intercepted Tangents will expound the 
third Fluxions of the Fluents in the firft figure. And fo on as far 
as we pleafe. This is a neceflary confequence from the relative na¬ 
ture of thefe feveral orders of Fluxions, which has been Ihewn be¬ 
fore. 

And farther to Ihew the univerlality of this Speculation, and how 
well it is accommodated to explain and reprefent all the circumftan- 
ces of Fluxions and Fluents; we may here take notice, that it may 
be alfo adapted to thofe cafes, in which there are more than two 
Fluents, which have a mutual relation to each other ? exprefs'd by 
one or more Equations. For we need but introduce a third parallel 
Line, and fuppofc it to be delcribed by a third point any how mov¬ 
ing, and that any two of thefe delcribing points carry an indefinite 
Line along with them, which by revolving as a Tangent, defcribes 
the Curve whofe Tangents every where determine the Fluxions. As 
alfo that any other two of thofe three points are connected by an¬ 
other indefinite Line, which by revolving in like manner deferibes 
another fuch Curve. And fb there may be four or more parallel 
Lines. All but one of thefe Curves may be afiumed at pleafure, 
when they are not given by the ftate of the Queftion. Or Analy¬ 
tically, 
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.t-ically,' fo many Equations may be' affumed, except one, (if not 
given by the Problem,) as is the number of the Fluents concern’d. 

But laftly, I believe it may not be difficult to give a pretty good 
notion of Fluents and Fluxions, even to fuch Perfons as are not 
much verfed in Mathematical Speculations, if they are willing to be 
inform’d, and have but a tolerable readinefs of apprehenfion. This 
I fhall here attempt. to perform, in a familiar way, by the infiance 
of a Fowler, who is aiming to (hoot two Birds at once, as is re- 
prefented in the Frontilpiece. Let us fuppofe the right Line AB 
to be parallel to the Horizon, or level with the Ground, in which 
a Bird is now flying at G, which was lately at F, and a little be¬ 
fore at E. And let this Bird be conceived to fly, not with an equable 
or uniform fwiftnefs, but with a fwiftnefs that always increafes, (or 
with a Velocity that is continually accelerated,) according to fome 
known rate. Let there alfb be another right Line CD, parallel to 
the former, at the fame or any other convenient diftance from the 
Ground, in which another Bird is now flying at K, which was lately 
at I, and a little before at H; juft at the fame points of time as the 
firft Bird was at G, F, E, refpe<ftively. But to fix our Ideas, and 
to make our Conceptions the more Ample and eafy, let us imagine 
this fecond Bird to fly equably, or always to defcribe equal parts of 
the Line CD in equal times. Then may the equable Velocity of 
this Bird , be ufed as a known meafure, or ftandard, to which we 
may always compare the inequable Velocity of the firft Bird. Let 
us now fuppofe the right Line EH to be drawn, and continued to 
the point L, fo that the proportion (or ratio) of the two Lines EL 
and HL may be the fame as that of the Velocities of the. two 
.Birds, when they were at E and H refpedtivelv. And let us far- 
: ther fuppofe, that the Eye of a Fowler was at the feme time at the 
point L, and that he directed his Gun, or Fowling-piece, according 
to the right . Line LHE, in hopes to .fhoot both the Birds at once. 
But not thinking himlelf then to be fufficiently near, he forbears 
to difcharge his Piece, but ftill pointing it at the two Birds, he 
continually advances towards them according to the direction of his 
Piece, till his Eye is prefently at M, and the Birds at the feme time in F 
and I, in the feme right Line FIM. And not being-yet near enough, 
we may fuppofe him to advance farther in the fame manner, his 
Piece being always directed or level’d at the two Birds, while he 
himfelf walks forward according to the direction of his Piece, tjll 
. his Eye is now at N, and the Birds in the feme right Line with 
his Eye, at K and G. The Path of his Eye, defcribed by this 
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double motion, (or compounded of a progreflive and angular mo=- 
tion,) will be fome Curve-line LMN, in the fame Plain as the reft 
of the figure, which will have this property, that the proportion oF 
the diftances of his Eye from each Bird, will be the lame every 
where as that of their refpedtive Velocities. That is, when his Eye 
was at L, and the Birds at E and H, their Velocities were then as 
EL and HL, by the Conftrudtion. And when his Eye was at M, 
and the Birds at F and I, their Velocities were in the lame propor¬ 
tion as the Lines FM and IM, by the nature of the Curve LMN. 
And when his Eye is at N, and the Birds at G and K, their Velo¬ 
cities are in the proportion of GN to KN, by the nature of the 
fame Curve. And fo univerfelly, of all other fituations. So that 
the Ratio of thofe two Lines will always be the fenfible meafure of 
the ratio of thole two lenfible Velocities. Now if thefe Velocities, 
or the fwiftnefles of the flight of the two Birds in this inftance, are 
call’d Fluxions ; then the Lines defcribed by the Birds in the lame 
time, may be call’d their contemporaneous Fluents ; and all infiances 
whatever of Fluents and Fluxions, may be reduced to this Example, 
and may be illufirated by it. 

And thus I would endeavour to give fome notion of Fluents and 
Fluxions, to Perfons not much converfant in the Mathematicks j 
but fuch as had acquired fome Ikill in thefe Sciences, I would thus 
proceed farther to inftrud, and to apply what has been now deliver’d. 
The contemporaneous Fluents being EF =y> and HI = x t and 
their rate of flowing or increafing being fuppos'd to be given or 
known ; their relation may always be exprefs’d by an Equation, 
which will be compos’d of the variable quantities x and y, together 
with any known quantities. And that Equation will have this pro¬ 
perty, becaufe of thofe variable quantities, that as FG and IK, EG 
and HK, and infinite others, are alfo contemporaneous Fluents ; it 
will indifferently exhibit the relation of thofe Lines alfo, as well as- 
of EF and HI j or they may be fubftituted in the Equation, inftead 
of x and y. And hence we may derive a Method for determining 
die Velocities themfelves, or for finding Lines proportional to them.. 
For making FG = Y,. and IK = X j in the given Equation I may 
fubfiitute y -+- Y inftead of y, and x -f- X inftead of x, by which 
I fhall obtain an Equation, which in all circumftances will exhibit 
the relation of thofeQuantities or Increments. Now it may be plainly 
perceived, that if the Line MIF is conceived continually to approach 
nearer and nearer to the Line NKG, (as juft now, in the inftance 
of the Fowler,) till it finally coincides with it; the Lines FG=Y r . 
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and IK = X, will continually decreafe, and by decreafing will ap¬ 
proach nearer and nearer to the Ratio of the Velocities at G and K, 
and will finally vanilh at the lame time, and in the proportion of 
thofe Velocities, that is, in the Ratio of GN to KN. Confequently 
in the Equation now form’d, if we fuppofe Y and X to decreafe 
continually, and at laft to vanilh, that we may obtain their ultimate 
Ratio } we lhall thereby obtain the Ratio of GN to KN. But when 
Y and X vanilh, or when the point F coincides with G, and I with 
H, then it will be EG=y, and HK = x j lb that we lhall have 
y : x :: GM : KN. And hence we lhall obtain a Fluxional Equa¬ 
tion, which will always exhibit the relation of the Fluxions, or Ve¬ 
locities, belonging to the given Algebraical or Fluential Equation. 

Thus, for Example, if EF=y, and HI=x, and the indefinite 
Lines y and x are luppoled to increafe at fuch a rate, as that their 
relation may always be exprels’d by this Equation x* — ax* -f- axy 
— y* rst o ; then making FGst=Y, and IK=X, by fubllituting 
y -h Y for y, and x -f- X for x, and reducing the Equation that wiU 
arife, (fee before, pag. 255.) we lhall have 3#*X -+- 3*X* X» — 
2 axX — aX % -h ax Y -+- aXy aXY — 37 1 Y —« yY* — Y 3 = o, 
which may be thus exprels’d in an Analogy, Y : A :: 3#* — 2 ax 
«+■ ay H- 3#XH- X* — aX : 37* — ax— ^X-J- 3/Y-4- Y». This 
Analogy, when Y and X are vanilhing quantities, or their ultimate 
Ratio, will become Y : X :: 3** — 2ax •+■ ay : 3_y* — ax. And 
becaufe it is then Y : X :: GN : KN :: y : x, it will be 7 : x :: 
3*» — 2 ax -+-ay : y* — ax. Which gives the proportion of the 
Fluxions. And the like in all other cafes. . . .. 

We might alfo lay a foundation for thefe Speculations m the fol¬ 
lowing manner. Let 
ABCDEF, &c. be the 
Periphery of a Polygon, 
or any part of it, and 
let the Sides AB, BC, 

CD, DE, &c. be of any 
magnitude whatever. 

In the feme Plane, and 
at any dillance, draw 
the two parallel Lines 
|8£, and bf to which 
continue the right Lines 
, AB^/ 3 , BCc/, CDd£, 

DEeg, &c. meeting the parallels as in the figure. Now if we fup- 

N n 2 pofe 
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pofe two moving points, or bodies, to be at /S and b> and to move 
in the fame time to y and c, with any equable Velocities * thofe 
Velocities will be to each other as j8 y and be, that is, becaufe of the 
parallels, as jSB and ^B. Let them fet out again from y and c, 
and arrive at the fame time at<f> and d, with any equable Velocities; 
thofe Velocities will be as yS and cd , that is, as yC and cC. Let 
them depart again from l and d, and arrive in the fame time at s 
and e , with any equable Velocities; thofe Velocities will be as Is 
and de, that is, as <TD and dD. And it will be the fame thing every 
where, how many foever, and how fmall foever, the Sides of the 
Polygon may be. Let their number be increafed, and their magni¬ 
tude be diminifh’d in infinitum , and then the Periphery of the Poly¬ 
gon will continually approach towards a Curve-line, to which the 
Lines AB b$, BCcy, CD^, &c. will become Tangents; as alfo the 
Motions may be conceived to degenerate into fuch as are accelerated 
or retarded continually. Then in any two points, fuppofe S' and d, 
where the deferibing points are found at the fame time, their Velo¬ 
cities (or Fluxions) will be as the Segments of the refpettive Tan¬ 
gents «PD and dD ; and the Lines (3$ and bd, intercepted by any 
two Tangents <TD and /3B, will be the contemporaneous Lines, or 
Fluents. Now from the nature of the Curve being given, or from 
the property of x its Tangents, the contemporaneous Lines may be 
found, or the relation of the Fluents. And vice versa , from the 
Rate of flowing being given, the correfponding Curve may be found. 
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ANNOTATIONS on Prob.2. 

OR, 

The Relation of the Fluxions being given, to 
find the Relation of the Fluents. 


S e c t. I. A particular Solution ; with a preparation for 
the general Solution , by which it is diftributed into 
three Cafes . 



x, 2. E are now come to the Solution of the Author’s fe- 

cond fundamental Problem, borrow’d from the Science 
of Rational Mechanicks : Which is, from the Velo¬ 
cities of the Motion at all times given, to find the 
quantities of the Spaces defcribed; or to find the Fluents from the 
given Fluxions, In difcufling which important Problem, there will 
be occafion to expatiate fomething more at large. And firft it may 
not be amifs to take notice, that in the Science of Computation all 
the Operations are of two kinds, either Compofitive or Refolutative. 
The Compofitive or Synthetic Operations proceed neceflariiy and di¬ 
rectly, in computing their feveral quanta, and not tentatively or by 
way of tryal. Such are Addition, Multiplication, Railing of Powers, 
and taking of Fluxions. But the Refolutative or Analytical Opera¬ 
tions, as Subtraction, Divifion, Extraction of Roots, and finding of 
Fluents, are forced to proceed indirectly and tentatively, by long 
deductions, to arrive at their feveral quajita j and fuppofe or require 
the contrary Synthetic Operations, to prove and confirm every ftcp 
of the Procefs. The Compofitive Operations, always when the 
data are finite and terminated, and often when they are interminate 
• 1 or 


> 
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or infinite, will produce finite conclufions ; whereas very often in 
the Refolutative Operations, tho’ the data are in finite Terms, yet 
the quafita cannot be obtain'd without an infinite Series of Terms. 
Of this we (hall fee frequent Inftances in the fubfeqnent Operation, 
of returning to the Fluents from the Fluxions given. 

The Author’s particular Solution of this Problem extends to fuch 
cafes only, wherein the Fluxional Equation propofed either has been, 
or at leaft might have been, derived from fome finite Algebraical 
Equation, which is now required. Here all the neeefifary Terms 
being prefent, and no more than what are neceflary, it will not be 
difficult, by a Procefs juft contrary to the former, to return back 
again to the original Equation. But it will moft commonly happen, 
either if we afiume a Fluxional Equation at pleafure, or if we arrive 
at one as the refillt of fome Calculation, that fuch an Equation is 
to be refolved, as could not be derived from any previous finite Al¬ 
gebraical Equation, but will have Terms either redundant or defi¬ 
cient; and confequently the Algebraic Equation required, or its 
Root, muft be had by Approximation only, or by an infinite Series. 
In all which cafes we muft have recourfe to the general Solution of 
this Problem, which we (hall find afterwards. 

The Precepts for this particular Solution are thefe. (i.) All foch 
Terms of the given Equation as are multiply’d (fuppofe) by x, muft 
be difpofed according to the Powers of x, or muft be made a Num¬ 
ber belonging to the Arithmetical Scale whofe Root is x. (2.) Then 
they muft be divided by x, and multiply’d by x-, or x muft be 
changed into x , by expunging the point. (3.) And laftly, the 
Terms muft be feverally divided by the Progreffion of the Indices 
of the Powers of x, or by fome other Arithmetical Progreffion, as 
need (hall require. And the lame things muft be repeated for every 
one of the flowing quantities in the given Equation. 

Thus in the Equation 3*** — iaxx -f- axy — qyy* -f. ayx=o, 
the Terms 3XX* — iaxx -+» axy by expunging the points become 
3AT* — 2 ax* -f- axy, which divided by the Progreffion of the Indi¬ 
ces 3, 2, 1, refpedtively, will give x* — ax* axy. Alfo the Terms 
— yy* * ■+■ a y x hy expunging the points become —37* * -4- ayx, 
which divided by the Progreffion of the Indices 3, 2,1, refpedtively, 
will give — y i * -f- ayx. The aggregate of thefe, negle&ing the 
redundant Term ayx , is x* — ax* -+- axy — y‘= = o, the Equation 
required. Where it muft be noted, that every Term, which occurs 
more than once, muft be accounted a redundant Term. 

So 
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So if the propofed Equation were m -f- %yxx 3 — m-\- 2 ayxx x 4 - 
m 4- iay*xx — my*x — » 4 - 3 *xy 3 -f- n-\- \ax x yy 4 - nx*y — nax l y 
= o, whatever values the general Numbers m and 0 may acquire j 
if thole Terms in which x is found are reduced to the Scale whofe 
Root i s x, they will ftand thus: m 4- $yxx 3 — m 4- xayxx 1 4- 
tn -f- 1 ay % xx — my*x or expunging the points they will become 
m 4- %yx+ — tn 4- 2 ayx 3 -+- m 4- iay x x x — my+x. Thefe being di¬ 
vided relpeftively by the Arithmetical Progreffion m •+■ 3, m- f- 2 V 
tn 4- 1, m, will give the Terms yx* — ayx* 4- ay x x x — y+x. Alfo 
the Terms in which y is found j being reduced to the Scale whofe 
Root is y, will ftand thus : — 0 4- 3 xyy 3 • 4- « 4- iax x yy 4- nx*y j 

— n ax*y 

or expunging the points they will become— $xy* • 4-04- iax x y* 
4- nx*y. Thefe being divided relpedtively by the Arithmetical Pro- 

— nax 3 y _ _ _ 

greflion »-4- 3, 04-2, 0 4-1, 0, will give the Terms — xy* 4- 
ax % y x 4- x*y — ax 3 y. But thefe Terms, being the fame as the former,, 
muft all be confider’d as redundant, and therefore are to be rejected. 
So that yx* — ayx* 4- ay x x x —■ y+x = o, or dividing by yx, the^ 
Equation x 3 — ax 1 4- ayx — y 3 = o will arife as before. _ 

Thus if w e had this Fluxional Equation mayxx~ l — « + 2xjr 

— nx'yyr' 4- n 4-1 ay === o, to find the Fluential Equation to which 
it belongs ; the Terms mayxx~ l * — m-\~ 2xx t by expunging the 
points, and dividing by the Terms of the Progreffion m, tn- f- i, w-f -g,. 
will give the Terms ay — x*. Alfo the Terms -r— nx x yy~ l 4-04- \ay r 
by expunging the points, and dividing by 0, 04- 1, will give the 
Terms 4- ay. Now as thefe are the fame as the former, they 
are to be efteem’d as redundant, and the Equation required will be 
ay — x x = o. And when the given Fluxional Equation is a gene¬ 
ral one, and adapted to all the forms of the Fluential Equation, as 
is the cafe of the two laft Examples; then all the Terms arifing 
from the fecond Operation will be always redundant, fo that it will 
be fufficient to make only one Operation. 

Thus if the given Equation were 4 yy % 4- 2S 3 yy~ x 4- 2 yxx — 3 zz* 
4- 6 yzz — 2 cyz = o, in which there are found three flowing quan¬ 
tities j the only Term in which x is found is 2 yxx, in which ex¬ 
punging the point, and then dividing by the Index 2, it will be¬ 
come yx x . Then the Terms in which y is found are \yy x 4- z 3 yy- z , 
which expunging the points become \y\ # * 4- and dividing 
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by the Progreflion 2, i, o, — i, give the Terms iy 3 <— z % . Laftly 
the Terms in which z is found are — 32:2:* -+- 6 yzz — icyz, which 
expunging the points become —. 32 s 4- 6 yz l — icyz t and dividing 
by the Progreflion 3, 2, 1, give the Terms — z 5 4 - 3/2* — icyz. 
Now if we colled thefe Terms, and omit the redundant Term — z *, 
we fhall have yx 1 4- iy i — z 3 4- 3 yz x — icyz = o for the Equa¬ 
tion required. 

3, 4. But thefe deductions are not to be too much rely’d upon, 
till they are verify’d by a proof j and we have here a fure method 
of proof, whether we have proceeded rightly or not, in returning 
from the relation of the Fluxions to the relation of the Fluents. For 
every relblutative Operation fhould be proved by its contrary com- 
pofitive Operation. So if the Fluxional Equation xx — xy — xy + 
ay == o were given, to return to the Equation involving the Fluents; 
by the foregoing Rule we fhall firft have the Terms xx xy, which 
by expunging the points will become x 1 — xy, and dividing by the 
Progreflion 2, 1, will give the Terms \x* — xy. Alfo the Terms, or 
rather Term, —xy -f- ay, by expunging the points will become — xy. 
4- ay, which are only to be divided by Unity. So that leaving out the 
redundant Term — xy, we fhall have the Fluential Equation \x x — xy 
-4- ay =• o. Now if we take the Fluxions of this Equation, we 
fhall find by the foregoing Problem xx — xy — xy-h ay =0, which 
being the fame as the Equation given, we are to conclude our work is 
true. But if either of the Fluxional Equations xx~—xy-\- ay =0, 
or xx —• xy -f- ay = o had been propofed, tho' by purfuing the 
foregoing method we fhould arrive at the Equation -1#* — xy -f- ay 
= o, for the relation of the Fluents j yet as this conclufion would 
not ftand the teft of this proof, we mufl rejeCt it as erroneous, and 
have recourfe to the following general Method which will give the 
value of y in either of thofe Equations by an infinite Series, and 
therefore for ufe and practice will be the moft commodious So¬ 
lution. 

5. As Velocities can be compared only with Velocities, and all 
bther quantities with others of the feme Species only j therefore in 
every Term of an Equation, the Fluxions mufl always afeend to the 
feme number of Dimenfions, that the homogeneity may not be de¬ 
fer oy’d. Whenever it happens otherwife, ’tis becaufe feme Fluxion, 
taken for Unity, is there underftood, and therefore muft be fupply’d 
whep. occafion requires. The Equation xz 4- xyx — az*x* = o, by 
making z = 1, may become x-f xyx — ax 1 = o, and likewife 
•vice versa. And as this Equation virtually involves. three variable 

quantities. 
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quantities, it will require another Equation, either Fluential or 
FJuxional, for a compleat determination, as has been already ob- 
ferved. So as the Equation yx = xyy, by putting x = 1 becomes 
yx > in like manner this Equation requires and fuppofes the 
other. 

6,7, 8, 9, 10, 11. Here we are taught fome ufeful Reductions, in 
order to prepare the Equation for Solution. As when the Equation 
contains only two flowing Quantities with their Fluxions, the ratio 
of the Fluxions may always be reduced to Ample Algebraic Terms. 
The Antecedent of the Ratio, or its Fluent, will be the quantity to 
be extracted j and the Confequent, for the greater fimplicity, may 
be made Unity. Thus the Equation 2x -f- 2xx —yx — y = o is 

reduced to this, j = 2 •+■ 2 X y t or making x = 1, ’tis y = 2 
4- zx — y. So the Equation ya — yx—xa -\-xx — xy = o, ma¬ 
king x= 1, will become y= ^ =) 1 •+■ J 

,j- 2 . -f- ^ , &c. by DiviAon. But we may apply the par¬ 

ticular Solution to this Example, by which we (hall have ±x % ~—xy 

— ax + ay=sz o, and thence y = • Thus the Equation 

yy = xy xxxx, making x = 1, beco mes yy = y xx, and ex¬ 
tracting the fquare-root, ’tisj/ =4± y/^+xx = 4 i the Series 
£ 4- x* — x* -f- 2 a? 4 — 5* # -1- 14** °, &c. that is, either y ass 1 -4- 
X* — X* - 4 - 2 X* — 14 *' °, &C. or y ==.— x* - 4 - X 4 — 2 X 4 

-+- 5*® — i4* IO > &c. Again, the Equation^ 3 -i-axx'y rf- — 
x 3 x 3 — 2x 3 * 3 == o, putting x = 1, becomes +axy -t-a'y — x * 

— 2<z 3 =0. Now an affeCted Cubic Equation of-this , form has 

been refolvedbefore, (pag. 12.) by which we fhallhave^ z=za-—%x- l- 
** . !iii? . s° 9 * 4 &c 

644 512a * * 16384^1* * 

12. For the fake of perfpicuity, and to Ax the Imagination, our 
Author here introduces a diftinCtion of Fluents and Fluxions into 
'Relate and Correlate. The Correlate is that flowing Quantity which 
he fuppofes to flow equably, which is given, or maybe aflumed, 
at any point of time, as the known meafure or ftandard, to which 
the Relate Quantity may be always compared. It may therefore 
•very properly denote Time j and its Velocity or Fluxion, being an 
uniform and conftant quantity, may be made the Fluxional Unit, 
or the known meaflire of the Fluxion (or of the rate of flowing) of 
the Relate Quantity. The Relate Quantity, (or Quantities if feve- 

O o ral 
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ral ate concern’d,) is that which U foppos’d to flow inequably, witlit 
any degrees of acceleration Qr retardation ; and ts inequability may 
be meafured, or reduced as it were to equability, by conftantly com¬ 
paring it with its correfponding Correlate or equable Quantity. This 
therefore is the Quantity to be found by the Problem, or whofe 
Root is to be extracted from the given Equation. And it may be 
conceived as a Space defcribed by the inequable Velocity of a Body 
or Point in motion, while the equable Quantity, or the Correlate,, 
represents or meafures the time of defcription. This may be illu- 
flrated by our common Mathematical Tables, of Logarithms, Sines, 
Tangents, Secants, &c. In the Table of Logarithms, for inftance, 
the Numbers are the. Correlate Quantity, as proceeding equably, or 
by equal differences, while their Logarithms, as a Relate Quantity,, 
proceed inequably and by unequal differences. And this refemblance 
would more nearly obtain, if wefhould (uppofe infinite other Num¬ 
bers and their Logarithms to be interpolated, . (if that infinite Num¬ 
ber be every where the fame,) fo as that in a manner they may be- 
c6me continuous. So the Arches or Angles may be confider’d as 
the Correlate Quantity, becailfe they proceed by equal differences, 
while the Sines, Tangents, Secants, &c. are as fo many. Relate Quan¬ 
tities, whofe rate of increase is exhibited by the Tames. 

■ 13, 14, 15,''16, This Diftribution or Equations into Orders,., 
or Claffes, according to the number of the flowing Quantities and. 
their ffiuxions, tho 1 it be not of abfohite neoeflhy for the Solution,, 
may-jet fferve to -make k more expedite and methodical, and may 
foppfy us with convenient places to refl ate 

Sect. II. Solution of the frjl Cafe of Equations;- 

18, 19, 20, 21, 22, 23. f J 'HE firft Okie of Equations is, when 

Jl the Quantity ■? , or what fopplies 

its place, can always be found in Terms compofed of the Powers 
of x, and known Quantities or Numbers. Thefe Terms are to be 
multiply’d by x t and to be divided by the Index of x in each Term, 
which will then exhibit the Value o£y. Thus in the Equationji 1 =xy 

4- x x x*- y it has been found that 4 = 1 4 -x* — x* 4- 2x* —- 5** 4- 

14*’°, &c. Therefore ^ =x4- x *—**4- 2* 7 — $x 9 4- 14*'% 
&c. and confcquently x 4- — -J-x* 4- \x r — 4- vf*”» 

ficc. as may eafily be proved by the .direct Method. 

But. 

s' 
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. Bui this, and. the like Equations, may.be re&lved more-readily 
by a Method form’d in imitation pf .fome of the foregoing Analylef, 
after this manner. In the given Equation mskp xx*=. i then it 
will be y* -1- x % , which is thus refolded: 

y 1 =—*•+'*♦ 2 X ( -+- 5 x 9 , &c. ; 

—•>*«>-- *4 -+- 2 X S — 5 x* } &c. 


Make — x* the firll Term of yj then will — *+ be the firft Term 
of—y», which is to be put with a contrary Sign for the fecond 
Term of y. Then by fquaring, -f- 2 *« will be the fecond Term 
of—y*, and — 2 x* will be the third Term of y. Therefore 
— 5x e will be the third Term of — y», and + 5 x« will be the 
fourth Term ofy; and lb on. (.Therefore taking the Fluents, y. aa 
*+• r* r —f* 7 •+■ 7**1 dec., which will be one Root of the 
Equation. And if we fufrtrajft this from x y we lhall havq y axe x h» 
a - * 3 -r v * - 4 * y x 1 — &<?. for .the other ^oot > r 

—that is, if* *=«-r 

r + 4 + P>p *?r a rP*+-£i+%£■ & =- 

^■f B 5 j £ -4-A — x* "h &c. or -2 ins *-• if -1 _f_ 

^* S —** + **, &c. then y=— ix~‘ + x~< + 2ax i — ixi j. •** 

2 b % c - - • ' 3 - * 9 


&C. 


If V 

y 


2 O-C _ — 

^ + 7 +i + 'Sb + cy> or 2 


2 b % cy~ 


V* 


Z 7 * 


+/ v ' f +t > then jf = —If i_ 

or £=**, thenj,=,fe» If ^ f?*-I or ifl_i‘ x I. 

, * * jc ( 


then y= —* 

2f 


Laftly, if - ■— -, or "j a ;= ax • } dividing by the In¬ 
dex o, it will be y = ~ , ory is infinite. That this Exprefiion, 
or value of y, mull be infinite, is very plain. For as o is a vanilh- 
ing quantity, or lets than any alfignable quantity, its Reciprocal i- 

or - muft be bigger than any alfignable quantity, that fa- 
finite. ! 

° ° 2 Now 
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Now that this quantity ought to be infinite, may be thus provect 
In the Equation 4 - = ~ , let AB rcprefent the conftant quantity a y 

and in GE let a point move equably from C towards E, and de- 
fcribe the Line CDE', of which let any indefinite part CD be x, 
and its equable Velocity in D, (and. every where elfe,) is reprefented* 





a 

-H- 


B- 



by x. Alfo let a point move from a diftant point c along the Line 
cde y with an inequable Velocity, and let the Line defcribed in the 
lame time r or the . indefinite part of it cd, be call’d y, and let the 

Velocity in d be call’d y. The Equation 4 = *- mult always ob¬ 
tain, whatever the contemporaneous values of x and y may be j or 
in thewholeMotion the conftant Line AB (<*)muftbe to the variable 
Line CD { x ), as the Velocity in d (y) is to the Velocity in D (xjf. 
Bui at Jthe beginning of the Motion, or-when-CD (x) was indefi¬ 
nitely little, as the ratio of AB to CD was then greater than any 

fcfiignable ratio, fo alfo was the ratio 4 of the Velocities, or the 

Velocity^ was infinitely greater than the Velocity x. But an infi¬ 
nite Velocity muft defcribe am infinite Space in a finite time, or the 
point c is at an infinite diftance? from-the point d } that is, y is art 
infinite quantity. 

24, 25. But to avoid fiich infinite Expreflions, from whence we 
can conclude nothing j we are at liberty to change the initial points 
of the Fluents, by which their Rate of. flowing, (the only thing to 
be here regarded,)/ will not at all be affected. -Thus in the foregoing 
Figure, we fuppofed the points D and d to.be fuch,. as limited the 
contemporaneous Fluents, or in which the two defcribing points 
were found at the fame time. Let F and f be any other two fuch 
points, and then the finite Line CF = b will be contemporaneous 
to, or will correfpond with, the infinite Line cf=c ; and FD, 
which may be made, the new x, will correfpond to fd, which will 

be the new y. So that in the given Equation 4 c= j, inflead of 
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x we may write b 4- x, and we fliall have 4 = , and then by 

Multiplication and Divifion it is 4 ? _ (t^t- = ) t — 77 4- 

26. So if j = <• -f- 3 — xx t becaufe of the Term ~ , which 
would give an infinite value for y, we may write 1 4- x inftead of 
x, and we lhall then have j = +2 — 2X — xx, or ^ = 

4- 2at — 2x* — x*, or by Divifion = 4* — 4x* 4- x* —> 

2x 4 4- 2X’, &c. and therefore y = 4 .x — 2 X* -f- 4x» — |x 4 4 - 

SCC, 

Or the Equation ~ ~fr 2 —2a? — a??, that is 4- xy 

s=4— 3x*—x», may be thus refolved : 


y7 = 4 * *— 3 ** —* ** 

r - 4X -f- 4^» X* -fr 2 X 4 , &c. . 

4-xy'- 1 - 4X — 4X* -f- X s — 2x 4 , &c. 

y = 4 —4X 4- x* — 2X* 4-2X 4 , &c.. 
y' ■ 4X 2x* 4* ■ 1 4“ ficc. 


Make 4 the firft Term of j, then 4* will be the firft Term of 
xy, and confequently — 4X will be the fecond Term of y. Then 
— 4X* will be the fecond Term of xy, and therefore 4- 4X* — 3 x% 
or x*, will be the third Term ofy; and fo on. 

2y. So if - = x *4- x” 1 —x*, becaufe of the Term ar* 1 


change x into 1 — x, then 4 = — 4- — - s /1 — x. But 

r I —x 

by the foregoing Methods of Reduction ’tis = 14- x 4- x* 
4-x», &c. and >/1 — x =• 1.— -£x —4.x* — T Vx*, &c. and 

■ ■ a . = 1 4- i* 4- t** H- t*S &c. 

Therefore col left ing thefe according to their Signs, ’tis 4 = 1 4- 
2 X 4 -|x* 4- rr* 3 > &c. that is-^ = x4-2x* 4-£x 5 4- 4£x 4 , &c. 


and therefore y = x 4- x* 4- |x» 4- £-Jx 4 , &c. 

28. So if the given Equation were j = =' 

change the beginning of x, that is, _ inftead. of x write 


c 


1 

* 

V 
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c — x, then 4 =• c — = c'x"* — c’-x'’*, or — = — 

c*#—*, and-therefore y = — -f- c x x~ l . 


Sect. III. Solution of the fecond Cafe of Equations. 

29, 30. TT'Quations belonging to tills fecond cafe are thofe, 
\_j wherein the two Fluents and their Fluxions, fuppofe 
x and y, x and y, or any Powers of them, are promifeuoufly in¬ 
volved. As our Author’s Analyfes are very intelligible, and feem to 
want but little explication, I lhall endeavour to refolve his Examples 
in fomething an eafier and Ampler manner, than is done here; by 
applying to them his own artifice of the Parallelogram, when need¬ 
ful, or the properties of a combined Arithmetical Progreflion in piano, 
as explain’d before : As alfo the Methods before made ufe of, in the 
..Solution of affedted Equations. 

31. The Equation yax — xxy — aax=zo by a due Reduction 
becomes 4 = — -+- -, in which, becaufe of the Term - there 

x a x 9 x 

is occafion for a Tranfmutation, or to change the beginning of the 
Correlate Quantity x. Afiitming therefore the conftant quantity b, 

we may put 4 = — H- , whence by Diviiion will be had 

4 = | , &c. which Equation is then 

prepared for the Author’s Method of Solution. 

But without this previous Redudfcion to an infinite Series, and the 
Refolution of an infinite Equation confequent thereon, we may 
perform the Solution thus, in a general manner. The given Equa¬ 
tion is now 4 = j -f- , or putting x = 1, it is aby 4- axy 

s=sby yx -+- a % , which may be thus refolved : 


aby 

-\-axy 

— *y 


ah — a* 

■ - b -x 


2 a* *+- h* — ah ft-l~2a x b—ab x —6at c 

■X'-i - babi -*•» &C * 


lb 2 


J 


b —a 


a* 

7* + 

ah — aa x , , 

—ab 

Tb^ x + 

2bi X > 

ax 4 - 

a — h x% , 

ab —2 a x — b x 


6ab x " > 


a 

a — b 

- — — 

7** + 

~ 26* x *> 


— nb l&-l-2a x b — ab x — —6a* 


2 a 3 

a b—a 2a 7, -|- h x —- ah /3 4 , 2 o 1 h — ah x — 6 o* Q 

y~ JX + -*- ziiii —-* 4 > &c - 


. a 


Difpofing 
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Difpofing the Terms as you fee is done here, make a 1 the firft 
Term of aby , then j will be the firft Term of y, and thence ~ b x 

will be the firft Term of y. So that will be the firft Term of- 
axy, and — ax will be the firft Term of — by. Thefc two to¬ 
gether, or * b x—-axz=i * x, with a contrary Sign, muft be put 

down for the fecond Term of aby. Therefore the fecond Term of 
y will be and the like Term ofy will be Then the 

I ^ 

fecond Term of axy will be a -~-x % , an d the fecond Term of 
— by will be and the firft Term of — xy will be — jx 1 . 

Thefe three together make ™ 0 ~ h **, which with a contrary 
Sign muft be made the third Term of aby. Therefore the third 
Term of y will be and the third Term of y will be 

' h xK And fo on. Here in a particular cafe if we make 

b= a, we ihall have the fimple Series y= * * H- ^ , &c. 

Or if we would have a defcending Series for the Root y of this * 
Equation, we may proceed as follows: 



a* — a -f- b x a % x ~*-+- 2 a % za b -H b % x a 1 x~*, 

- -f- a*bx~ z — a-+- b ■xa L bx~*, 

- a % x~~ l — 4-£ x 2d** - *, 

-- - - -h a i bx~ % , 

-a*x~ l -\-a ^\- b x a*x~ % — Za 3 - -+- zab~^-b 3 -y.a a 'X~ i , 

a*x~ *— a -\-bx 2 a*x~ 3 , &c. 


&C. • 
&c. 
&c. ’ 

&C. - 
&C... 


Difpofe the Terms as you fee, and make ** 'the firft Term of the 
Series— xy-, then will— ^ be the firft Term of y, and a*x“* will 

Be the firft Term of y. Then will -f- a l bx~ v be the firft Term of. 
— by, and a *x~ z will be the firft Term of axy, , which together 
make a-\-b x a % x~ f this therefore with a contrary Sign muft be 
the feco nd Term of — *xy. Then the fecond Term of y will 
be a-\-by.a*x’~ l , and the fecond Term ofy will be — a-\- by.za % x~-*. 
Therefore the fecond Term of —by will be — a 4- b xa l bx-*. 
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and the fecond Term of axy will be — a-\- by. 2 a i x~*, and the 
firft Term of aby will be a l bx ~ x ; which three together make 

This with a contrary Sign muft: be the third 

x a x x~~ i for the 


2a x -f- 2ab-\- b* y.a x x *. 


Term of — xy, which will give — 2 a 1 -f- 2 ab -+- b % 
third Term of y, and fo on. Here if we make bz=z.a, then ys= 

a x 2a* a 

-1-r —> &c. 

And thefe are all the Series, by which the value of y can be ex¬ 
hibited in this Equation, as may be proved by the Parallelogram. 
For that Method may be extended to thefe Fluxional Equations, as 
well as to Algebraical or Fluential Equations. To reduce thefe 
Equations within the Limits of that Rule, we are to confider, that 
as Ax" may reprefent the initial Term of the Root y, in both thefe 
kinds of Equations, or becaufe it may be y = A#*, &c, fo in 
Fluxional Equations (making x=i, we {hall have alfo y =mhX^~ l , 
&c. or writing y for Ax", &c. *tis y = myxr 1 , &c. So that in 
every Term oftne given Equation, in which y occurs, or the Fluxion 
of the Relate Quantity, we may conceive it to take away one Di- 
menfion from the Correlate Quantity, fiippofe x, and to add it to 
the Relate Quantity, fiippofe y ; according to which Reduction we 
may infert the Terms in the Parallelogram. And we are to make 
a like Reduction for all the Powers of the Fluxion of the Relate 
Quantity. This will bring all Fluxional Equations to the Cafe of 
Algebraic Equations, the Refolution of which has been fo amply 
treated of before. 

Thus in the prefent Equation aby + axy = by + yx H- aa, the 
Terms muft be inferted in the Parallelogram, as if yx~ 1 were fub- 
ftituted inftead of y ; fo that the Indices will ftand as in the Margin, 
and the Ruler will give only two Cafes of exter¬ 
nal Terms. Or rather, if we would reduce this 
Equation to the form of a double Arithmetical 
Scale, as explain'd before, weihould have it in this 
form. Here in the firft Column are contain’d thofe 
Terms which have y of one Dimenfion, or what 
is equivalent to k. In the fecond Column is — a *, 
or y of no Dimenfions. Alfo in the firft Line is 
— xy, or fuch Terms in which x is of one Dimenfion. In the 
fecond Line are the Terms — by 7 ,. , , _ 

I — a% > which have no Dimen¬ 
fions of x, becaufe —|— axy is regarded as if it were ay. Laftly, 
.in the third line is aby, or the Term in which x is of one negative 

Dimenfion, 



*+! 

0 

m 


m —1 


l 


— by 
+axj 

-jraby 
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Dimenfion, becaufe —f- aby is confider’d tis if it were -4- abx'^'y. And 
thefe Terms being thus difpos’d, it is plain there can be but two Cafes 
of external Terms, which we have already difcufs’d. 

If the propofed Equation be 4 - 


32 - 


3^ — 2 * -4-- — re¬ 


making x= 1, ’tis —y -f- y — 2* -f- xy~ l — 2 yx~* — 


, or 

the 

or 


** 

*-» 

*"* 


_2i y± >-' •> 

• —2 X+Xj-*l 

+ y • • #►= o. 

— y • • V 

-9*"* • • J 


Solution of which we Ihall attempt without any preparation, ui 
without any new interpretation of the Quantities. Firft, the Terms 
are to be difpos’d according to a double Arithmetical Scale, the Roots 
of which are y and *, and then they will ftand as in the Margin. The 
Method of doing this with certainty 
in all cafes is as follows. I obferve in 
the Equation there are three powers of 
y, which are y 1 , y°, and y —'* j there¬ 
fore I place thefe in order at the top 
of the Table. I obferve likewife that there are four Powers of 
which are x l , *°, x~ l , and which I place in order in a Column 
at the right hand j or it will be enough to conceive this to be done. 
Then I infert every Term of the Equation in its proper place, ac¬ 
cording to its Dimenfions of y and x in that Term j filling up the 
vacancies with Afterifms, to denote the abfence of the Terms be¬ 
longing to them. The Term —y I infert as if it were — 
as is explain’d before. Then we may perceive, that if we apply the 
Ruler to the exterior Terms, we fhall nave three cafes that may pro¬ 
duce Series; for the fourth cafe, which is that of direct afcent or 
defcent, is always to be omitted, as never affording any Scries. To 
begin with the defcending Series, which will arife from the two 
external Terms —2* and -+- xy~\ The Terms are to be difpos’d, 
and the Analyfis to be perform’d, as here follows : 


X J ~' 1 = 2* — 4 — —. 44*—, &c. 

+ 3 y L -+ i*-' H- 4 ^, &C. 

—y \ ...* -+■ 4 -v^s &c. 

—2yx~ t J - ..— x~ l , See. 

y = T + -f- Ty* - * -1- TTT*"*, &C. 

Make xy-*z= zx, &c. then y- x = 2, &c. and by Divifion 
y = 4 > &c* Therefore 3y = t> &c. and confequently xy — 1 = * 
— 4, &c. or y — 1 = # — 4**" 1 , &c. and by Divifion y =- » -f- 
&c. Therefore 3y = * 4 *~S and confequently xyr 1 
= • * —• &c. So that f~ x = * * — 4^“*, &c. and by Divi¬ 
fion y = • * ■+■ c . Then 3 y = * * + 4 r*’"*> &c. and 
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_ y = # 4- &c. and — 2yx~~' = — #—*, &c. Thefe three 

together make -f- 44x— 4 , and therefore xy- l z= * * * — 

6 cc. fo that y = * * * -+- 44 t* - 3 > &c - And fo on. 

Another defeending Series will arife from the two external Terms 
-f- 3 y and — 2x, which may be thus extracted: 


3 ^ *) 

+*r' / 

-y 

— 2 yx~* J 

y- 
r 1 
y = 


= 2X—l-h &C. 

-hi+ T ^ 1 -&c. 

-£ » + ^X-\ See. 

-- + #-' -+- fx-*, &c. 

“ 'J* “ T*T H“ TT * -1 t Vv^ > 

= T^* -1- T* _1 - TT*" S , &C. 

= 4 * — ri x ~*> &c. 


Make 37 = 2X, &c. then y = ^x, &c. and (by Divilion) y—‘ 
z=z^x~ l y &c. and xyr* = &c v and — yz =.— 4, &c. There¬ 
fore 3_y = * — &c. and y = * —- T S T , &c. and (by Divifion) 

xy-' = * 4* -I > &c. and — y= * o, &c. and —. 2yx“* = — 
%x~ z , &c. Therefore 37 =a * * 4 - H*- x > &c. and y =s • • Hh 
yix~\ &c. &c. 

The afeending Series in this Equation will arife from the two ex¬ 
ternal Terms —- 2yx~* and xy~ l } or multiplying the whole Equa¬ 
tion by —y, (that one of the external Terms may be clear’d from 
y,) we lhall have yy —- 3y* -f. 2 xy — x -f- 2 y x xr* = o, of which 
the Refolution is thus : 


2y ± x~ 1 ' 

+ yy 

-1-2 xy 


= x* * — 4** 4 - 4*S &e* 

--h $x % * — \x\ &c. 

" --- -f- —• , &c. 


. 3 y* 

r- 

r- 


8^2 


-a.-&c. 

!^-*t** n-rrlh^ &c - 


A*. 

77 z x ** ^ c * 


Make 2y'x~* z= x, &c. then y* = &c. and y = 7^^, &c. 

Here becaufe of the fractional Indices, and that the firft Term of 

-f- 2xy, or -4- may be afterwards admitted, we muft take 0 

for the fecond Term of zy t X~'* ) and therefore for the fecond Term 

1. of 


/ 
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of y. Then yy *= £**> &c. and confequemly zy*xr* = « *-— £**> 
flee, and y?zs= *• # |* 4 , &c. and by extracting the fquare-rootj 

y , « —- &c. Then yy aa * 4- o, &c. and 2Ary = 

&c. and therefore 2y 1 A u ~ k = * * * —- &c. and y = * * * 

— 4.x», &c. &c. 

33, 34. The Author’s Procefs of Refolution, in this and the fol¬ 
lowing Examples, is very natural, fimple, and intelligible j it pro¬ 
ceeds Jer'tatim & terminatim , by patting from Series to Series, and 
by gathering Term after Term, in a kind of circulating manner, of 
which Method we have had frequent inftances before. By this 
means- he collects into a Series what he calls the Sum, which Sum 


is the value of ~ or of the Ratio of the Fluxions of the Relate 

X 

and Correlate in the given Equation j and then by the former Pro¬ 
blem, he obtains the value of y. When I firft observed this-Method 
of Solution, in this Treatife of our Author’s, I confefs I was not-a 
little pleafed j it being nearly the feme, and differing only in a few 
circumftances that are not material, from the Method I had hap¬ 
pen’d to fall into feveral years before, for the Solution of Algebraical 
and Fluxional Equations. This Method I have generally purfued in 
the courfe of this ; work, and fball continue to explain it farther by 
the following Examples. 

The Equation of this Example 1 — 3* -f- y -f- ** -f- *y — y 
= o being reduced to the form of a double Arithmetical Scale, 
will ftand as here in the Margin j and the 
Ruler will difcover two cafes to be try’d, of **“ 
which one may give us an afeending, and the ** 
other a defeending Series for the Root y. And 
firft for the afeending Series. 



yl = 1 — 3* 4- x % —• fx* 4- i-x* — 
L 4 - X * 

- yf -- x 4 “ X* — ±X* 4- - 

— xyJ -— x % 4- x* — 4- 

y = 1 — 2x 4- x % — j^x* 4 - i-x* — 

y = * — x* 4 -y** — -h T ~x f 


&c. 

•fa-X^, &C. 

yX*, &C. 
ryX*, &c. 

TT**, ^ c * 


The Terms being difpofed as . you fee, make y=s 1, &c. then 
y=x\ &c. Therefore —y=-—x, &c. the Sign of which Term 
being changed, it will bey =3*. 4 - x — Z x > & c - = * — 2 X, &c. 

P p 2 and 
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and therefore y = * — #*, &c. Then —y =, 4. &c. and 

— xyss= — x*, See. thefe deftroying each other, ’tis y = * « 

&c. and therefore y = * *4-f* } , &c. Then —y=* *—£*», 
&c. and — xy = * -f- x J , &c. it will be y = * • * — •»*», &c. 
and therefore y =s * .* * — «, &c. &c. 

The Analyfis in the fecond cafe will be thus: 

— xyl = at 1 — 3* -4- 1 

/ — x ■+■ 5 — 6x~ l * 4- I2JT-3, &C. 

— y\ -h * — 4 + 6 a;- 1 — 6*-» . , &c. 

•+■ ~ - 1 * 4 - 6at~* — i2AT"3, 5 cc. 

y=— x -\~4 — 6a;- 1 4- 6a;“* * — 12*^, &e„ 

Make — xy = **, See. then y= — x, &c. Therefore — y 
= at, &c. and changing the Sign, ’tis — xy= * — * — 3*-, &c. 
s= * — 4*, &c. and therefore y = * 4- 4, &c. Then — y= * 
-—4, See. and y = — i, &c. and changing the Signs, 'tis — xy 
-—■ * * H- 5 *+■ *> 6 cc. = • * 4- 6, &c. and y = * » — 6 a— 1 , 
&c. &c. 

35> 36- If the given Equation were 4 = 1 4- i 4. 2. 4. iif 
“1 ^ > &c. its Relblution may be thus perform’d: 


y 

y 

* 

* 2 . 

0* 

0* 

- 


14-1 4.ii*4_ii! & c 

“ « ^ ^ a* + m 4 > ° tC * 

_ * fi, ** at4 « 

« z«» 175 ' 174 ’ KC ‘ 

-^ —ri-.il, &C. 

0* 20* 204 * 

.—i| — 

204 

.. £ & c 

— , occ. 


y = x 4 -- 
2«‘ 


— 4_ii4.il & c 

24 * ^ • ±a4 > 


’204 


Make y ac 1 , &c. then y s at, &c. , Therefore — 1 =—_i » 

&c. and y= * 4- ;, &c. and therefore y = * 4 - &c. Then 

"— T === * 77 * 5 ^ c ' an< * —S r? — jr> &e, and therefor? 

y = **4- ■£;, &c. andy=*« 4 - ii , &c. And fo on. 

Now 
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Now in this Example, becaufe the Series Z .4. 2 4. & ^ 

% > &C- k «P al *° tit*, »t will be 7 =^4- 1, or ay — xy 
' === y 4 r a — x t that is, yx 4- ax — xx — ay 4- xy ess o j which 
Equation, by the particular Solution before deliver’d, will give the 
relation of the Fluents yx — ay + ax — -J-x* =3 o. Hence y — 

> an <* ^ Divifion + £ 4- & + £ * «*■ «***» 

above. 

37. The Equation __? r y* _r* »* 

of this Example being 
tabulated, or reduced 
to a double Arithmeti¬ 
cal Scale, will ftand as 
here in the Margin. 

Where • it may be ob- 
fcrved, that becaufe of 
the Series proceeding both ways ad infinitum , there can be but one 
cafe of exterior Terms, of which the Solution here follows: 


x° 

*« 

xt 

*4 

X* 


— J * 

• + y* + s* + 


— 3* + 3*J f — *J X — *J* — Xji4,&c. 

— 6* 4* 6x*y ■ • • 


— 8*» + 8 x*j • 
- 10*4 + IOX+J - • 

— is>* f +I2^y • 

U*« . CsTc. . 




>=°- 


— 3*? 

— 6jf*/ 

— . > 
8jr*y 

«+■ 

^—iox+y 

— r 

&c. J 


-i =—■ 3* — 6 x *— 8a:*— iox-»i— 12*'— 14**, &c. 

— 12^ 4 —294**—59-yJf*, &Jc. 

. 4 - 4 ** 4 - 6**+ &c. 

----f- • 9* 4 4- I2x*-H &c. 


T 7 7 7 7-. -j -r . ;** 4 — 6xN—44**, See, 

" _ r r rz -‘.~ -i r - - 4- 12 ** 4 - 16 * 4 ., &c. 

-- - - -■-} ---- - 4-.. 4*»dh. 6*«, - &c.- 

“ ■ ' --,7 - - *--.-- 4 - 15**, &c. 

* 7 


4 - -r*‘, &c.. 

• ^ ¥**--'■ 1 ‘ , &c. 

•Make y^s<~ $*; &c; then 4^*, &c. Then y.=s« — 

6*», tie. andy 2— * : 2A: 3 , &c.‘ Then — 3x7 s= 4* £#*, &c. and 

therefore 7 == * p — |* 3 — 8 a: 3 , &c. =t= * * — &c. and 7 

= L**‘— V* 4 , %c. ^Andfo pf;the reft.- * r. . O* 

The Author here tykes notice, that as the value jo£ 7 is negative, 
** j X? contrary to. that of it fhews tlut: as k increafes, y 
mult decreafe, and on the .contrary; For’ a negative Velocity is a 
Velocity backwarks, or whole direction is contrary to that which 


was 
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was fappos’d.to be an affirmative Velocity. This Remark muff take 
place, hereafter, as often as there is occafion for it. 

38. In this Example the Author puts x to repirefent the Rejate 
Quantity, or the Root to be extracted, and / to represent the Cor¬ 
relate. But to prevent the qorifufion of Ideas, we fhall fyere change 
x into /, and / into x, fo that / fhall denote the Relate, and x the 
Correlate Quantity,"as ufual. Let the given Equation therefore be 

i —- 4* — 4x‘ -+- 2x/*— t)* -+- 7** •+- 2x*, whofe Root / is to 

be extradt^d. Thefe Terms being, difpofed in a Table, will Rand 
thus: And-the Refohjtron* withbe asfollows, taking — / and -+• y* 
for the two external Terms; - 



y % 

* 

£ V 

V 

4 »• 

*5 


* * 

; 

** 

1 0 

» • 

i + 7 ** 

X* 


* » 

* — 

x^ 


* .* 

.* * 



* * 

+2 xj*+lx > 

X* 


• * 

* * 

x° 

I 

-r$y* 

* * 

* , * 


J 41 

# * 

*- 



•~y 



f 1 =4* • —4* a +7* l +«* 

/ . +■• ** —rX* *+4*^— *T&e. 

,K. : . 2x4, y c. 

‘ 3 . . .—+*•*«*• 

y = $** • • + 4 **—-&**» Wr* 


>=o. 


Make /s= 4*, &c. then y=a±x*, &c. ' NoW becaufe it is / = 

o, &c. it. will be alfo y =*= • 0 , &c. * And whereas It 

;c. it will ‘be* — vxf 1 1== — X*~ 6c0. "ahd therefore~y== » a 4- x* 


• °» 

&c. it will l be**— 2#/* t== — x 11 ; &£. "ahd therefore/== # ^ 

— 4X 1 , &c. sas * * — 3x*,"&c.thefi/==i * — x 5 , &c. Now, be¬ 
caufe it is /= • + o, &c. it will be alfo 7* =: * •+■ o, dec. and 

— 2 x/* = 3 »+o, &c. and confequently/ = « * * -I- 7X*, &p. and 

therefore/ = «,*.* Hb ?xf,, &c., And fo on. t . .. .. 

There are two other cafes of external Terms,' which will fupply 
us with two other Series for . the Root /, tyu they, wiil ruiL too much 
into Surds: This may be fufficient to. fhew the univerfality of the 
Method, and how we are fo proceed in like cafes. 

39. The Author thews here, that the fame Fluxional Equation 
may often afford a great variety of Series for the Root, according as 
we fhall introduce any conftant quantity at pleafbre. Thus the 
Equation of Art. 34. or / = 1 — 3x4-/ -fc“X* ■+; *7, may be re- 
folved after the following general manner:, 
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/ssa+ *—#*+■}** — 

•f ** •H**' H - 


Here inflead of making y = i, &c. we may make y=so, &c. 
and therefore y = a, &c. becaufe then y = o, &c. then —y 
—See. and confequently y as • -+• tf 4- 1, $cc. and therefore y 

* * 4- x -l- Xy &c. Then —y= * —.ax — *, &c. and — #y 
= — <**, &c. and therefore y = ** 4- zax 4. x — 3*, &c. s= 

* » 4 - 2ax — zx > &c. and then y as • * 4- ax' —**, &c. There¬ 
fore — y =s * # — ax' 4- x*, &c. and — xy = * —. ax' — x', 
&c. and confequently y = » * * 4- lax' 4- **, &c. and y = 

* * * 4* -I- ■*•**, &c. &c. Here if we make 4 = 0, we fhall 

have the feme value of y as was extracted before. And by what¬ 
ever Number a is interpreted, fb many different Series we fhall 
obtain for y. 

40. The Author here enumerates three cafes, when an arbitrary 
Number fhould be affirmed, if it can be done, for the firfl Term of 
the Root. Firft, when in the given Equation "the Root is affeCted 
with a Fractional Dimenfion, or when fome"Root of it Is to be ex¬ 
tracted ; for then it is convenient to have Unity for the firfl Term, 
or fome other Number whofe Root may be extracted without a Surd, 
2 f fiich Number does not offer itfelf of its own accord. As in the 
fourth Example ’tis x=^y' t &c. and therefore we may eafily have 
x* = iy y &c. Secondly, it mufl be done, when by xeafon of the 
iquare-root of a negative Quantity, we fhould otherwiie fell upon 
impoffible Numbers. Laflly, we mull affiime fuch a Number, when 
otnerwife there would be no initial Quantity, from whence to begin 
the computation of the Root j that is, when the Relate Quantity, 
©r its Fluxion, affects *aH the Terms of the Equation.' 

41, 42, 43. The Author’s Compendiums of Extraction are very 
curious, and fhew the univerfelity of his Method. As his feveral 
Procefles want no explanation, I mall proceed to refolve his Exam¬ 
ples by the foregoing general Method. As if the -given Equation 

were y epi —.*», or y «— y” 1 the Refolutidh might 

be thus: 

y 


— XJ 


n ssi— 3 * + ** 

x -i-zax* + «}***, &c. 
zax — $xi 

* 4 - x % — 

— ax — ax* — \ax* 

— x % — ax*, 

— ax % + x* 


y\ = 1 
+ * + 

1 +* 
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=aO * * — X* — \a~Tx i , 

-+- or* — a~*x -+- ±a~ s x* ^a~ z x' 
-— a- 1 -f- a~*x — |a~ sx* -+- £a~ 7 x 3 . 


• X 
*+'a 


2 a * 


X* 
2a* 

— T** 


Sf? 
Sa 1 * » 
*4 

12a* 


- T « 

&C. 


*a: 5 


&c. 

Sec. 


Make y = o, &c. then affumingany conftant quantity a, it may 
be y = a, &c. Then by Divifion — y "” 1 =s — «“*, &c. and 
therefore 7 === * -f- a~*. Sec. and confequently y = * -f- ar'x t See. 
Then by Divifion — y~* = * -f- <r- 3 *, &c. and therefore y = 

* * — tf -3 *, &c. and confequently y = * * — &c. Then 

again by Divifibn— y~ x = * * — &c. and therefore y == 

* * 5 *‘—*S&c. and confequently7 = * • * r a “ Sx * 

&c. And fo of the reft. Here if we make a s=s 1, we lhall 
have y=szi-\- x — -4- — 4-$.*•*, &c. 

Or the fame Equation may be thus refolved: 


>— y~* | =5= — X* -f- 2 X “ 3 - 4 - 14 *-* H- 2 l 6 #-* 3 , &c. 

+7 J — - 2 JT" 3 14 ^—* 2l64f~* 3 , Sec. 

y = X-* ■+■ 2 xr~i -i-18*- 1 * -f- 280*-% Sec, 


Make — y~ i —= —■ x*. Sec. or y=x~~\ Sec. Then y = — 2.y‘~ 3 , 
&c. and therefore — y~ x =* -4- 2 at -3 , &c. and confequently by Divifion 
y=* -4-2 x~ 7 , &c. Then 7:=* •~i4X~*,&c. and therefore — y~ x 
= • * +I4jr“ 8 , &c. and by Divifion y = * • -4-1 Sx— 1 *, See . Then 
7 =*■* * —' 2 i6jf~*3, &c. and therefore — y ~ 1 = * * * -4- 2 i6x~ X3 , 
Sec. and by Divifion y = * * # -4- 2%ox~~ 17 , Sec. And fo on. 

Another afeending Series may be had from this Equation, viz. 


y = —far* -f- _ll_ •+■ , &c. by mnltipying it by y, and 

then making 1 the fir& 7 Term of yy. 

44. The Equation y = 3 -f- 27 — x”*y‘ may be thus refolved: 


7 }=3 — 3 * + &c. 

2/ S- - - — 6 x -4- 3**, &c. 

- 4 - J r" I y t 3 -h gx — 9**, &c. 

7 = 3 * —* ? x \ Sec . 


_ 7* 7* 7° 

*° * -4-27-4-3*1 

tf- 1 I —'Ar-*7‘— 7 * J 


0. 


Make 
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Makey =2 3,&c. then y as 3#, &c. Therefore — 2y =— 6 x t &c. 
and x~*y* = gx, See. and confequently y = * — 3*, &c. Therefore 
y =ar * — \x % , &c. Then — 2y =s * -+- 3**, &c. and *—*y* — : 
# — gx*, &c. Thereforey as * * bx*, &c. andy =a: * * -f- 2**, 
&c. &c. 

Or the Refolution may be perform’d after thefe two following 
manners: 


— 2y ’)=3>- —c. yx~ t y=:2+\x- 1 — 

-hy > -* — -\-yy~^~- -+, x 1 * 

H-V'yO-- 1 —L- 7 x — *,&c. —3y —1 J — 

y=—i-f-4*- 1 — £* -1 ,&c. y=z 2 x-i-i — r* _I > &c. 


Make —2y=s: 3, &c. or y as — |, &c. then y =s o, &c. and 
x-'y* =s+ ^x~\ &c. Therefore — 2 y == * — JgX-', &c. or y 
ss • H- t*” 1 * &c. and y = * — -Jx - *, &c. and by fquaring vy* 
= « — V 1 *"*, &c. and therefore —- 2yas* • -+- &c. and 

y as * * — £*“*, &c. And fo on. 

Again, divide the whole Equation by y, and make x~ x y as 2, &c. 
then y = 2 X, &c. And becaufe yas 2, &c. and jr mt s=six~ t i &c. 
’tis yy —1 ==i x ~*> &c* and — ‘ 3y~ I =: — t*~*» &c. therefore yx~ x 
sa * -f- tAT -1 , &c. and y as • + t> &c. Then becaufe yy 1 sa 
• -+- o, &c. and — 1 = * -+- I* - *, &c. 'tis yX~ l as * *— 

&c. and y = * * — & c * 

45, 46. If the propofed Equation bey as —y 4- XT' — .V s , its 
Solution may be thus : 



Make y = — x~ % , &c. then y = *~ l , &c. Confequently y as 
* o } &c. and therefore ysa * o, &c. that is, y = V. 

Again, make y as* -1 , &c. then y =— x~*, &c. and confe¬ 
quently y sa * -j-o, &c. that is, y = v*. 

That this fhould be fo, may appear by the direct Method. For 
ify as x~ x , ’tisy — rr~* j alloyx sa xx~ l . Then adding thefe 
two Equations together, ’tis yx-\~y ^=.xx~ x — xx~*, ory=— y 
-1- xr l —- V 4 . Thus may we form as many Fluxional Equations 

Q^q at 


Digitized by LjOOQle 



298 The Method of Fluxions, 

as we pleafe, of which the Fluents may be exprefs’d in finite Terms; 
but to return to thefe again may fometimes require particular Expe¬ 
dients. Thus if we affume tne Equation y = 2x —- £x* + 
taking the Fluxions, and putting x=xs 1, we fhall have y = 2—. 

-i- 4.x 4 , as alfo ^ = 1 — j x -h tt x% - Subtract this laft from 

the foregoing Equation, and we fhall have 7— — = 1 —. 2x-f--J.x‘, 
the Solution of which here follows. 

47. Let the propos’d Equation be y =3= -f. 1 — . 2X -f- |x 4 , of 

which the Solution may be thus: 



-2* +\x' 

+A +s* x 
—A -**" 


y =zrx-{-z/x 1 -f-zgx* 
y s» — $x % +y*» 



={at 1 — zx + 1 

+‘* X +f* + g 
—**' —A — g 


y =2«l+2A’+2? 
JfSsj**— 4* 4 +z* 



By tabulating the Terms of this Equation, as ufual, it may be 
obferved, that one of the external Terms — y 4- iyx - 1 is a double 
Term, to which the other-external Term 1 belongs in common. 

Therefore to feparate thefe, affume y.=s,zex, &c t then — L 

= &c. and confequently y = 1 +f, &c. and’ therefore y 

= x -+- ex, &c. That is, becaufe zex = x -f- ex, or ze =±2 i--f- e , 
’tis 1, or y= zx, .&c. So if we make y=* «4-2/x», &c. 

then — ^ =s * — &c. therefore y = * 4-,/x — 2x, &c. and 

y = * 4- i^x* — x‘, &c. that is, 2/= 4/ — 1, or J f = — ^ So 
that y = * — -jX x , &c. 5 ■ So if we. make y =s* * -f- 2 gx*, &c. then 

— ^ == * * — £x*, &c. and therefore y=* * -fr£X‘ -+- i-x 4 , &c. 

and/ = * • +4 gx* -h *x*, $c. or 2£ =s^ -f- f, or g=-^, fo 
thaty = * * -jjf*, &c. So if we make / = *'# * 2 bx*, &c. then 

— ~ =3 * * * — Ax 5 * &c.. and therefore jl= * * * -f- £x 3 , &c. 

and 7=s • .* * ^hx*, &c. But becaufp here 2^6=this Equa¬ 

tion would be abfurd except b =a . And fo all the fubfecjuent Terms 
will vanilh in infinitum, and thi§ will be the ,ejta£fc value of y. And 
the fame may be done from the other cafe ,of external Terms, as 
will appear from the Paradigm. 

48. Nothing can be added to illuilrate this Jnvefiigation, unlefs 
we would demOnftrate it fynthetically. Becaufe y =3 ex^, as is here 

found. 
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found, therefore y = %ex'-', or 7 = 


V x 


Here inftead of ex* 


T” 

fubftitute y, and we fhall havey = J , as given at firft. 

aq ro. The given Equation y==yx“* 4-*“* * 
may be thus refolved after a general manner. 


4.34- 2 tf —4 x - 1 


__ 2 * + 3 —' 4 * -1 4- *"* — **"* -+■ f*~ + » &c - 
- -* 4 . a x~* — ax~~ 3 4 - ±ax~+ 

— ax- 1 4 - x~ l — t*” 4 » &c. 

-f -ax- 3 — ±ax~+ 

y= x* 4- 4 if + tf - x ~ l 4- — r*“ 3 » & c * 

' — ax- 1 4- T ax ~‘ i — i^x- 3 . 


y *) = 2X 4-3 — 4 *“* 
/ 4 - 14 - 4* -1 

—*-*yl- 1 —4^“* 


Make y =2*, &c. theny = ^,&c. Therefore— x~y ==-- 1, 
&c consequently y = * +i + 3 ,&c.=. 4 > &c and therefore 
y __ . 4- V, &c; Then — x~*y = * — 4 *“S &c. and confe- 
nuentlv v = * * 4- o, &c. and t herefore affuming any conftant 

quantity *, it may bey = * * 4 - tf, 

&c. and therefore, y = * **4- <** 4 - at , &c. ana 

. _. , , , —. ax ' 1 — at- 1 . See. And fo on. Here if we make 

’ tfs=s o, ’tisy=> 4 - 4 ^*—' 4 -^—» &c ; 

ci C2. The Equation of this Example isy= 3xy 7 4-y, which 
vre fhall refolve by our ufual Method, without any other prepara¬ 
tion than dividing the whole by y', that one of the Terms may be 
clear’d from the Relate Quantity ; which will reduce it yy — > 
3 x, of which the Refolution may be thus : 

ir-5l = 3* +1*‘. + Y*,‘ + ± 

_ 4 S _ i* -TT X -TTT* -» ***" 

y as fx‘ 4 " tt*’ + &c - 

Make yy ~ : * ==s 3*, '&c. or taking the Fluents, 3y* = |x‘, &c. 
or 7 = fx S &c. or > = f*‘, &c. And becaufe-^ = 

v ✓ » * , ' ^ 1 ,1 Q A ,,7 —1 _ 1 _ 


4 Xk. illiu LliviVriwi^ T» j * ' - A J /V ™ 

&c. and by cubing y = * * + 7tt x8 > & c# *° 

Qj! 2 


53- 
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53. Laftly, in the Equation y = 2yi 4- xlyi, otyy— *=2x4- 
x X i, affuming c for a conftant quantity, whofe Fluxion therefore 
is o, and taking the Fluents, it will be 2/* = 2 c-h 2 x-+- -Jar*, or 
yi — r 4- x 4- yX l . Then by fquaring, y = c % 4- 2 cx 4- x* 4-. 

4- -yX*. Here the Root y may receive as many diffe¬ 
rent values, while x remains the fame, as c can be interpreted diffe¬ 
rent ways. Make c — o, then y = x* 4- -f-x* 4- £x } . 

The Author is pleas’d here to make an Excufe for his being fa 
minute and particular, in difcuffing matters which, as he fays, will 
but feldom come into pradtice j but I think any Apology of this 
kind is needlefs, and we cannot be too minute, when the perfec¬ 
tion of a Method is concern’d. We are rather much obliged to him 
for giving us his whole Method, for applying it to all the cafes that 
may happen, and for obviating every difficulty that may arife. The 
ufe of thefe Extradtions is certainly very extenfive; for there are no 
Problems in the inverfe Method of Fluxions, and efpecially fuch 
as are to be anfwer’d by infinite Series, but what may be reduced to 
fuch Fluxional Equations, and may therefore receive their Solutions 
from hence. But this will appear more fully hereafter. 


Sect. IV. Solution of the third Cafe of Equations , with 
fome neceffary Demonfiratiom . 

54. XT' O R the more methodical Solution oF what our Author 
r calls a moft troublejome and difficult Problem , (and furely 
the Inverfe Method of Fluxions, in its full extent, deferves to be 
call’d fuch a Problem,) he has before diftributed it into three Cafes. 
The firft Cafe, in which two Fluxions and only one flowing Quan¬ 
tity occur in the given Equation, he has difbatch’d without much 
difficulty, by the affiftance of his Method of infinite Series* The 
fecond Cafe, in which two flowing Quantities and their Fluxions 
are any how involved in the given Equation, even with the feme 
affiftance is ftill an operofe Problem, but yet is difcufe’d in all its 
varieties, by a fiifficient number of appofite Examples. The third 
Cafe, in which occur more than two Fluxions with their Fluents, 
is here very artfully managed, and all the difficulties of it are re¬ 
duced to the other two Cafes. For if the Equation involves (for 
inftance) three Fluxions, with feme or all of their Fluents, another 
Equation ought to be given by the Queftion, in order to a full De¬ 
termination, 
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termination, as has been already argued in another place ; or if not, 
the Queftion is left indetermined, and then another Equation may 
be affumed ad libitum , luch as will afford a proper Solution to the 
Queftion. And the reft of the work will only require the two 
former Cafes, with fome common Algebraic Reductions, as we fhall 
fee in the Author’s Example. 

55. Now to confider the Author's Example, belonging to this 
third Cafe of Ending Fluents from their Fluxions given, or when 
there are more than two variable Quantities, and their Fluxions, ei¬ 
ther exprefs’d or underftood in the given Equation. This Example 
is 2x —- z -hy# = o, in which becaufe there are three Fluxions x, 
y, and z, (and therefore virtually three Fluents x, y, and ss,) and 
but one Equation given j I may aftume (for inftance) x=y, whence 
x==sy, and by fubftitution 2y — z -hyy = o, and therefore 2y — 
z -f- iy % = o. Now as here are only two Equations x — y = o 

# and 2/ — z-i- dy* ssso, the Quantities x, y, and z are ftill variable 

i Quantities, and fufeeptible of infinite values, as they ought to be. 

: Indeed a third Equation may be had, as 2X —z |x* = o j but 

t as this is only derived from the other two, it brings no new limi¬ 

tation with it, but leaves the quantities ftill flowing and indetermi¬ 
nate quantities. Thus if I fhould affume 2y === a z for the fe- 

, cond Equation, then zysssz, and by fubftitution 2x— zy-+-yxzxzo i 

^ or y = = x -f- ±xx H- £x*x, &c. and therefore y = x •+• %x\ 

—j— tVat* , &c. which two Equations are a com pleat Determination. 
Again, if we aftiime with the Author x=y*, and thence x=2yy, 
** we fhall have by fubftitution 4yy — z -hyy 1 = o, and thence 2 y* 

— z = o, which two Equations are a fUffieient Determina* 

? tion. We may indeed have a third, 2x — z -f- -J-x* =rO j but as 

s this is included in the other two, and introduces no new limitation, 

l the quantities will ftill remain fluent. And thus an infinite variety 

“ of fecond Equations may. be afiumed, tho’ it is always convenient, 

\ that the afiumed Equation fhould be as fimple as may be. Yet feme 

| caution muft be ufed in the choice, that it may not introduce fuch 

' a limitation, as fhall be inconfiftent with the Solution. Thus if I 

5 fhould affume 2X — z= o for the fecond Equation, I fhould have 

J v 2x — z=z o to be fubftituted, which would make yx = 0, and 

1 therefore would afford no Solution of the Equation. 

'Tis eafy to extend this reafoning to Equations, that involve four 
: or more Fluxions, and their flowing Quantities; but it would be 

r needlefs here to multiply Examples. And thus our Author has com- 

pleatly folved this Cafe alfo, which at firft view might appear for- 

• midabk 
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midable enough, by reducing all its difficulties to the two former 
Cafes. 

56, 57. The Author’s way of demonftrating the Inverfe Method 
of Fluxions is fhort, but fatisfa&ory enough. We have argued elfe- 
where, that from the Fluents given to find the Fluxions, is a diredl 
and fynthetical Operation j and on the contrary, from the Fluxions 
given to find the Fluents, is indited!, and analytical. And in the 
order of nature Synthefis fhould always precede Analyfis, or Com- 
pofition fhould go before Refolution, But the Terms Synthefis and 
Analyfis are often dfed in a vague fefife, and taken only relatively, 
as in this plade.. For the diredl Method of Fluxibns being already 
demonflrated fynthetically, the Author declines (for the reafbns he 
gives) to demonftrate the Inverfe Method fynthetically alfo, that is, 
primarily, and independently of the diredl Method. He contents 
himfelf to. prove it analytically, that is, by fuppofin^ the diredl Me¬ 
thod, as fbfficiently demonstrated already, and fhewing the neceflary 
connexion between this and the inverfe Method. And this will al¬ 
ways be a full proof of the truth of the conclufions, as Multiplica¬ 
tion is a good proof of Divifion. Thus in the firft Example we 
faundi that if the given. Equation is y -+- xy —yz= 3* — —. 1, 

. we fhall have the Root y = x — x* + fx* — fx 4 -+- — -yyX 6 , 

&c: To prove the truth of which conclusion, we may hence find, 
by the diredl Method, y = 1 — 2x -j-x 1 — yX 3 -f- fx* — tt*** &c. 
and then fubflitute thefe two Series in the given Equation, as follows: 

♦ 

y - fr X. -X*-*-fX* -yX 4 -f- y’-^X' - -^yX*, &C. 

-fc- xy - --•— + at* - X 3 4- |x 4 - ^X* -+- -Jt?X 6 , &C. 

— y- 1 + 2X — x* •+• jX^ — j-x* -4- tVx* — 

==—1 + 3^—* * * * 

Now by .cplledling thefe Series, we fhall find the refiilt to pro¬ 
duce the. given Equation, and therefore the preceding Operation will 
be fufficiently proved. 

58. In this and the fubfequent paragraphs, our Author comes to 
open and explain feme of the chief Myfteries of Fluxions and Fluents, 
and to give us a .Key for the clearer apprehenfion of their nature 
and properties. Therefore for the Learners better inftrudtion, I fhall 
not think much to inquire fomething more circumflantially into this 
matter. In order to which let us conceive any number of right 
Lines, AE, ae, ae, &c. indefinitely extended both ways, along which 
a Body, or a deferibing Point, may be fuppofed to move in each 

Line, 
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Line, from the left-hand towards the right, according to any Law 
or Rate of Acceleration or Retardation whatever. Now the Motion 
of every one of thefe Points, at all times, is to be edimated by its 
didance from fome fixt point in the lame Line j and any fiich Points 
may be chofen for this purpofe, in each Line, , fuppofe B, b, {&, in 
which all the Bodies have been, are, or will be, in the fame Mo¬ 
ment of Time, from whence to compute their contemporaneous 
Augments, Differences, or flowing Quantities.^ Thefe' Fluents may 
be conceived as negative before the Body arrives at that point, as 
nothing, when in it, and as affirmative when they are gdt beydrid it. 
In the fird Line AE, whole Fluent we, denominate by x, we! may 
i fuppofe the Body to move uniformly , t or'with arty equable Velocity ; 
i then may the Fluent x, or the Line which is continually deferibed. 



teprefent Time, or danjd for-thg Correlate Quantity, to which the 
federal Relate Quantities are, tp be conliantly refer”^ and compared. 
F6r in the fecond Line ae, whole Fluent yje J1 caH'y, .af; We fupbofe 
- the Body to move. with a Motipn continually accelerated or retarded, 
according to any condant Rate or Law,, (which LaW is expndfs’tf’by 
any Equation compos’d .of x and y and known quarititiei-) then 
will there always be.contemporaneous parts or augments, delcribed 
in the two Lines, which parts will make the whole Fluents r t0- be 
contemporaneous alfo, and accommodate themfelves to the Equation 
in all ks Citcumdances. So that whatever value is all unled fbr the 
Correlate x,- the correfponding or cdntemporanebus, value of the Re¬ 
late y may be known from the Equation, and vice, versa.' Or from 
the Time being given,, herd reprefented by x, the Space reprefented 
by y may always be known.. . The Origin (as we may call itV of the 
Fluent x is mark’d by the, point B,'ahd the,Qpgin,of the fluent y 
by the point b. / If the Bodies at, the lame time are foun’d rn A and 
c, then will the contemporaneous Fluents be • — BA and —ba . 1 If 
at the fame time, as was fuppofed, they , are ^fopnd in ihelf reflec¬ 
tive Origins B and b, theh. .will, epch Fluent be nothing.*' 'If at-the 
fame time they are found in C.and c, f hen Will their 1 Elaents be 
BC and ~\~bc. And the like, of alji other 0 points, iK whitjf' the 
i .... . . ' . m °ving 
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moving Bodies either have been, or (hall be found, at the fame 
time. 

As to the Origins of thefe Fluents, or the points from whence we 
begin to compute them, (for tho* they mufl be conceived to be variable 
and indetermined in refpedt of one of their Limits, where the de- 
fcribing points are at prefent, yet they are fixt and determined as to 
their other Limit, which is their Origin,) tho’ before we appointed 
the Origin of each Fluent to be in B and b, yet it is not of abfolute 
necetflity that they fhould begin together, or at the fame Moment of 
Time., All that-is neceflary is* this, that the Motions may continue 
as before, or that they may obferve the fame rate of flowing, and 
have the fame contemporaneous Increments or Decrements,-which 
will not be at aU.affeded by changing the beginnings of the Fluents. 
The Origins of the Fluents .are intirely.. arbitrary things, and we 
may remove them to nyhat other points we pleafe. If we remove 
them frdifl B ~ a n d~£to- A- and-*?, for-inflance,. the.contemporaneous 
Lines wilt flitfbe A B and ah, BC apd be, &c. tho’ they will change 
their'names! InTleatFTSf^AB-we fhaH have o,. infl 4 d of B or o 
we fhall have -+-AB, inflead of +BC we fhall have -f-AC; &c. 
So Inflead of-—< ab w,e fhall have ——ac -\-bc y inflead of b or o we 
{hall h^ye-— be, inflead of-+• bdvtc fhall have -\-bc-\-cd, &c. That 
h,. fnthe'fe^uati'dn which determines the general Law of flowing 
or increafing, we may always increafe or diminifh x, or y, or both, 
by any given quantity, as occafion may require, and yet the Equa¬ 
tion that arifes will flill exprefs the rate of flowing; which is all that 
is neceflary, here. Of the ufe and conveniency of which Reduction 
we have feen fevefal inflances before. 

If there be a third Line ae, defcribed in like manner, whole 
Fluent may be z , having its parts correfponding with the others, as 
tt /3, &c. there mufl be another Equation, either given or 

a fliime d , tp afeertain the rate of flowing, or the relation of a to the 
Correlate x. Or it will be the feme thing, if in the two Equations 
the Fluents *,/, as, are any how promifcuoufly involved. For thefe 
two Equations will limit and determine the Law of flowing in each 
Line. And we may likewife remove the Origin of the Fluent * 
to what point we pleafe of the Line ae. And fo if there were more 
Lines, or more Fluents. 

eg. To exemplify what has been laid by an eafy inflance. Thus 
-inflead pf the Equation y=xxy, we may afliime y=xy -i- xxy, 
where the Origin of x is changed, or x is diminifh’d by Unity j for 
i -j~ x is fiibflituted inflead pf x. The lawfulnefs of which Re- 

du&ion 
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dudtion may be thus proved from the Principles of Analytieks. Make 
x =1 -+-z, whence- a: =x= z, which (hews, that xand z now or increalc 
alike. Substitute thefe inflead of x and x in the Equationysssyxy, and 
it will become y =: icy -+- zzy. This differs in nothing elfe from 
the affumed Equation y s= xy -f- xxy, only that the Symbol x is 
changed into the Symbol z, which can make no real change in the 
argumentation. So that we may as well retain the fame Symbols 
as were given at firft, and, becaufe z=x — 1, we may as well 
fbppofe x to be dim in idl'd by Unity. 

60, 61. The Equation exprefling the Relation of the Fluents will 
at all times give any of their contemporaneous parts j for afluming 
different values of the Correlate Quantity, we fhall thence have the 
correfponding different values of the-Relate, and then by fubtradtion 
we fhall obtain the contemporary differences of each. Thus if the 

given Equation were y-=x *f- £ , where x is fuppos’d to be a quan¬ 
tity equably increafing or decreafing ; make x=z o, 1, 2, 3, 4, 5, 
&c. fucceflively, then y = infinite, 2, 2*, 34, 44, 54, &c. refpec- 
tively. .And taking their differences, while x flows from o to 1, 
from 1 to 2, from 2 to 3, &c. y will flow from infinite to 2, from 
2 to 2-r, from to 34, &c. that is, their contemporaneous parts 
will be 1, 1, 1, 1, &c. and infinite, 4, f, 44, &c. relpedtively. 
Likewife, if we go backwards, or if we make x negative, we fhall 
have x = o, —-1, — 2, &e. which will make y = infinite, — 2, 
— 24, &c. fo that the contemporaneous differences will be as be- 
fore. . 

Perhaps it may make a ftronger impreflion upon the Imagina¬ 
tion, to reprefent this by a Figure. To the re&angular Afymptotes 
GOH and KOL let ABC and DEF 
be oppofite Hyperbola’s; bifedt the An¬ 
gle GOK by the indefinite right Line 
kOR, perpendicular to which draw the 
Diameter BOE, meeting the Hyperbola’s 
in B and E, from whence draw BQP 
and EST, as alfo CLR and DKU pa¬ 
rallel to GOH. Now if OL is made 
to reprefent the indefinite and equable 

v quantity x in the Equation y s= : x -f- 

then CR may reprefent y. For CL = ~ = ~ , (fiippofing BQ^_ 

= 00 = 1,) and LR =c OL = x •, therefore CR = LR -+- CL, 

R r or 
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or y=x + 1 . Now the Origin of OL, or x, being in O; if 

x = o, then CR, ory, will coincide with the Afymptote OG, and 
therefore will be infinite. If x = 1 = OQ, then y = BP= 2. 
If x = 2 = OL, then y =CR = 24. An? fo of the reft. Alfo 
proceeding the contrary way, if x= o, then y may be fuppofed 
to coincide with the Afymptote OH, and therefore will be negative 
and infinite. If x = OS= — 1, then y = ET = — 2. If x 
= OK = — 2, then y = Du = — 2 4 -, &c. And thus we may 
purfue, at leaft by Imagination, the correfpondent values of the flow¬ 
ing quantities x and y, as alfo their contemporary differences, through 
all their pofiible varieties ; according to their relation to each other, 

as exhibited by the Equation y=x-+- ^ . 

The Tranfition from hence to Fluxions is fo very eafy, that it 
may be worth while to proceed a little farther. As the Equation 
exprefiing the relation of the Fluents will give (as now observed) 
any of their contemporary parts or differences; fo if thefe differences 
are taken very fmall, they will be nearly as the Velocities of the 
moving Bodies, or points, by which they are deferibed. For Mo¬ 
tions continually accelerated or retarded, when perform’d jn very 
fmall fpaces, become nearly equable Motions. But if thole diffe¬ 
rences are conceived to be diminifhed in infinitum, fo as from finite 
differences to become Moments, or vanifhing Quantities, the Mo¬ 
tions in them will be perfectly equable, and therefore the Velocities 
of their Defcription, or the Fluxions of the Fluents, will be accu¬ 
rately as thofe Moments. Suppofe then x, y, z, Sec. to reprefent 
Fluents in any Equation, or Equations, and their Fluxions, or Ve¬ 
locities of increafe Or decreafe, to be reprefented by x, y, z t See. 
and their refpedtive contemporary Moments to be op, oq , or,. Sec. 
where p , q, r. Sec. will be the Exponents of the Proportions of 
the Moments, and 0 denotes a vanifhing quantity, as the nature of 
Moments requires. Then x, y, z, Sec. will be as op, oq, or. Sec. 
that is, as p, q, r. Sc c. .So. mat x, y, z, Sec. may be uled inftead 
of p, q, r. Sec. in the defignation of the Moments. That is, the fyn- 
chronous Moments of x, y, z. Sec. may be reprefented by ox, oy, 
oz. Sc c. Therefore in any Equation the Fluent x may be fuppofed 
to be increafed by its Moment ox, and the Fluent y by its Moment 
oy. Sc c. or x -h ox, y oy. Sec., may be fubftituted in the Equation 
inftead of x,y. Sec. and yet the Equation will ft ill he true, becaufe 
the Moments are fuppofed to be fynchronous. From which Ope¬ 
ration 
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ration an Equation will be form’d, which, by due Reduction, mull 
necefiarily exhibit the relation of the Fluxions. 

Thus, for example, if the Equation y = x-+-z be given, by 
Subftitution we fhall have y-\-oy sa x+w + 2 + oz, which, be- 
caufe y = x-\-z, will become oy = ox 4- oz, or y=x 4- z, which 

' is the relation of the Fluxions. Here again, if we aHume z= ~ » 

j or zx = 1, by increa fing the F luents b y their contemporary Mc- 

1 merits, we fliall have z 4 - oz x x -+- ox z= 1, or zx 4- ozx 4- oxz 

[ 4- oozx 1. Here becaule zx = 1, *tis ozx 4- oxz 4- oozx =a o, 

t or zx 4- xz 4- ozx = o. But becaufe ozx is a vanilhing Term in 

relpedt of the others, ’tis zx 4* xz = 0, or z~z =:— ~ = — ~ • 

Now as the Fluxion of z comes out negative, ’tis an indication that 
as x increafes z will decrealie, and the contrary. Therefore in the 

1 Equation y=zx 4 -z, if z = i , or if the relation of the Fluents 

[ be y =s * + then the relation of the Fluxions will be y =zx 



v j 

ir And as before, from the Equation y =r x 4- - we derived the 

* contemporaneous parts, or differences of the Fluents; fo from the 

Fluxional Equation _y = x — £ now found, we may obferve the 

s rate of flowing, or the proportion of the Fluxions at different values 

y of the Fluents. 

c For becaule it is x : y :: 1 : 1 —- ^ :: x % : x % — 1 j when 

5rs=o, or when the Fluent is but beginning to flow, (confequently 

* when y is infinite,) it will be x : y :: o : — 1. That is, the Ve- 

: locity wherewith x is defcribed is infinitdy litde in comparilbn of the 

velocity wherewith y is defcribed; and moreover it is infinuated, (becaule 
of — 1,) that while x increafes by any finite quantity, tho’ never fo 
little, y will decreafe by an infinite quantity at the fame time. This 
will appear from the infpedtion of the foregoing Figure. When 
*«= i, (and confequently y = 2,) then x : y :: 1 : o. That is, 
x will then flow infinitely faller than y. The reafon of which is, 
that'7 is then at its Limit, or the leaft that it can poflibly be, and 
therefore in that place it is llationary for a moment, or its Fluxion 
is nothing in comparifon of that of x. So in the foregoing Figure, 
BP is the leaft of all fuch Lines as are reprelented by CR. When 
x=sz 2, (and therefore y = 2f,) it will be- x : y :: 4 : 3. Or 

R r 2 the 
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the Velocity of x is there greater than that of /, in the ratio of 4 
to 3. When #= 3, then x : y :: 9 : 8. And fo on. So that 
the Velocities or Fluxions conftantly tend towards equality, which 

they do not attain tilt £ (or CL) finally vanifhing, x and y become 
equal. And the like may be obferved of the negative values of 
x and y. 

Sect. V. The Refolution of Equations, whether Algebrai¬ 
cal or Fluxional, by the afffiance of fuperior orders 
of Fluxions. 

A LL the foregoing Extractions (according to a hint of our Au¬ 
thor’s,) may be perform’d fomething more expeditioufly, and 
without the help of fubfidiary Operations, if we have recourfe to 
fuperior orders of Fluxions. To fliew this firft by an eafy In fiance. 

Let it be required to extract the Cube-root of the Binomial 
a> ■+- x*, or to find the Root y of this Equation y* = a* -+- x* j 
or rather, for fimplicity-fake, let it be y* = a* -f- z. Then y ses a, 
&c. or the initial Term of y will be a. Taking the Fluxions of 
this Equation, we fhall have ^yy 1 = z = 1, or y = \y~ x . But 
as it is y = a, &c. by fubfiitution it will be y= *, &c. and 
taking the Fluents, ’tisy= * -f- fa~~*z, See. Here a vacancy is 
left for the firft Term or y, which we already know to be. a. For 
another Operation take the Fluxions of the Equation y=•}•/“*; 
whence y s=* — -|yy -s = — $jrs. Then beeaufe y = a; &c. 
’tis y sss — &c. and taking the Fluents, ’tis y =ss » — 

-^a~~ s z, (see. and taking' the Fluents again, ’tis y s= • » — ^a~Sz', 
&c. Here two vacancies are to be left for the two firft Terms of 
y, winch are already known. For the next Operation take the 

Fluxions of the Equation y sss-* $T 5 , that is, y s=s + *fyy** = 

+ Or beeaufe &c..’tisy:s= &c. Then taking 

the Fluents, 'tis.y =t= * See. y sss * « •J r a- i 2r t &c. and 

y = * * • &c. Again, for another Operation take foe 

• jj 

Fluxions of foe Equation y =s ttX~* * whence y ss: — 

= — { 4 y - " Or beeaufe y =s= a, &c. ’tis y = — See. 

Then taking the Fluents, y £* • —. rW** 1 *, &e. y = r* — 
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$ 4 <* -I, s*, &c* y =r .^fca-uz 9 , See. and y= *»*»—. 

t^jor^z+y &c. And Co we may go on as far as we pleafe. We 

have therefore found at laft. that f=za -4- - — -4. J.-V _ 

* ^ ^3«* 9a* ^ 8i«» 

~7,', &c. or for 2 writing x», ’tis y'tf* -+- x? = 4. ~ dl 

C*» io**» 3 * ^ 

-f- -i-i — -- , &C. 

bi* 8 243i^ I ' , * 

«. Or univerlally, if we w ould refb lve a + x | "-into an equivalent 
infinite Series, make y-= * 4- x 1 ", and wc fhall have a* for the 
firft Term of the Series, y, or it will be y= a m , See. Then bc- 

*- ». 1 _, 

caufe y“ = a -+- x, taking the Fluxions we £hall have ~yy m — 

1—i 

x s=s 1, or y = my . But becaufe it is y ■— & m , &c. it will be 
y =3 ma"-*, Sec. and now taking the Fluents, ’tis y = * ma^'Xy 

1 «J> 

&c. Again, becaule it is ytssxmy ", taking the Fluxions it will 

- _JL — 1 _* W 

be y = m — iyy * =a«rx»— iy *; and becaule y ——• a", &c. 
’tis ;==wx m — See. And taking the Fluents, ’tisy = * 

my. m — ia"~*x, See. and therefore y = • * xnr x *x*, Sec, 

— I—2 

Again; becaufe it is y=imx m — i y ", taking the Fluxions it 

will be y = m — 1 xm — zyy m s=m x m — 1 x m — 2 ,y “ • 

• • ; - - - 

and becaule y = <*•, See. ’tis y = m x m— 1 x tn — 2 a"~ 2 , See. 
And taking the Fluents, ’tis y = * /b.x »»— 1 x m-—za m ~*x, See. 
y = * % m x x /n — za m -*x'y See. and y = ***/» x -f- 1 


x * V "~**S See. And lb we might proceed as far as we pleafe, 
if die Law of Continuation had n ot alread y been fufficiently ma- 
nifeft. So that we (hall have hefe a 4- x | * = 0 *-\-Ma"~*x 4- 
m x - a^*x % H- m x - x -u"^x* 4 - m x -x- x 

1 2 3 23 

, ^^<?*^+x 4 J &c. 

4 

This is a famous Theorem of our Author’s, tho’ difcover’d by 
him after a very different manner of Inveftigation, or rather by 
Induction. It is commonly known by the name of his Binomial 
Theorem, becaufe by its affiffance any Binomial, as «4-x, may 
be raifed to any Power at pleafore„ or any Root of it may be ex- 
trailed. And it is obvious, that when m is interpreted by any in¬ 
teger 
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teger affirmative Number, the Series will break off, and become 
finite, at a number of Terms denominated by m. But in all other 
cafes it will be an infinite Series, which will converge when x is 
lefs than a. 

Indeed it can hardly be laid, that this, or any other that is de¬ 
rived from the Method of Fluxions, is a ftridt Inveftigation of this 
Theorem. Becaufe that Method itfelf is originally derived from the 
Method of failing Powers, at leaft integral Powers, and previoufly 
luppofes the knowledge of the Unci a, or the numeral Coefficients. 
However it may anfwer the intention, of being a proper Example 
of this Method of Extraction, which is all that is neceflary here. 

There is another Theorem for this purpofe, which I found many 
years ago, and then communicated it to my ingenious Friend Mr. 
A. de Motvre, who liked it fo well as to infert it in a Mathematical 
Treatife he was then publilhing. I lhall here give the Reader its 
Inveftigation, in the feme manner it was found! 

Let us fuppofe a-{-x\ " = a"+p, and that a -f- x = z, and 
therefore z = x = i. Now becaufe z m = a*p, it will be 

p = mz "- 1 = — where for z m writing its value a" p t we 
lhall have p = H- ~ . Now if we make p = it 

tn ma m x 

will be p = ~ •— -jy -f- q, And comparing thefe two values 
of p, we lhall have q = 4- — . w here if for p we write its 


m 

a x 


tn -+- i x ~~z H —i i make <7 = m x ‘ * ~~ -4- *"i therefore 


tn - 4 “ I 


value as above, it will be y = ^ t or q = m x 


m m 
a x* 


m 

a x 


a m x * 


x»i+ix -7 — wxw + ix — -i- r. From which 


two values of q we lhall have r=wx«+i x — - 4 - ~. And 


for q fubftituting its value, it will be r = m x m -+- 1 x -jj- H“ 


m % x 


1 a m x % 


e™x» . ~ ~ • »+1 » + » v , » r 

x 7 T + 7 . Or r = m x — * — X **- + T: 

tn 1 fn 4 " 2 ® j 

Make rz=zm x —7- x -y x -f- sj then, &c. So that we 

lhall 
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/hall have I " = 


« + * 


H- m x 


i±i x =±. ! X 

* 3 a 


m t 


I ’ 


&c. 


Now this Series will flop of its own accord, at a finite number 
of Terms, when m is any integer and negative Number; that is, 
when the Reciprocal of any Power of a Binomial is to be found. 
But in all other cafes we fhall have an infinite converging Series for 
the Power or Root required, which will always converge when a 
and x have the'feme Sign ; becaufe the Root of the Scale, or the 

converging quantity, is —~ x > which is always lefe than Unity. 

By comparing thefe two Series together, or by collecting from 

* - pj -j t* J* _ 

each the common quantity ---- --, we fhall have the two 


ma x 

. 1 n . 1 m —• l x m — 1 m —2 ‘ x % e 1 

equivalent Series - 4 - -7- xj+ -7— x — x - , &c. = 

4- ^-i- 1 x ■ * - 4- x x -ssHLs- » See. from whence we 

might derive an infinite number of Numeral Converging Series, not 
inelegant, which would be proper to explain and illuftrate the na¬ 
ture of Convergency in general, as has been attempted in the for¬ 
mer part of this work. For if we affume fiich a value of m as 
will make either of the Series become finite, the other Series will 
exhibit the quantity that arifes by an Approximation ad infinitum „ 
And then a and x may be afterwards determined at pleafure. 

As another Example of this Method, we lhall Ihew (according 
to promife) how to derive Mr. de Moivres elegant Theorem $ for 
railing an Infinitinomial to any indeterminate Power, or for extract¬ 
ing any Root of the feme. , -The way how it was derived from the 
abftradt confideration of the nature -and genefis of Powers, (which 
indeed is the only legitimate method of Inveftigation in the prefent 
cafe,) and the Law of Continuation, have been long ago communi¬ 
cated and demonftrated by the Author, in the Philofophical Trans¬ 
actions, N° 230. Yet for the dignity of the Problem, and the bet¬ 
ter to illuftrate the prefent Method of Extraction of Roots, I (hall 
deduce it here as follows. 


Let us affume the Equation a-h bz 4- cz* 4- dz* 4- ez+ t &c. | * 
ss=y, where the value of y is to be found by an infinite Series, of 
which the firft Term is already known to be a m , or it is y —— a m , 
&c. Make v = s + fe-f cz % 4- dz* 4- ez*> &c. and putting 
z ssz i, and taking the Fluxions, we fhall have v 35s b 4- zcz 4- 

3 dz* 


Digitized by LjOOQle 



312 The Method of Flux i o n 6, 


^dz % 4- 4*2*, &c. Then becaufe y = v, it is y = where 

if we make = a, &c. and i) = b, See. we (hall have y —■ 
ma m —*b, &c. and taking the Fluents, it will be y =a • nta m -* z bz. 
Sec. 


For anothe r Operation, becaufe y = wotT* 1 , it is jy = rtimf '- 1 
+ mx« — Andbecaufe v2f 4- 4- 12*2*, &c. for 

v, *y, and v~fubftituting their values a> Sec. b t See. and zc t Sscc. refpec- 
tively, we fliall have y = zmea~\~ m x m — 1 ha"-*. See. and 
taking- the Fluents y = • 2«7c<2"- , 24- x w — ib*a"-*z t Sec. and 
taking the Fluents again, ys=s • •mca m -*z x 4- m x 
See. 


For another Operation, becaufe/= mvv M ~ 1 + 

•% - * 

’tis ^ = mvv — 1 + 3«xw- KTMw+wxw-1 x/w— 

• • ■ • , 
And becaufe «y = 6 </ 4 - 24*2, &c. for v, v, v, v, iiibftituting a % 

&c- &c. 2<r, &c. 6 </, &c. we fhall have y‘— 6 mda—' 4- 6 w x 

m —• 2^/2—3, & c . And taking the 

Fluent s itwiH be y = * bmda—'z + 6«x m — 7 bc£-*z 4- w * 

** _ 1X r~ 2 b ' am ~ iz > &c - ^=* * 3^—^‘4- 3 m%m^~lbcd m -*z? 
*+■ mx m ~r — zb*a m -'z\ Sec . and/= . . » mda—'z* +mx 

m -=±bca*-*z> 4- w x ^ x 10 =±b>a~-iz*, Sec . And fo on in in¬ 
finitum. We fhall therefore have ^4-fe4-cg*4-rf2».4-^ J fcr j-»- 
(_7=) J 2-4 -ot^“-*^24-w x ~ *•-*$* x2*4-m x^-x^^j—j^x2»,Gfr. 
4 -ma m '- l c 4 


-t-mar—'a 

And if the whole be mdtiplyjd by 2-, and continued to a due 
length, it will have the form of Mr. de Moivre’s Theorem 
The Roots, all Algebraical or Fluential Equations miy be ex- 
traded by this Method. For an Example let us take the Cubick 
Equation j'* 4 - axy-+-a'y — — 2a* =0, fo often before refolved, 

m which yz^ a Sec. Then taking the Fluxions, and making 

*7 *» *** Syr + *y + axy + a>y — 3** = Q . Here 

if for y we fubftitute a. Sec. we fhall have A.a*y -ha'-haxv ?x* 

Sec. -= o, or y = —!.+ >**;— nf! &c — . 1 J 

* y +«»+«*, {jff. —occ. =1— T , &c. And 

taking the Fluents, > = . — &c. Then taking the Fluxions 

1 again 
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Again of the laft Equation, we (hall have 3yy* 4- 6 y % y -4- lay 4- axy 
H- a*y — 6x= o. Where if we make y = a, &c. and y = — 
&c. we fhall have y = — &c. and therefore 

' 4a*, CTf. 32tf * 

y = * -4- , &c. and y= * * 4- ^ , &c. Again, 3yy* 4- i8yyy 

4- 6y* 4- 3<sty 4 - tfxy 4 - a*/ — 6 == o. Make ys= 4, &c. y= 

* • 

— 5., &c. and y = ~ , &c. then y = , &c. = 

, &c. and therefore y= . gg , &c. jfg! ,&c. 

and y = * * • , &c. Again, jyy* 4- 24yyy 4-i 8 y*y 4 - 3 6 jfc 

st. M 

4- fyay + axy 4- a x y= o. Make y = a, &c. y =— &c.jk = 

.■=. *«• . »«■ 


324 


-s*£. fa. i= ..^.fa*.- 

, &c. andy=* * » * , &c. Andfo on as far as we pleafe. 

Therefore the Root is y == 4—*x 4- £ 4 - ~i* 4 - 7 gg- J , &c. 

The Series for the Root, when found by this Method, mu ft al¬ 
ways have its Powers afeending j but if we defire likewife to find 
a Series with defeending Powers, it may be done by this ealy arti¬ 
fice. As in the prefent Equation y* -+- axy 4- a'y — x 5 — 24* = o, 
we may conceive x to be a conftant quantity, and 4 to be a flowing 
•quantity j or rather, to prevent aconfufion of Ideas, we may change 
4 into x, and x into 4, and then the Equation will be y* 4- axy 4- 
x*y — -a 3 —- 2x* ss= o. In this we (hall have y =4, &c. and ta¬ 
king the Fluxions, *tis jjy» 4- ay 4- axy 4- zxy 4-. x*y — 6 x* = o. 


But becaufe y =4, &c. ’tis y = , &c. 


or y — 

y 4 *«*+** , . 

=rs—-y, &c. and therefore/=* —jx,&c. Again taking the Fluxions 

’tis 3 yy* 4 - 6 y*y 4 - 2 ay 4 - axy 4 - 2 y 4 - 4 xy 4 - x»y — 12 x = o, or 

; = &c. Or ma- 

V) +«*+* V 

" _ — T*+ 4 «— 2 « 

3 «’ 


king, y = 4 , &c. and y =—^, &c. ’tis y =; —— , &c. 


= — f a > & c. andy =3 • — - ^ , &c. and y s= * # — ^ , &c. 

.. H •• 

Again it is 3yy‘ 4- i8yjy 4- 6y* 4- 34y 4- axy 4- 6y 4- 6x7 4- x 'y 

S f —12 


Digitized by LjOOQle 



3*4 


The Method of Fluxions, 


— 12 = 0, or}= - , ^T^y £ ry+ , » t & c . = (by making 

*=*, &c.^«> d > ■=- p fa-) ~+ + *jy* , ' i "* » 


&c.= ^ , &c. Then taking the Fluents, y ==' * ,&c. 

y — * * , &c. andy = * * * , See. And fo on. There¬ 


fore we fhall have y = a — fx — — + ~ ,. &c. Or now we 
may again change x into a, and a into x j then it will be y *= x 
— ± a —« ^ , &c. for the Root of the given Equation, as 

Was found before, pag. 216, &c. 

Alfo in the Solution of Fluxional Equations, we may proceed in 
the lame manner. As if the given Equation were a*y — a‘x-\- x*y 
—= 0, (in which, if the Radius of a Circle be represented by a > and 
if y- be any Arch of the fame, the correfponding Tangent will be 
reprefented by x ;) let it be required to extradt the Root y out of 
this Equation, or to exprefs it by a Series compofed of the Powers 
of a and x. Make x = 1,, then the Equation will be a x y — + 

xyy = o. Here becaufe y = — =5 1, &c. taking the Fluents 

it will be y = * x, &c. Then taking the Fluxions of this Equa¬ 
tion, we fhall have a'y + 2 xy -f- x x y = o, or y= — - a ^ ~ ; • Bet 


hecaufe we are to have a conftant quantity for the firil Term of y, 
we may fuppofe y =:o, &c. Then taking the Fluents 

’tis y = • Q, &c. and y = * » o, &c. Then taking the Fluxions 


again, ’tis e*y -t- 2y 4- 4 xy -4- x % y =3= o, . Here 

if for y andy we write their values 1, &c. and o, &c. we fhall have. 

y = — Jr > &c. whence y=# — &c. y=* * — &c. 

x | 

and y = * # * — , &c. Taking the Fluxions again, ’tis 

ay + 6 y + 6 xy 4 -*‘y =0, ory=s = o, &c. There,- 

fore y = • o, &c. y s== * * o, &c. y= • ^».o, ficc. y .= *•»« 

5" ^ ^ j .*• » 

c, 6tc. Again, a*y -fc- izy -+- 8xy + x*y = o, ory= ~^~f g> 
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« 4- ^ , &c- Then y = * 4- ^ , &c. y = * * 4- ~ , &c. 


* * * + "7 » & c * y * * * * 4* n » & c * an d y= * * • * • 


t 6 4 S 6 

4- , &c. Again, (Ty-\- 20 y 4- ioxy 4- x*y == o, whence y: 

** 7 J 6 7 7 

...... o, &c. Again, «*,y-t-3<y + laxf + «•; = O, or^: 


30 x 24 *-«, &c. Then > = . _ 5iii2f, &c . 

\ I 2 X10** 0 f 4 X 20** * 

V =5 * * — —^— , &c. y cast • * * — —— , &c. y i 


a*+x 
5 

- 2?, to.;: 


6 ** 


• * * * * 


— J &C. y\ 


xf 


!# # * * 


*♦• + *# *—"-2 » 
4 * 


; &c. and y ==s ****•#* — , &c. And fb on. So that we 

have here y =s • * 4 * ox* — 4- ox* 4- ~ , &c. that is, fzim 

r<e> ** *» - * 5 * 

* — 4 - £4 —- 7a t » &C ‘ 

This Example is. only to (hew the universality of this Method, 
and how we are to proceed in other like cafes ; for as to the Equa¬ 
tion itfelf, it might have been refolved much more Amply and ex- 

peditioufly, in the following manner. Becaufe y = — , by 
Divifion it will be y=s 1 — ~ 4- K “*" $ 4- £ , &c. And ta-» 

king the Fluents, y=x — ^+^-^ 4 - S» &c * 

In the fame Equation a x y—~a*x 4- x % yse= o, ifit were required 
to exprefs x by y, (the Tangent by the Arch,) or if x weremade 
the Relate, and y the Correlate, we might proceed thus. Make 

y = h then a* — a*x 4- x* s== o, or x .=s 1 4- £ =3 r, &c. 
Then X = * y, &c. And taking the Fluxions, ’tis x=a — 3SS? 


5 , &c. sao +J, 3cc. whence x = » o, &c. and x=s * * q, 

&c. So that the Terms of this'Series will be alternately deficient^ 
and therefore we need not compute them. Tacking the Fluxions 


%X 


again, ’tisxssa -r -h = Jc * &c » The£efe,re * = * ^, See. 
xaes * , &c. andxsss* * * ~, &c. Again, xi 


SS 2 


6ix 2xZ ^ 

-Jr 

-and 
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# # 

and again, x ■+• ~r ■+■ pr. Subftituting i, &c. and 

&c. for x and x y and alfo &c. for x and x y it will be x 
&c - whence x:= * &c. x=3* . S£ , & c . * * * 

— , &c. x = * * * * “5 > &c. and * = ***** , &c. 

Again, i= a „d again, l =- 

*•• J 

Here for x, x, and x writing i, &c. - , &c. and ^ , &c. re- 
fpeaively, *tis x = ^+^ 2X|6 > &c. = ^ , & c . Thenl^ «, 


&c. &c. &c. x=:.,„ 

|***** ~y , &c. *=.* ***** ~j>, &e. and 

xss.mmm^.&c. That is, x=y + £. + J2l_ h 

^, &c. 

3 « 5 «‘ 

For another Example, let us take the Equation W» — . 

«*x* t= o, (in which, if the Radius of a Circle be denoted by a , 
and if y be any Arch of the fame^ then the Qorrefponding rightSine 
will be denoted by * j} from which we are to extract the Root y. 

Make x = i, then it will be ay*x*y*= a*, or y * —. “* 

* 5 = i, &c. or y s== i, &c. and_ therefore y =? * x, &c. Taking 
die Fluxions we fhall have za*yy •— 2 xy* —2X.*yys=o, or <*»y 

xy — x*i o, or / =? =5= °> Sfc. And taking the Fluxions, 




agab, ’tis a*y —y — 3xy — xy c=o, or y = •^±12' = JL, &e; 
Therefore yes-* J , &c. y = * . ^ , &c. andy=, * * ~ > 

&c. Thep ay —.4 y —* 5^ — x‘y = 0, and again a*y — gy~~ 

7*7 — x‘y = o, or ==J,&c. = £-, &c. There. 

fore 7=* 2?, &c. 7=**f£> &c. ys=* **g, &e. y_s=* 


« • * 
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***** ^ , &e. Taking the 

6-56 7 

Fluxions again, 'tk a x y —-16/ —- gxy — x x y =s o, and again, a x y 
— 2$y —. uxy — x*y = o, or j = ^£^2 = £y* f &c. 3= 


—■2 , &c. Therefore y =r * &c. y = * * ~^rx r > &c. 

4 


i= * • • sj?**. i 


* * * * 


%A* 


X 4 , &C. ^ ==: *##**' 
& 3 *‘> &c. >=**.**.** &C. and y = ******* 

-iil &c. Or ;=*+ H- &e- 

If we were required to extract the Root x out of the fame Equa¬ 
tion, a x y x — x*y* — a x x x =?o, (or to exprefs the Sine by the- 
Arch,) put y = 1, then a % — x x ~— a % x x = o* or x* = 1 —• 

~ t and therefore x = 1, &c. and x=r *y, &c. Taking the- 

Fluxions 'tis —• zxx 2£*xx=s o, or x = — ^ = o, &c. 
Therefore x = * o, &c. x =n * • o, &c. Taking the Fluxions. 

again, ’tis x = — »&c. Thence x —^ , &c. 

xsas* » » ■ " £^ -,.&c. andx.= * * * — ~ ,. &c.. Again, x =— 
and x =— 4 = -+- ~ , &c. Therefore x = • 4 , &c. x—— 

6*4 --- * -*-* 


4 , etc. jl neretore x = • A 

- * 4 - » « 4 - 

* ^ CC * X=S * * * & 4 .» &c* * = *•*•* 

6 a — * 




12C«4. 


X • X 

, &c. Again, x =»~ — , and x = — p 

. ® f 5 y « 

sr= — , &c. Therefore x = * — ~ , x = »■* 

4 6 ' • 4 4 

&C. X = • • • — z~k , &C. X =■ * * • m — —, &C. X = • • • * 
bu* J 24*® 

—~ , &c. xs= * **•*• — , &c. andx= ••••*•• 

120«* J 720* 

» &c - And therefore x==y — ^ -f- 

&c* , .. . 

If it were required to extradl the Root y out of this Equation*, 
*y * —ix*^ 1 -1- m x y x — m*'a x s= o, (where x =s i,) we might pro- 
‘ * ~ ceedi 
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ceed thus. Becaufe y % = ” = m* y &c. ’tis ysas/w, See. 

and y = « wv, &c. Taking the Fluxions, we fhall, have za % yy — 
zxjf * — ■+■ 2f» % yy = o, or — xy •— x*y -f- = o, or 

^ - : 


xy —— —=j o, Sec. Therefore taking the Fluxions again, ’tis 


a *y ~y — 3jc y — x x y -f- m*y = o, that is, a*y +»‘ —lxj— 
3*y *— x'y = o, or y 5= and making y=m t Sec. 


’tis y =s 


| -1 


Sec. and therefore y = • 


m x r — 


x, Sec. j? i 


* * —T—.V, Sec. and ye=* * * • See. Taking the 


Fluxions again, ’tis a % y -t- m % —4xy — $xy — x*y = o; and again. 


a'y+m* — 9x7 — jxy —o, or y — 9 .~V j", 7 ^ 


fl.X 1- 


, Sec. Therefore y= * 


a4 


* * 


m* 1 ■ 


-w*x 9— 



. .. •**. &c. / = . . . __ _ 

>=•*• .ad /==..... 

,.&c. And fo on. Therefore we fhall have y =r *>x ■+■ m x 

_ I—*r ft 9 — «r* 2C— 

2 T1?* •+■ w X -77T X 4 mT^ TTT X 7 ^? x "6T^*\ 

v&C. 

This Series is equivalent to a Theorem of our Author’s, which (in 
another place) he gives us for Angular Sections. For if x be the 
Sme of any given Arch, lo Radius a then will y be the Sine of an- 
^other Arch, which is to the firft Arch in the given Ratio of m to 
1. Here if m be any odd Number, the Series will become finite; 
.and in other cafes it will be a converging Series. 

And thefe Examples may be fufficient to explain this Method of 
Extraction of Roots} which, tho’ it carries its own Demonftration 
along with it, yet for greater evidence may be thus farther illuftrated. 
In Equations whofe Roots (for example) may be reprefented by the 
general Series y =; A -4- Bx -f- Cx* -+■ Dx 5 , &c. (which by due Re~ 
dudfcion may be aft Equations whatever,) the firft Term A of the 
JRoot will he a given quantity, or perhaps =0, which is to be 
•known froth thcchcumftances of the Queftibn, or from the gives 

Equation, 
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Equation, by Methods that have been abundantly explain’d already. 
Then making xssi, we fhall have have / =:B + zCx 4- 3Da?*,. 
See. where B likewifc is a conftant quantity, or perhaps = o, and 
reprefents the firft Term of the Series y. This therefore is to be 
derived from the firft Fluxional Equation, either given or elfe to 
be found and then, becaufe it isy = B, &c. by taking the Fluents 
it will be y = * Bx, &c. whence the fecond Term of the Root 
will be known. Then becaufe it is y =r 2C 4- 6Dx, &c. or becaufe 
the conftant quantity 2C will reprefent the firft Term of/} this is 
to be der ived from the fecond Fluxional Equation, either given or 
to be found. And then, becaufe it is y =r 2C, &c. by taking the 
Eluents it will be y = # 2 Cat, &c. and again y = * • Cx*, &c. by 
which the third Term of the Root will be known. Then becaufe ' 

•V 

it is y = 6D, &c. or becaufe the conftant quantity 6D will repre- 

•*» 

fent the firft Term of the Series y ; this is to be derived from the 

third Fluxional Equation. And then, becaufe it is y == 6D, &c. 
by taking the Fluents it will be y=s* 6Dx, &c. ji =;* * 3D at*, 
&c. and y = * * • D**, &c. b|y which the fourth Term of the 
Root will be known. And ib for all the fubfequent Terms. And 
hence it will not be difficult to obferve the compofition of the Co¬ 
efficients in moft cafes, and thereby difeover the Law of Continua¬ 
tion, in fuch Series as are notable and of general ufe. 

If you fhould defire to know how the foregoing Trigonometri¬ 
cal Equations are derived from the Circle, it may be fhewn thus : on 
the Center A, with Radius AB 5= a , let the Quadrantal Arch BC be • 
deferibed, and draw the Radius. AC. Draw the Tangent BK, and- 
through any point of the Circum¬ 
ference D, draw the Secant ADK, 0 
meeting the Tangent in K. At any 
other point d of the Circumference,., 
but as near to D as may be, draw 
the Secant Adk, meeting BK in k } on 
Center A, with Radius AK, defcribe 
the Arch K/, meeting Ak in /. 

Then fuppofing the point d con¬ 
tinually to approach towards D, till; 
it finally coincides with it, the Tri- A 
lineum K Ik will continually approach to a right-lined Triangle,', 
and to fimilitude with the Triangle ABK ; So that when D d is a 

Moment - 
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Moment of the Circumference, it 


x ^. Make AB = a, the Tangent BK= x, and the Arch 


•If f_ AJ AK 

will be — E7 x == as 


AH 


BD=y ; and inftead of the Moments K£ and D d, fubftitute the 
* % % % % 

proportional Fluxions x and y, and it will be j = • •— — , or a x y 
-J- x x y — d x x = o. 

From D to AB and de let fall the Perpendiculars DE and Dg, 
which Dg meets de, parallel to DE, in g. Then the ultimate form 
of the Trilineum D dg will be that of a right-lined Triangle iimi- 
lar to DAE. Whence D d : dg :: AD : AE = s/i\Uq — Diiy. 
Make AD = a, BD =y, and DE = x ; and for the Moments 
Dd, dg, fubftitute their proportional Fluxions y and x, and it will 
be y : x :: a : y/ a % — x x . Or y % : x x :: a x : a x — x % , or a*y\ 
— x x y x — a x x % = o. 

Hence the Fluxion of an Arch, whofe right Sine is x, being 
exprefs’d by ; and likewife the Fluxion of an Arch, whole 

light Sine is y, being exprels’d by i ; if thefe Arches are to 

each other as i to m, their Fluxions will be in the lame proportion, 
and vice versa. Therefore :: I : m, or 

= 7^7- or » or Putting x=!i, 'tis **>»— 

x x y x — m x a x •+■ m x y x = o j the lame Equation as before refolved. 

We might derive other Fluxional Equations, of a like nature with 
thefe, which would be accommodated to Trigonometrical ufes. As 
if y were the Circular Arch, and x its verfed Sine, we Ihould have 
the Equation 2axy* — x x y % —a*x x = o. Or if y were the Arch, 
and x the correfponding Secant, it would be x*y % — a % x x y x — a*x* 
=: o. Or inftead of the natural, we might derive Equations for 
the artificial Sines, Tangents, Secants, &c. But I lhall leave thefe 
Difquifitions, and many fuch others that might be propofed, to ex- 
ercife the Induftry and Sagacity of the Learner. 


me 


Sect. 
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'Sect. VI. An Analytical Appendix , explaining fome 
"Terms and Exprejfions in the foregoing work. 

B Ecaufe mention has been frequently made of given Equations , 
and others affumed ad libitum , and the like; I {hall take oc- 
oalion from hence, by way of Appendix, to attempt fome kind of 
explanation of this Mathematical Language, or of the Terms given, 
affign'd, affumed , and required Quantities or Equations, which may 
give light to fome things that may otherwife feem obfcure, and 
may remove fome doubts and feruples, which are apt to arife in 
the Mind of a Learner. Now the origin of fuch kind of Expreffions 
in all probability feems to be this. The whole affair of purfuing 
Mathematical Inquiries, or of refolving Problems, is fhppoled (tho’ 
tacitfely) to be tran failed between two Perfons, or Parties, the Pro- 
pofer arid the Refolver of the Problem, of (if you pleafe) between the 
Mafter {or Inftrudtor) and his Scholar. Hence this, and Inch like 
Phrafes, datum reStam , vel datum angulum , in imperata ratime fe- 
eare. As Examples inftru<ft better than Precepts, or perhaps when 
both are join’d together they inftnfet beft, the Mafter is fuppos’d to 
jtropofe a Queftion or Problem to his Scholar, and to chufe fuch 
Terms and Conditions as he thinks fit j and the Scholar is obliged 
to folve the Problem with 'thole limitations and reftri&ions, with 
thofe Terms and Conditions, and no other. Indeed it is required 
-on the part of the Mafter, that the Conditions he prOpofcs may be 
conliftent with one another j for if they involve any inconfiftcricy 
or contradidlion, the Problem will be unfair, or will become ab- 
iurd and impoffible, as the Solution will afterwards difcovetr. Now- 
thcfe Conditions, thefe Points, Lines, Angles, Numbers, Equations, 
&c. that at firft enter the ftate of the Queftion, or are foppofed to 
be choien or given by the Mafter, are the data of the Problem, and 
the Anfwers he expels to receive are the quajita. As it may fometimes 
happen, that the data may be more than are neceffary for determining 
the Qrit ft ion, and fo perhaps may interfere with one another, and the 
Problem (as now propofed) may become impoffible ; fo they may be 
fewer than are neceflary, and the Problem thence will be indetermin'd, 
and may require other Conditions to be given, in order to a com pleat De¬ 
termination, or perfectly to fulfil the quajita. In this cafe the Scholar is 
to fupply what is wanting, and at his diferetion miy ajffume fuch and fo 
many otherTerms and Conditions, Equations and Limitations, as he finds 

T t will 
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will be neceflary to his purpofe, and will beft conduce to the fim*- 
pleft, the eafieft, and neateft Solution that may be had, and yet in 
the moft general manner. For it is convenient the Problem fhould. 
be propofed as particular as. may be, the better to fix the Imagina¬ 
tion ; and yet the Solution fhould be made as general as pofiible, 
that it may be the more inftruftive, and. extend to all cafes of L 
like nature. 

Indeed the word datum is often, ufed in a fenfe which is fome- 
thing different from this,, but which, ultimately centers in it. a 7 - 
that is call’d, a datum, when, one quantity is not immediately given 
but however is necefLrily infer’d from another, which other perhaps 
is neceffarily infer’d from a third, and fo. on in a continued Series 
till it is neceffarily infer’d from a quantity, which is known or given, 
in the fenfe before explain’d. This is. the Notion of Euclid’s data 
and other Analytical Argumentations of that kind. Again,, that is 
often call’d a given quantity , which always remains conftant and in¬ 
variable, while other quantities or circumftances vary; becaufe fuch 
as thefe only can be the given quantities in a Problem when taken 
in the foregoing fenfe.. * 

To make all this the more fenfible and intelligible, I fhall have 
recourfe to a few practical inftances,, by way of Dialogue, (which, 
was the old didadtic method,) between Mafter and Scholar; and 
this only in the common Algebra or Arialyticks, in which I (hall 
borrow my Examples from our Author’s admirable Treatife of 
Univerfcl Arithmetick. The chief artifice of this manner of Solu¬ 
tion will confift in this,, that as faff as the Mafter propofes the Con¬ 
ditions of his Queftion, the Scholar applies thofe Conditions to- 
ufe, argues from them Analytically, makes all the neceffary deduc¬ 
tions, and derives fuch confequences from them, in the feme order 
they are propofed,. as he apprehends will be moft fubfervient to the 
Solution. And he that can do this in all cafes, after the fureft fim- 
pleft, and readieft manner, will be the beft extempore Mathemati¬ 
cian. But this method will be beft explain’d from the following. 
Examples. 6 

I. M. A Gentleman being willing to , difiribute Alms _ S. Let- 

the Sum he intended to diftribute be reprefented by x. M. Among 

feme poor people. S. Let the number of poor be y, then - would 

have been the fhare of each. M. He wanted 3 Jhillings - S. Mak e 

3 = a > f or ^ke of univerfelity, and let the pecuniary Unit.be 

one. Shilling; then the Sum to be distributed would have been x-t-a 

and. 
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and the (hare of each would have been iif. M. So that each 

y 

might receive 5 fallings. S. Make 5= 3 , then ~~~ = b, whence 

x =s by — a. M. 'Therefore be gave every ore 4 Jhillings. S. Make 
4 =c> then the Money diftributed will be cy. M. And he has 10 
fallings remaining. S. Make 10 = </, then cy-\- d was the Money 
he intended at firft to diftribute j or cy-i-d =? (x =) by — a, or 

y —— . M. What was the number of poor people ? S. The 



number was y = = 3 - — > - = 13. M. And how much Alms 

y b— c $ —4 0 

did he at firjl intend to diftribute ? S. He had at firft x = by— a 
sas 5x13 — 3 = 62 (hillings. M. How do you prove your Solution? 
S. His Money was at firft 62 (hillings, and the number of poor 
people was 13. But if his Money had been 62-1-3 = 6 c = 13x5 
killings, then each poor perfon might have received 5 (hillings. But 
as he gives to each 4 (hillings, that will be 13x4=52 (hillings 
diftributed in all, which will leave him a Remainder of 62 — 52 
10 (hillings. 

H. M. A young Merchant , at bis firjl entrance nfion bufinofs , began 
the World with a certain Sum of Money. S. Let tnat Sum be x, the 
pecuniary Unit being one Pound. M. Out of which , to maintain 
bimfelf the firfi year, be expended 100 pounds. S. Make the given 
number 100 = a ■, then he had to trade with x — a. M. He 
traded with the reft , and at the end of the year had improved it by a 
third part. S. For univcr(ality-(ake I will afiiime the general num¬ 
ber «, an d will make 4= n — 1, (or »=£. -,) then the Improve¬ 
ment was n — 1 xx — nx — na — x 4- a, and the Trading- 
ftock and Improvement together, at the end of the firft year, was 
nx — na. M. He did the fame thing the fecond year. S. That is, 
his whole Stock being now nx — na, deducting a y his Expences for 
this year, he would h ave nx — na — a for a Trading-ftock, and 
n — 1 x nx — na — a , or n % x — n % a -~nx-\-a for this year’s Im¬ 
provement, which together make «*x — n % a — na for his Eftate at 
the end of the lecond year. M. As a\fo the third year. S. His 
whole Stock being now n*x — n % a — na, taking out his Expences 
for the third year, his Trading-ftock will be rfx —- rfa — na — a, 
and the Improvement this year will be n — 1 x n % x — if-a — na — a , 
or n'x — n*a — tfx 4- a, and the Stock and Improvement together, 
or his whole Eftate at the end of the third year will be «*x— n'a 

rfa—na , or in a better form n*x 4- ’^ = dna. In like manner 


T 2 


if 
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if he proceeded thus the fourth year, his Eftate being now tfije - 
n %a — n'a — na, taking out this year’s Expence, his Trading-ftock 
will be « } jc — n % & — vNi —^ na — a, an d this year’s Improvement is. 
_ — —» n*a — n l x-+--a t 

n*~a 


n — i x h j * — n*a — tea — na — a t or 
which added to his Trading-ftock will be n*x — n*>a — n x a ■ 


na, or n*x 


n 4— i 


I — n 


■na , for his Eftate at the end of the fourth 


W f — 1 


year. And fo, by Induction, his Eftate will be found n'x 
at the end of the fifth year. And univerfiilly, if I afliime the ge- 

neral Number m, his Eftate will be ri*x - 4 - -- na at the end of 

any number of years denoted by m. M. But he made his Eftate 
double to what it was at firjl. S. Make 2 =csb, then n m x 

M. At the end of 3 years, 

and therefore x =r» 


m 

n — X 


m 

n — 1 


-—-na =sss bx. or x =t= 

I mmmm ft * 

n — 1 x tt 

JS. Then m = 3, a a= 100, b 
33 x ± x 100 ss —- ~~ 3 * 


-na. 


n — b 

2, n 


■ 4* 

T> 


x 33 


64.— 27 

*4°o=£^ x 400 = 


* r 
TV 


j. x t;_ 

3 X J3 

400 «= 1480. M. What was bis Eftate atftrjl? S. It was 1480. 
pounds. 

III. M. Two Bodies A and B are at a given diftance front each 
other. S. As their diftance is laid to be given, (hough it is not fo 
attually, I may therefore aftfume it. Let the initial diftance of the 
Bodies be 59 t=± e, and let the Linear Unit be one Mile. M. And. 
move equably towards one another. S. Let x reprefent the whole 
fpaee defcribed by A before they meet ; then will e —• x be the 
whole fpaee defcribed by B. h\. With given Velocities. S. I will 
aflume the Velocity of A to be fuch, that it will move 7 = c Miles 
in 2 a—s/Hours, die Unit of Time being one Hour. Then be- 

caufe it is c if :: x : £ , A will move his whole fpaee x in the 

time -j . Alfo I will aflame the Velocity of B to be fuch, that it. 
wiU move 8 = </ Miles in 3 tar g Hours. Then becaufe it is d • 
g :: e —>x : -y-g* B will move his whole fpaee e —x in the time 

M. But A moves a given time - — S. Let that time be 
•1 = h Hour. M. Before B begins ta move. S. Then As time is 
equal to B's time added, to the time h, w or - j = ‘—fg 4- b*. 

m;. 
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KT. Where will they meet , or wbat will be the Jfcace that each will 

have defcribed? S. From this Equation we fhall .have * = ‘ & <if+'cg C 

— 5.9 * l + 8 11 x 7 =3 — x 7 == e *7=35 Miles, which will 
- 8 xz + 7x3 37 / J 

be the whole fpace de&ribed by A. Then e —■ *=*= 59 — 35 = 
24 Miles will be the whole fp*ee described by B. 

IV. M. If vz Oxen can be maintained by the Pafittre of 3* Acres 
qf Meadow-ground for 4 weeks, S. Make ittcsia, ^axab^j^ixsCi 
then a {Turning the general Numbers e, f b, to be determin’d after¬ 
wards as occafkm fhati require; we fhait have by analogy 


Oxen . Pafture Tine 



M. And if becauje bf the continual growth of the Grafs jafter the 
four -weeks t it be found that 21 Oxen can .be maintain'd by the 
pafiure of 10 juch Acres for 9 weeks, S. Make 21 ass -d, rsa-io,, 
/= 9; then becaufe on this fuppofition, -the Oxen d require the 

paflure e during the time f% and -in the former cafe the Oxen 

required the feme paftore during the lame time: Therefore the 
growth of die Graft of the quantity of pa'fture e, (commencing ; 
after 4 ore weeks, and continuing to die end of the Time f en¬ 
during the whole time /*•— r,) is fuch, as alone was fufficient tb 

maintain the difference of the Oxen, or the number — ^, for ; 
the whole time f Then reciprocally that growth would be fuffi-- 
cient to maintain the number of Oxen df — j for the time 1 ,. 

or the number of Oxen £ —~ for the time A And becaufe 

this growth will be proportional to the time, and will maintain a 
greater number of Oxen in proportion as the. time is greater: we 
fhall have. 

Time 
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Time 

f-c. 


Oxen 

if act 
b ' bh 


Time 

:: h— c 


h-— c 


Oxen 
into f 


act 

Tb ’ 


which will be the number of Oxen that may be maintain’d by the 
growth only of the pafture e, during the whole time b. But it 
was found before, that without this growth of the Grafs, the Oxen 

^ might be maintain’d -by the pafture e for the time b. There* 

fore thefe two together, or ^ -f. h jzi c x , will be the num¬ 

ber of Oxen that may be maintain’d by the pafture e, and its growth 
together, during the time b. M. How many Oxen may be main¬ 
taind by 24 Acres offucb pafture for 18 weeks? S. Suppofe x to 
be that number of Oxen, and make 24 =g, and bzsm 18. Then 
by analogy 

Oxen Pafture 

during the time L 



And confequently ^ =- ^ -+- j-f c x 

— 


hdf — act 
bb 9 


or x 


* 7b 


acg 

bb 


ac 

b 


b — c 7 f~ ac • g 1 2 x 4 . 

f=r c * 7-7 mto 5= if 


f? _j_ 

bb ^ f—t 
18— 4 

+- — 4 * 


2IXO 12 X 4 • . . A *■ 

- v — —r 1 into = 36. 

V. M. If I have an Annuity -- - S. Let x be the prefent value 
of 1 pound to be received 1 year hence, then (by analogy) x % will 
be the prefent value of 1 pound to be received 2 years hence, &c. 
and in general, *” will be the prelent value of 1 pound to be re¬ 
ceived m years hence. Therefore, in the cafe of An Annuity, the 
Series x H% x % •+•** -+- &c. to be continued to io many Terms 

as there are Units in m, will be the prefent value of the whole 
Annuity of 1 pound, to be continued for m years. But becaufe 

= x -+• x* -f- x* -+• &c. continued to fo many Terms 




I — X 


a6 there are Units in m, (as may appear by Divifion j) therefore 
will reprefent the Amount of an Annuity of 1 pound, 
to be continued for m years. M. Of Pounds. S. Make 
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s=-<r, then the Amount of this Annuity for m years will be 

a. M. To be continued for 5 years fuccejjively. S. Then 
m = 5. M. Which IJell for pounds in ready Money. S. Make 

=.Cy then ^- a= c. or .v* - * -1 — — + i x^+ - == o; 

In any particular cafe the value of x may be found by the Relblu- 
tion of this affe<fted Equation. M. What Interejl am I allow'd per 
centum per annum ? S. Make ioo =b j then becaufe x is the 
prefent value of i pound to- be received i year hence, or (which 
is the lame thing) becaufe the prefent Money x, if put out to ufe, 
in 1 year will produce i pound ; the Kiterefe alone of i pound 
for 1 year will be i — x, and therefore the Intereft of ioo (or b) 
pounds for i year will be b — bx y which will be known when x 
is known. 

And this might be liifficient to fliew the conveniency of this Me¬ 
thod ; but I mail farther illu-ftrate it by one Geometrical Problem* 
which fliall be our Author’s lvii. 

VI. M. In the right Line AB I give you the two points A and IT, 
S. Then their diftance AB = m is given allb. M. As likewife the' 
two points C and D out of the Line AB. S. Then confequently the: 
figure ACBD is 
given in mag¬ 
nitude and lpe- 
cie; and pro¬ 
ducing CA and 
CB towards d 
and I can 
take AAD, 
and Bji =BD. 

M. Aljo I give 
you the indefir 
nite right Line 
EF in pofition y 
pajfng thro' the 

given point.S. Then the Angles ADE and BDF aregiven, to which, 
(producing AB both ways, if need be, to e and f t ) I can. make the 
Angles A de and Bif equal refpedtively, and that will determine the. 
points e and f or the Lines Ae == a } and Bfsssc. And becaufe 
de and if are thereby known, I can continue de to- G, fo that dG- 
== ify. and make the given line eG css b. Likewife I can draw CH 

and 
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and CK parallel to ed and fC refpedtively, meeting AB in' H and 
K ; and becaule the Triangle CHK will be given in magnitude and 
fpecie, I will make CK = d, CH = e, and HK ses f. M. Now ' 
let the given Angles CAD and CBD be conceived to revolve about the 
given points or Poles A and B. S. Then the Lines AD and CA d 
will move into another fituation AL .and cAl, fo as that the Angles 
DAL, dAl , and CA c will be equal. Alfo the Lines BD and CBj' will 
obtain a new fituation BL and cBa, fo as that the Angles DBL, <TBa and 
CBcwill be equal. M .And let D, the Interjection of the Lines AD and 
BD, always move in the right Line EF. S. Then the new point of In- 
-terfedtion L is in EF; then the Triangles DAL and' dAl, as alfo DBL 
and <TBa, are equal and fimilar j then 41 =» DL aas Ch, and therefore 
C/ =a/ a. M. What will be the nature of the Curve deferibedby the 
either point of Interjection C ? S. From thenew point of Interfe&ion c 
to AB, I will draw the Lines cb and ck, parallel to CH and CK refpec- 
tively. Then will. the Triangle chk be given in fpecie, though not 
in magnitude,, for it will be fitnilar to CHK. Alfo the Triangle 
B ok wifi be fimilar to B /f And the indefinite Line Bk=a:x may 
beafiumed for an Abicifs, and cA=rry may be the correfponding 
-Ordinate to the Curve C c.. Then becaule it is BA (x) : ck (y) 

:: Bf(c) : fh ass ^saa zx-Gl* Subtract this from Gesssh; and there” 
.will remain /<?=<£ — f Then becaufeof the fimilar Triangles chit 
and CHK, it will be CK (J) : CH (e) :: ck (y) : chz=zj. And 
CK (I) ‘ HK (f) :: ck ( y) : hk — . Therefore Ah ess AB i—, 

B/S — hk = m>—x — j . But it is Ah (m — x —: cb (2j 

Ae [a) : le {b — . Therefore m — at — 1 ^ of 

fey * -f- dc — ae — bf k xy — demy •— bdx % -f- bdmx = o.' In which 
Equation, becaule the indeterminate quantities x and y arife only 
to two Dimen lions, it lhews that the Curve deferibed by the point 
C is a Conic Sedtion. 

M. Tou have therefore fohed the Problem in general, but you Jhould 
now apply your Solution to the feverat jpecies of Conic Sections in par¬ 
ticular. S. That<may eafily be done in the following manner: 

Make **— = 2$, land then the- foregoing Equation will be¬ 
come fey* *—■ 2pcxy — - demy — bdx* -+- bdmx =s o, and by ex- 
^ tradting 
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dm 

__ ~f — 

| ^ — jx* + . Now here it is plain. 


Jf 




:0, or 


that if the Term jr * x% wcre ablent, or if = < 

= m —J e * that is, if the quantity^ (changing its fign) fliould 

be equal to , then the Curve would be a Parabola. But if the 
lame Term were prelent, and equal to lome affirmative quantity, 
that is, if ^ ■+• jr be affirmative, (which will always be when 

jr is affirmative, or if it be negative and lels than >) the Curve 
will be an Hyperbola. Laftly, if the lame Term were prelent and 
negative, (which can only be when j c is negative, and greater than 

£ the Curve will be an Elliplis or a Circle. 

I lhould make an apology to the Reader, for this Digreffion 
from the Method of Fluxions, if I did not hope'it might contribute 
to his entertainment at lead:, if not to his improvement. And I am 
fully convinced by experience, that whoever lhall go through the 
reft of our Author’s curious Problems, in the lame manner, (where¬ 
in, according to his ufual brevity, he has left many things to be 
fupply’d by the lagacity of his Reader,) or fuch other Queftions 
ana Mathematical Dilquifitions, whether Arithmetical,, Algebraical, 
Geometrical, See. as may ealily be collected from Books treating 
on thefe Subjects; I lay, whoever lhall do this after the foregoing 
manner, will find it a very agreeable as well as profitable exercile : 
As being the proper means to acquire a habit ofjtoveftigation, or 
of arguing furely, methodically, and Analytical^, even in other 
Sciences as well as Inch as are purely Mathematical; which is the 
great end to be aim’d at by thele Studies. 


U u 
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Sect. VII. He Conclujion ; containing a jhort recapitu¬ 
lation or review of the whole. 

W E are now arrived at a period, which may properly enough 
be call’d the conclujion oj' the Method of Fluxionr and Infinite 
Series for the defign of this Method is to teach the nature of Series 
in general, and of Fluxions and Fluents, what they are, how they 
are derived, and what Operations they may undergo; which defign 
(1 think) may now be ■faid to be accompdifh’d. 'As to the applica¬ 
tion of this Method, and the ufes of theije Operations, which is ail 
that now remains, we fhall find them infilled on at large by the 
Author in the curious Geometrical Problems that follow. For the 
whole that can be done, either by Series . or by Fluxions, may eafiiy 
be reduced to the Refolution of Equations, either Algebraical or 
Fluxional, as it has been already deliver’d, and will be farther ap- 
ply’d and purfued iq the fequeL I have continued my Annotations 
in a like manner upon that part <of the Work, iand intended to have \ 
added them here; but finding the matter to grow fo fail under my 
hands, and feeing how knpofiible it jwas ;tp jdo it juftice within 
fiioh narrow limits, andaifo perceiving tins work was already gcovm 
to a competent fize; J refolved to lay lit before the Mathematical 
Reader jinfinifh’d as it is, reversing the completion of .it to a future 
opportunity, if J ihall find my prefect attempts to prove acceptable. 
Therefore all-that remains^ to be done here is this, .to.njake a .kind 
of review of what has:been hitherto delivpr’d, jand to give .a lum¬ 
inary account of it, in order to acquit myfctf of i'Framife,I made 
in the Preface. And having there done this already, as to the Au¬ 
thor’s part of *he work, I fliah ;now only .make,a fhort recapitula* 
tion of what is contain’d in. my own Comment upon it. ■ 

And firft in my Annotations .upon what I call the Intnodsdion, 
or the Refolution of Equations by infinite Series, I have amply pur¬ 
fued a ufeful hint given us by the Author, that Arithmetick and 
Algebra are but one and the fame Science, and bear a flridt analogy 
to each other, both in their Notation and Operations; the firft com¬ 
puting after a definite and particular manner, the latter after a ge¬ 
neral and indefinite manner: So that both together compofe but 
one uniform Science of Computation* For as in common Arith¬ 
metick we reckon by the Root Ten, and the feveral Powers of that 
Root; fo in Algebra, or Analyticks, when the Terms are orderly 

difpos’d 
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difpos’d as is prefcribed, we reckon by any other Root and its 
Powers, or we may take any general Number for the Root of our 
Arithmetical Scale, by which to expreft and compute any Numbers 
required. And as in Common Arithmetick we approximate continually 
to the truth, by admitting Decimal Parts in infinitum , or by the 
ule- of Decimal Fractions, which are compofed of the reciprocal 
Powers of the Root Ten j fo in our Author’s improved Algebra, or in 
the Method of infinite converging Series, we may continually ap¬ 
proximate to the Number or Quantity required, by an orderly fuc- 
ceffion of Fradtions, which are compofed of the reciprocal Powers 
of any Root in general. And the known Operations in common 
Arithmetick, having a due regard to Analogy, will generally afford 
us proper patterns and fpecimens, for performing the like Operations 
in this Univerfal Arithmetick. 

Hence I proceed to make fome Inquiries into the nature and 
formation of infinite Series in general, and particularly into their 
two principal circumftances of Convergency and Divergency j where¬ 
in I attempt to fhew, that in all fuch Series, whether converging 
or diverging, there is always a Supplement,' which if not exprefs’d is 
however to be underftood ; which Supplement, when it can be af- 
certained and admitted, will render the Series finite, perfedt, and 
accurate. That in diverging Series this Supplement muft indifpen- 
fably be admitted and exhibited, or otherwise the Conclufion will be 
imperfedt and erroneous. But in converging Series this Supplement 
may be negledted, becaufe it continually diminishes with the Terms 
of the Series, and finally becomes left than any affignable quantity. 
And hence arifes the benefit and conveniency of infinite converging 
Series j that whereas that Supplement is commonly fo implicated and 
entangled with the Terms of the Series, as often to be impoffible to 
be extricated and exhibited > in converging Series it may fafely be neg- 
ledled, and yet we (hall continually approximate to the quantity re¬ 
quired. And of this I produce a variety of Inftances, in numerical 
and other Series. 

I then go on to fhew the Operations, by which infinite Series are 
either produced, or which, when produced, they may oecafionally 
undergo. As firft when fimple fpeeious Equations, or pure Powers* 
are to be refolved into fiich Series, whether by Divifion, or by Ex-« 
tradtion of Roots; where I take notice of the ufe of the afore-men- 
tion’d Supplement, by which Series ; may be render’d finite, that is, 
may be compared with other quantities, which are confider’d as 
given. I then deduce feveral ufeful Theorems, or other Artifices, 

U u 2 for 
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for the more expeditious Multiplication, Divifion, Involution, and 
Evolution of infinite Series, by which they may be eafily and rea¬ 
dily managed in all cafes. Then I fhew the ufe of thefe in pure 
Equations, or Extractions j from whence I take occafion to intro¬ 
duce a new praxis of Refolution, which I believe will be found 
to be very eafy, natural, and general, and which is afterwards ap- 
ply’d to all fpecies of Equations. 

Then I go on with our Author to the Exegejis numerofa , or to 
the Solution of affe&ed Equations in Numbers j where we fhall find 
his Method to be the fame that has been publifh’d more than once in 
other of his pieces, to be very fhort, neat, and elegant, and was a great 
Improvement at the time of its firft publication. This Method is 
here farther explain’d, and upon the fame Principles a general Theo¬ 
rem is form’d, and diftributed into feveral fubordinate Cafes, by 
which the Root of any Numerical Equation, whether pure or af¬ 
fected, may be computed with great exa&nefs and facility. 

From Numeral we pals on to the Refolution of Literal or Speci¬ 
ous affedted Equations by infinite Series j in which the firft and chief 
difficulty to be overcome, confifts in determining the forms of the 
feveral Series that will arife, and in finding their initial Approxima¬ 
tions. Thefe circumftances will depend upon fuch Powers of the 
Relate and Correlate Quantities, with their Coefficients, as may hap¬ 
pen to be found promifcuoufly in the given Equation. Therefore 
the Terms of this Equation are to be difpofed in longum & in latum, 
or at leaft the Indices of thole Powers, according to a combined 
Arithmetical Progreffion in piano , as is there explain’d j or according 
to our Author’s ingenious Artifice of the Parallelogram and Ruler, 
the reafon and foundation of which are here fully laid open. This 
will determine all the cafes of exterior Terms, together with the 
Progreffions of the Indices j and therefore all the forms of the fe¬ 
veral Series that may be derived for the Root, as alfo their initial 
Coefficients, Terms, or Approximations. 

We then farther profecute the Refolution of Specious Equations, 
by diverfe Methods of Analyfis j or we give a great variety of Pre¬ 
cedes, by which the Series for the Roots are eafily produced to any 
number of Terms required. Thefe Precedes are generally very Am¬ 
ple, and depend chiefly upon the Theorems before deliver’d, for 
finding the Terms of any Power or Root of an infinite Series. And 
the whole is illuftrated and exemplify’d by a great variety of In¬ 
stances, which are chiefly thofe of our Author. 

The 
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The Method of infinite Series being thus fufficiently difeufs’d, 
we make a Tranfition to the Method of Fluxions, wherein the na¬ 
ture and foundation of that Method is explain’d at large. And fome 
general Obfervations are made, chiefly from the Science of Rational 
Mechanicks, by which the whole Method is divided and diftinguifh’d 
into its two grand Branches or Problems, which are the Direct 
and Inverfe Methods of Fluxions. And fome preparatory Nota¬ 
tions are deliver’d and explain’d, which equally concern both thefe Me¬ 
thods. 

I then proceed with my Annotations upon the Author’s firft Pro¬ 
blem, or me Relation of the flowing Quantities being given, to de¬ 
termine the Relation of their Fluxions. I treat here concerning 
Fluxions of the firft order, and the method of deducing their Equa¬ 
tions in all cafes. I explain our Author’s way of taking the Fluxions 
of any given Equation, which is much more general and fcientifick 
than that which is ufually follow’d, and extends to all the varieties 
of Solutions. This is alfo apply’d to Equations involving feveral 
flowing Quantities, by which means it likewife comprehends thofe 
cafes, in which either compound, irrational, or mechanical Quan¬ 
tities may be included. But the Demonftration of Fluxions, and 
of the Method of taking them, is the chief thing to be confider’d 
here j which I have endeavour’d to make as clear, explicite, and fa- 
tisfaCtory as I was able, and to remove the difficulties and objections 
that have been railed again ft it: But with what fuccefs I muft leave 
to the judgment of others. 

. I then treat concerning Fluxions of fuperior orders, and give the 
Method of deriving their Equations, witn its Demonftration. For 
tho’ our Author, in this Treatife, does not expreflly mention thefe 
orders of Fluxions, yet he has fometimes recourfe to them, tho’ ta- 
citely and indirectly. I have here (hewn, that they are a neceflary 
refult from the nature and notion of firft Fluxions; and that 
all thefe feveral orders differ from each other, not abfolutely 
and efientially, but only relatively and by way of comparifon. 
And this I prove as well from Geometry as from Analyticks; 
and I actually exhibit and make fenfible thefe feveral orders of 
Fluxions. 

But more efpecially in what I call the Geometrical and Mechani¬ 
cal Elements of Fluxions, I lay open a general Method, by the help 
, of Curve-lines and their Tangents, to reprefent and exhibit Fluxions 
and Fluents in all cafes, with all their concomitant Symptoms and 
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Affections, after a plain and familiar manner, and that even to ocular 
view and infpcdtion. And thus I make them the Objects of Senfe, 
by which not only their exiftence is proved beyond all poflible con¬ 
tradiction, but alfothe Method of deriving them is at the lame time 
fully evinced, verified, and illuftrated. 

Then follow my Annotations upon our Author's fecond Problem, 
or the Relation of the Fluxions being given, to determine the Re¬ 
lation of the flowing Quantities or Fluents; which is the fame thing 
as the Inverfe Method of Fluxions. And firft I explain (what our 
Author calls) a particular Solution of this Problem, becaufe it cannot 
be generally apply’d, but takes place only in fuch Floxional Equa¬ 
tions as have been, of it leaft might have been, previoufly derived 
from lome finite Algebraical or Fluential Equations. Whereas the 
Fluxional Equations that' ufiially oecur, aAd whofe Fluents or Roots 
arc required, are commonly fttek as, by reafon of Terms either rd- 
dundant dr deficient, cannot fee fefolved by this 1 particular Solution j 
but muff be refef’d to' the following general Solution, which is here 
difrributed into thefe three Cafes of Equations. 

The' firft Cafe of Equations is. When the Ratio of, the Fluxions 
of the Relate and Correlate Quantifies, (which Terms are here ex¬ 
plain’d,)! etui be exprefs’d by the Terms of the Correlate Quantity 
alone; in which Cafe the Root will be obtain’d by an eafy pro- 
cfets : In finitd Terms, when it may be done, or at leaft by an 
infinite 9erics. And here a ufeful Rule is explain’d, by which 
an infinite Expreflion may be always avoided m the Conclufion, 
which otherwise Would often occur, and render the Solution inexpli¬ 
cable. 

The fecond Cafe of Equations comprehends fuch Fluxional Equa¬ 
tions, wherein the Powers of the Relate and Correlate Quantities, 
with their Fluxions, are any how involved 1 . The’ this Cafe is much 
more operofe than the former, yet it is folved by a variety of ea/jr 
and Ample Analyfes, (more limpte and- expeditious, I think, than 
thofe of otar Author,) apd is illuftrated by .a numerous collection of 
Examples. 

The third and laft Cafe of FJuxkmal Equations rs, when thefe are 
more than two Fluents and their Fluxions involved j which Cafe, 
without much trouble, is reduced! to the two former. But Here are 
dlfo explain’d feme other mattCrs^ farther to illuftrate this DoCtrine j 
as the Author’s Demoriftration of the Inverfe Method of Fluxions, 
the Rationale of the Tranfhiutation of the Origin of Fluents to other 
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places at pleafurc, the way of finding the contemporaneous Incre¬ 
ments of Fluents, and fuch like. 

Then to conclude the Method of Fluxions, a very convenient and 
general * s propofed and explain’d, for tfie Refolution of aU 

kinds of Equations, Algebraical or Fluxional, by having recourfe 
to fuperior orders of Fluxions. This Method indeed is not con¬ 
tain’d in our Au,thor's prelent Work, but is contrived in purfu- 
ance of a notahle hint he gives us, in another part of his Writings. 
And this Method is exemplify’d by feveral curious and ufeful Pro¬ 
blems. 

Laftly, by way of Supplement or .Appendix, fome Terms in the 
Mathematical .Language are farther explain’d, which frequently oc¬ 
cur in the foregoing work, and which it is very neceflfiy to appre¬ 
hend rightly. And a fqrt of Analytical Praxis is adjoin’d to this 
Explanation, to make it the more plain and intelligible; in which is 
exhibited a more direct and methodical way of revolving fuch Alge¬ 
braical or Geometrical Problems as. are usually propofed ; or an at¬ 
tempt is made, to teach us to argue more clofely, didin&ly, and Ana¬ 
lytically. 

And this is chiefly the fubfiance of my Comment upon this part 
of our Author’s work, in which my conduct has always been, to 
endeavour to digefi and explain every thing jn the mod direct and 
natural order, and to derive it from the mod immediate and genuine 
principles. I have always put myfelf in the place of a Learner, and 
have endeavour’d tomake fuefh Explanations, or to form this into fuch 
an Inftitution of fluxions and infinite Series, as I imagined would 
have, .been ufeful and acceptable to myjfelf, at the .time .when I firft: 
enter’d upon thefe Speculations. Matters of a trite and eafy nature 
I have pafi’d over with a flight animadversion : But in things of more 
novelty, or greater difficulty, I faaye always thought myfelf obliged 
tp be m°te copious ^nd expiate j and Am confeious to myfelf, mat 
I have every where proceeded cum finCero ammo docendi. ■ Wherever 
I have fallen :ihort of this defign, it ffiould not be imputed to any 
want of care or good intentions, but rather to the want of At(11, or 
.to the abftxufe nature of the fubjedt I ffiall be glad to fee. my de¬ 
feats fupply’d by abler -hands, and ffiafl always be willing ^nd thank¬ 
ful to be better infir-udted. 

What perhaps. yviH .give dpe gseateft difficulty, and may furnlfh 
moft matter of objection, as I apprehend, will be the Explanations 
before given, of Moments, ■vwijhiug quantities, infinitely little quan¬ 
tities. 
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titles, and the like, which our Author makes ufe of in this Treatife, 
and elfewhere, for deducing and demonftrating his Method of Fluxions. 
I (hall therefore here add a word or two to my foregoing Explana¬ 
tions, in hopes farther to clear up this matter. And this feems to 
be the more necefiary, becaufe many difficulties have been already 
Parted about the abftrad nature of thefe quantities, and by what 
name they ought to be call’d. It has even been pretended, that they 
are utterly impoffible, inconceiveable, and unintelligible, and it may 
therefore be thought to follow,. that the Conclu lions derived by their 
means mull be precarious at leaft, if not erroneous and impoffible. 

Now to remove this difficulty it Ihould be obferved, that the only 
Symbol made ufe of by our Author to denote thefe quantities, is the 
letter 0, either by itfelf, or affedted by fome Coefficient. But this 
Symbol 0 at firft reprefents a finite and ordinary quantity, which 
mull be underftood to diminilh continually, and as it were by local 
Motion; till after fome certain time it is quite exhaufted, and termi¬ 
nates in mere nothing. This is furely a very intelligible Notion. 
But to go on. In its approach towards nothing, and juft before it 
becomes abfolute nothing, or is quite exhaufted, it muft neceflarily 
pafs through vanilhing quantities of all proportions. For it cannot 
pals from being an affignable quantity to nothing at once j that were 
to proceed per faltum , and not continually, which is contrary to the 
Suppofition. While it is an affignable quantity, tho’ ever fo little, 
it is not yet the exadt truth, in geometrical rigor, but only an Ap¬ 
proximation to it} and to be accurately true, it muft be lefs than 
any affignable quantity whatfbever, that is, it muft be a vanilhing 
quantity. Therefore the Conception of a Moment, or vanilhing 
quantity, muft be admitted as a rational Notion. 

But it has been pretended, that the Mind cannot conceive quan¬ 
tity to be fo far diminiih’d, and fiich quantities as thefe are repre- 
fented as impoffible. Now I cannot perceive, even if this impoffi- 
bility were granted, that the Argumentation would be at all affedted 
by it, or that the Conclufions would be the lefs certain. The im- 
poffibility of Conception may arife from the narrownefs and imper¬ 
fection of our Faculties, and not from any inconfiftency in the na¬ 
ture of the thing. So that we need not be very fblidtious about 
the politive nature of thefe quantities, which are fo volatile, fub- 
tile, and fugitive, as to efeape our Imagination; nor need we be 
much in pain, by what name they are to be call’d; but we may 
confine ourfelves wholly to the ufe of them, and to difcover their 
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properties. They are hot introduced for their own fakes, hut only 
as to many intermediate ftebs, to bring uS to the knowledge of other 
quantities, Which ate real, Intelligible, and required to be known. 
It is lUffitient that we arrive at them by a regular progrels of di¬ 
minution, and by & jilft and heceftary Wiy Of reafoning; and that 
the^ arfe afterwards duly eliminated, and leave us intelligible and 
ind'ubit&ble Conclufibns. Fdr this will always be the confequence, 
let the Media of ratiocinati'oh be what they will, when we argue" 
according to the ftrid Rules tof Ait. Aha it is a very common 
thirig ib pebffietry, to make impoffible and abftird Suppolitions, 
which' is the lame thing as to introduce impoffible quantities* and. 
by thfeir Weans to difcOver truth. 

We have aninftatice ffinilar to this, in another ipecies of Quan¬ 
tities, which, though as inconcdveable and as impoffible as tKefe 
cah be, yet When they arife in Computations, they do hot affeCt. 
the COnclulion with their impoffifbility, except when they ought ‘ 
ib to do} but When they a’re duly eliminated, by juft Methods of 
Reduction, die Conchifion. always remains found and good. Thefe 
Quantities are thole Quadratick Surds, which are diftinguilh’d by - 
the name of impoffible and imaginary 'Quantities ; fuch as — i,„ 

—2, 3, \/ —4> &c. For they import, that a quantity or 

’number is to be found, which mriltiply’d by it’felf fhall produce a ^ 
Negative quantity ; Which is manifeftty impoffible. And yet thefd." 
quantities have all Varieties 6 i proportion to one another, as thole- 
aforegoing are proportional to the 'poffible and 'intelligible numbers 
I; x/2, v/J, 2, &c. refpeCtively; and When they arife in Compa¬ 
ctions, and'are regularly eliminated and excluded, they always leave, 
•a Juft and good ’Cohcliifidn. 

Thus, for Exaffiple, if We had the Cubick Equation x i — iax a 
ix — 42 ; = o, rrdm Whence We were to eXtraCt the Root x j 
*by proceeding according to Rul e, we Ihould‘h ave this fnrd Ex- 
preffion for the Root,, x = 4 + ^3 4- v/— 

"In Which^. the impoffible quantity ^/-—. is involved ; and 

■yet 1 this Expreffion Ought not to be rejected as abliird and ulelefs,., 
'beCaufe, by a''due Reduction, we may derive, the true Roots Of- 
fhe Equatioh from it. For when the-Cubick Root of the firft vin— 
Ctdufn is rightly extracted, It will be found to be the. impoffible 
dumber —*1 — v /’—as may’appear'by cubing.; and when the 
"Cubick Root of the fecorid vinculum is extracted, it will be found 
‘to be ■—1 1 — s /— Then by collecting' thefe Numbers, the 
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impoffibie Number — 4. will be eliminated, and the Root of 
the Equation will be found x = 4— 1 — 1 = 2. 

Or the Cubick Root of the firft vinculum will alfo be 4 + — T ' T ^ 

as may likewife appear by Involution ; and of the fecond vincu¬ 
lum it will be 4 — s/~~~ tt* So that another of the Roots of 
the given Equation will be x = 44-4 + 1 = 7. Or the Cu¬ 
bick Root of the fame firft vinculum will be —■ 4 — v/*"“ 44 » 
and of the fecond will be — 4 4- s /— 44 - So that the third 
Root of the given Equation will be x = 4 — 4 — 4 - = 3- And 
in like manner in all other Cubick Equations, when the furd vin¬ 
cula include an impoftible quantity, by extracting the Cubick 
Roots, and then by collecting, the impoflible parts will be exclu¬ 
ded, and the three Roots of the Equation will be found, which 
will always be poffible. But when the aforefaid furd vincula do not 
include an impoflible quantity, then by Extraction one poflible 
Root only will be found, and an impoflibility will affeCt the other 
two Roots, or will remain (as it ought) in the Concluflon. 
And a like judgment may be made of higher degrees of Equa¬ 
tions. 

So that thefe impoflible quantities, in all thefe and many other 
inftances that might be produced, are fo far from infecting or de- 
ftroying the truth of thefe Conclufions, that they are the neceflary 
means and helps of difeovering it. And why may we not conclude 
the fame of that other fpecies of impoflible quantities, if they muA 
needs be thought and call’d fo ? Surely it may be allow’d, that 
if thefe Moments and infinitely little Quantities are to be efteem’d 
a kind of impoflible Quantities, yet neverthelefs they may be made 
ufeful, they may aflift us, by a juft way of Argumentation, in find¬ 
ing the Relations of Velocities, or Fluxions, or other poflible Quan¬ 
tities required. And finally, being themfelves duly eliminated and 
excluded, they may leave us finite, poflible, and intelligible Equa¬ 
tions, or Relations of Quantities. 

Therefore the admitting and retaining thefe Quantities, how¬ 
ever impoflible they may feem to be, the inveftigating their Pro¬ 
perties with our utmoft induftry, and applying thole Properties to 
ufe whenever occafion offers, is only keeping within the Rules of 
Reafon and Analogy; and is alfo following the Example of our 
lagacious aud illuftrious Author, who of all others has the greateft 
right to be our Precedent in thefe matters. ’Tis enlarging the num¬ 
ber of general Principles and Methods, which will always greatly 
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contribute to the Advancement of true Science. In fhort, it will 
enable us to make a much greater progreis and proficience, than 
we otherwife can do, in cultivating and improving what I have elfe- 
where call’d The Philofophy of Quantity. 


FINIS . 
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T HE Reader is defired to correft the following Errors, which I hope will be thought 
but few, and fuch as in works of this kind are hardly to be avoided. Tis here ne- 
ceflary to take notice of even literal Miftakes, which in fubjefts of this nature are often very 
material. That the Errors are fo few, is owing to the kind affiftance of a fltilful Friend or 
two, wh^ftpplyrthny frequem^fenw^ronr^ie Frefs^rts alftto tfi&ard of a^fgenyRrinter. 
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In the Preface, fag. xiii. Jin. 3, reatf which, 
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ADVERTISEMENT. 

Lately publijh'd by the Author,. 

T HE British Hemisphere, or a Map of a new contrivance, 
proper for initiating young Minds in the firft Rudiments of 
Geography, and the ufe ofthe Globes. It is in the form of a Half* 
Globe, of about 15 Inches Diameter, but comprehends the whole 
known Surface of our habitable Earth $ and (hews the fituation of 
all the remarkable Places, as to their Longitude, Latitude, Bearing 
and Diftance from London , which is made the Center or Vertex of 
the Map. It is neatly fitted up, fo as to ferve as well for ornament 
as ufe } and fufficient Inftru&ions are annex’d, to make it intelligible 
to every Capacity. ' 

Sold by W. Redknap, at the Leg and Dial near the Sun Tavern 
in Fleet-ftreeti and by J. Senex, at the Globe near St. Dunftan’s 
Church! Price, Half a Guinea. 
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